133 (2008) MATHEMATICA BOHEMICA No. 2, 197–208

FREE ACTIONS ON SEMIPRIME RINGS

Muhammad Anwar Chaudhry, Multan, Mohammad S. Samman, Dhahran

(Received December 17, 2006)

Abstract. We identify some situations where mappings related to left centralizers, derivations and generalized (α, β)-derivations are free actions on semiprime rings. We show that for a left centralizer, or a derivation T , of a semiprime ring R the mapping ψ : R → R defined by ψ(x) = T (x)x − xT (x) for all x ∈ R is a free action. We also show that for a generalized (α, β)-derivation F of a semiprime ring R, with associated (α, β)-derivation d, a dependent element a of F is also a dependent element of α + d. Furthermore, we prove that for a centralizer f and a derivation d of a semiprime ring R, ψ = d ∘ f is a free action.

Keywords: prime ring, semiprime ring, dependent element, free action, centralizer, derivation

MSC 2000 : 16N60

1. Introduction

Murray and von Neumann [14] and von Neumann [15] introduced the notion of free action on abelian von Neumann algebras and used it for the construction of certain factors (see Dixmier [9]). Kallman [12] generalized the notion of free action of automorphisms of von Neumann algebras, not necessarily abelian, by using implicitly the dependent elements of an automorphism. Choda, Kashahara and Nakamoto [7] generalized the concept of freely acting automorphisms to C^∗-algebras by introducing dependent elements associated to automorphisms. Several other authors have studied dependent elements on operator algebras (see [8] and references therein). A brief account of dependent elements in W^∗-algebras has also appeared in the book of Stratila [17]. It is well-known that all C^∗-algebras and von Neumann algebras are semiprime rings; in particular, a von Neumann algebra is prime if and only if its center consists of scalar multiples of identity. Thus a natural extension of the notions of dependent elements of mappings and free actions on C^∗-algebras and von Neumann algebras is the study of these notions in the context of semiprime rings and prime rings.

Laradji and Thaheem [13] initiated a study of dependent elements of endomorphisms of semiprime rings and generalized a number of results of [7] to semiprime rings. Recently, Vukman and Kosi-Ulbl [19] and Vukman [20] have made further study of dependent elements of various mappings related to automorphisms, derivations, (α, β)-derivations and generalized derivations of semi-prime rings. The main focus of the authors of [19], [20] has been to identify various freely acting mappings related to these mappings, on semiprime and prime rings.

The theory of centralizers (also called multipliers) of C^∗-algebras and Banach algebras is well established (see [1], [2] and references therein). Recently, Zalar [22], Vukman [18] and Vukman and Kosi-Ulbl [21] have studied centralizers in the general framework of semiprime rings.

On the one hand, motivated by the work of Laradji and Thaheem [13], Vukman and Kosi-Ulbl [19] and Vukman [20] on dependent elements of mappings and free actions of semiprime rings and, on the other hand, by the work of Zalar [22], Vukman [18] and Vukman and Kosi-Ulbl [21] on centralizers of semiprime ring, we investigate some mappings related to left centralizers, centralizers, derivations, (α, β)-derivations and generalized (α, β)-derivations which are free actions on semiprime rings. We show that for a left centralizer T of a semiprime ring R, the mapping ψ : R → R defined by ψ(x) = T (x)x − xT (x) (x ∈ R), is a free action. We also prove that for a generalized (α, β)-derivation F of a semiprime ring R with the associated (α, β)-derivation d, a dependent element a of F is also a dependent element of α + d.

Throughout, R will stand for associative ring with center Z(R). As usual, the commutator xy − yx will be denoted by [x, y]. We shall use the basic commutator identities [xy, z] = [x, z]y +x[y, z] and [x, yz] = [x, y]z +y[x, z]. Recall that a ring R is prime if aRb = (0) implies that either a = 0 or b = 0, and is semiprime if aRa = (0) implies a = 0. An additive mapping D : R → R is called a derivation provided D(xy) = D(x)y + xD(y) holds for all pairs x, y ∈ R. Let α be an automorphism of a ring R. An additive mapping D : R → R is called an α-derivation if D(xy) = D(x)α(y) + xD(y) holds for all x, y ∈ R. Note that the mapping, D = α − I, where I denotes the identity mapping on R, is an α-derivation. Of course, the concept of an α-derivation generalizes the concept of a derivation, since any I-derivation is a derivation. α-derivations are further generalized as (α, β)-derivations. Let α, β be automorphisms of R, then an additive mapping D : R → R is called an (α, β)- derivation if D(xy) = D(x)α(y)+β(x)D(y) holds for all pairs x, y ∈ R. α-derivations and (α, β)-derivations have been applied in various situations; in particular, in the solution of some functional equations. For more information on α-derivations and (α, β)-derivations we refer the reader to [3]–[6] and references therein.

An additive mapping F of a ring R into itself is called a generalized derivation, with the associated derivation d, if there exists a derivation d of R such that F (xy) = F (x)y + xd(y) for all x, y ∈ R. The concept of a generalized derivation covers both the concepts of a derivation and of a left centralizer provided F = d and d = 0, respectively (see [11] and references therein). An additive mapping f : R → R is called centralizing (commuting) if [f(x), x] ∈ Z(R) ([f(x), x] = 0) for all x ∈ R. By Zalar [22], an additive mapping T : R → R is called a left (right) centralizer if T (xy) = T (x)y (T (xy) = xT (y)) for all x, y ∈ R. If a ∈ R, then L_a(x) = ax and R_a(x) = xa (x ∈ R) define a left centralizer and a right centralizer of R, respectively. An additive mapping T : R → R is called a centralizer if T (xy) = T (x)y = xT (y) for all x, y ∈ R. Following [13], an element a ∈ R is called a dependent element of a mapping F : R → R if F (x)a = ax holds for all x ∈ R. A mapping F : R → R is called a free action if zero is the only dependent element of F. It is shown in [13] that in a semiprime ring R there are no nonzero nilpotent dependent elements of a mapping F : R → R. We shall use this fact without any specific reference. For a mapping F : R → R, D(F ) denotes the collection of all dependent elements of F. For other ring theoretic notions used but not defined here we refer the reader to [10].

2. Results

In order to prove our results we first give the proof of our earlier theorem [16, Theorem 2.1] for completeness. The first part of this result is a special case of Theorem 4 in [19].

Theorem 2.1. Let R be a semiprime ring and T a left centralizer of R. Then a ∈ D(T ) if and only if a ∈ Z(R) and T (a) = a.

P r o o f. Let a ∈ D(T ). Then

(1) T (x)a = ax

Replacing x by xy in (1), we get T (xy)a = axy. That is,

(2) T (x)ya = axy.

Multiplying (2) by z on the right, we get

(3) T (x)yaz = axyz.

Replacing y by yz in (2), we get

(4) T (x)yza = axyz.

Subtracting (4) from (3), we get T (x)y(az − za) = T (x)y[a, z] = 0. Replacing y by ay and then using semiprimeness of R, we get T (x)a[a, z] = 0. That is, ax[a, z] = 0, which, by semiprimeness of R, implies a[a, z] = 0 for all a ∈ R. Now using Lemma 1.1.4 [10], we get a ∈ Z(R).

Since a ∈ Z(R), we have ay = ya. Thus T (ay) = T (ya). That is, T (a)y = T (y)a = ay. So (T (a) − a)y = 0, which, by semiprimeness of R, implies T (a) − a = 0. Thus T (a) = a.

Conversely, let T (a) = a and a ∈ Z(R). Then T (x)a = T (xa) = T (ax) = T (a)x = ax. Thus a ∈ D(T ).

Theorem 2.2. Let R be a prime ring and T ≠ I a left centralizer of R. Then T is a free action on R.

P r o o f. Let a ∈ D(T ). Then T (x)a = ax. Moreover, a ∈ Z(R) by Theorem 2.1. Thus T (x)a = xa. That is,

(5) (T (x) − x)a = 0.

Since a ∈ Z(R), from (5) we get (T (x) − x)za = 0 for all z ∈ R. Since T ≠ I and R is prime, we have a = 0. So T is a free action. □

Theorem 2.3. Let R be a semiprime ring and T an injective left centralizer of R. Then ψ = T + I is a free action on R.

P r o o f. Obviously T + I is a left centralizer of R. Let a ∈ D(T + I). Then by Theorem 2.1, a ∈ Z(R) and (T + I)(a) = a. Thus T (a) = 0. So a ∈ Ker(T ). Since T is injective, we have a = 0. Hence T is a free action. □

Theorem 2.4. Let T be a left centralizer of a semiprime ring R. Then ψ : R → R, defined by ψ(x) = [T (x), x] for all x ∈ R, is a free action.

P r o o f. Let a ∈ D(ψ). Then

(6) [T (x), x]a = ax for all x ∈ R.

Linearizing (6) and using (6) after linerization, we get

(7) [T (x), y]a + [T (y), x]a = 0.

Replacing y by ay in (7), we get

0 = [T (x), ay]a + [T (ay), x]a = a[T (x), y]a + [T (x), a]ya + [T (a)y, x]a = a[T (x), y]a + [T (x), a]ya + T (a)[y, x]a + [T (a), x]ya.

That is, (8) a[T (x), y]a + [T (x), a]ya + T (a)[y, x]a + [T (a), x]ya = 0. Using [7], from (8) we get −a[T (y), x]a + [T (x), a]ya + T (a)[y, x]a + [T (a), x]ya = 0, which implies (9) −a[T (a), a]a + [T (a), a]a^2 + [T (a), a]a^2 = 0. Replacing y and x by a in (6) and using (6), from (9) we get −a^3 + a^3 + a^3 = 0. That is, a^3 = 0, which implies a = 0. Hence ψ is a free action.

Theorem 2.5. Let R be a semiprime ring and d: R → R a derivation. Then the mapping ψ : R → R, defined by ψ(x) = [d(x), x] for all x ∈ R, is a free action.

P r o o f. Let a ∈ D(ψ). Then (10) ψ(x)a = [d(x), x]a = ax. Linearizing (10) and using (10) after linearization, we get (11) [d(x), y]a + [d(y), x]a = 0 for all x, y ∈ R. Replacing y by x in (11), we get (12) 2[d(x), x]a = 0 for all x ∈ R. Replacing y by xy in (11), we get

0 = [d(x), xy]a + [d(xy), x]a = x[d(x), y]a + [d(x), x]ya + [d(x)y + xd(y), x]a = x[d(x), y]a + [d(x), x]ya + d(x)[y, x]a + [d(x), x]ya + x[d(y), x]a.

That is, (13) 0 = x{[d(x), y]a + [d(y), x]a} + 2[d(x), x]ya + d(x)[y, x]a. Using (11), from (13) we get (14) 2[d(x), x]ya + d(x)[y, x]a = 0 for all x, y ∈ R.

Replacing y by ya in (14), we get 0 = 2[d(x), x]ya^2 + d(x)[ya, x]a = 2[d(x), x]ya^2 + d(x)[y, x]a^2 + d(x)y[a, x]a.

That is, (15) (2[d(x), x]ya + d(x)[y, x]a)a + d(x)y[a, x]a = 0. Using (14), from (15) we get (16) d(x)y[a, x]a = 0. Replacing y by xy in (16), we get (17) d(x)xy[a, x]a = 0. Multiplying (16) by x on the left, we get (18) xd(x)y[a, x]a = 0.

Subtracting (18) from (17), we get [d(x), x]y[a, x]a = 0. Replacing y by ay in the last identity and then using (10), we get (19) axy[a, x]a = 0. Replacing y by a^2y in (19), we get (20) axa^2y[a, x]a = 0.

Multiplying (19) on the left by a and replacing y by ay in (19), we get (21) a^2xay[a, x]a = 0. Subtracting (20) from (21), we get (22) a(ax − xa)ay[a, x]a = 0.

Replacing y by ya in (22), we get a[a, x]aya[a, x]a = 0, which, by semiprimeness of R, implies that a[a, x]a = 0. In particular, a[d(a), a]a = 0. This, by (10), implies that a^3 = 0. Hence a = 0, which implies that ψ(x) = [d(x), x] is a free action on R.

We now define a generalized (α, β)-derivation of a ring R.

Definition 2.6. Let α and β be automorphisms of a ring R. An additive mapping F : R → R is called a generalized (α, β)-derivation, with the associated (α, β)- derivation d, if there exists an (α, β)-derivation d of R such that F (xy) = α(x)F (y)+ d(x)β(y).

R e m a r k 2.7. We note that for F = d, F is an (α, β)-derivation and for d = 0 and α = I, F is a right centralizer. So a generalized (α, β)-derivation covers both the concepts of an (α, β)-derivation and a right centralizer.

Theorem 2.8. Let R be a semiprime ring. Let α, β be centralizing automorphisms of R and let F : R → R be a generalized (α, β)-derivation with the associated (α, β)-derivation d. If a is a dependent element of F, then a ∈ D(α + d).

P r o o f. Let a ∈ D(F ). Then (23) F (x)a = ax for all x ∈ R.

Replacing x by xy in (23), we get F (xy)a = axy, which implies α(x)F (y)a + d(x)β(y)a = axy. That is, α(x)ay + d(x)β(y)a = axy = F (x)ay. Thus (24) (F (x)a − α(x)a)y = d(x)β(y)a. Multiplying (24) by z on the right, we get (25) (F (x)a − α(x)a)yz = d(x)β(y)az. Replacing y by yz in (24), we get (26) (F (x)a − α(x)a)yz = d(x)β(y)β(z)a.

Subtracting (25) from (26), we get d(x)β(y)[β(z)a−az] = 0, which, due to surjectivity of β, implies (27) d(x)y[β(z)a − az] = 0. Since β is centralizing and R is semiprime, from (27) we get d(x)[β(z)a − a] = 0.

That is, (28) d(x)β(z)a = d(x)az for all x, z ∈ R.

Using (28), from (24) we get (F (x)a − α(x)a)y = d(x)ay. That is, (F (x)a − α(x)a − d(x)a)y = 0, which, due to semiprimeness of R, implies that (29) F (x)a − (α + d)(x)a = 0. Using (23), from (29) we get (30) (α + d)(x)a = ax. This shows that a ∈ D(α + d).

We now have the following result of Vukman and Kosi-Ulbl [19, Theorem 10] as a corollary of Theorem 2.8.

Corollary 2.9. If F is an (α, β)-derivation of a semiprime ring R, then F is a free action.

P r o o f. Let F = d. Then d is an (α, β)-derivation and so equation (30) gives (α + F )(x)a = ax. That is, α(x)a + F (x)a = ax, which implies that α(x)a + ax = ax. Thus α(x)a = 0 for all x ∈ R. Since α is onto, we have xa = 0 for all x ∈ R. Thus axa = 0, which implies that a = 0. Hence F is a free action. □ Corollary 2.10. Let R be a semiprime ring and α a centralizing automorphism of R. Let F : R → R be an additive mapping satisfying F (xy) = α(x)F (y) for all x, y ∈ R. If a ∈ D(F ), then a ∈ Z(R).

P r o o f. We take d = 0 in Theorem 2.8. Then F (xy) = α(x)F (y) and a ∈ D(F ) implies that a ∈ D(α). Since α is a centralizing automorphism, by [13, Proposition 3] we conclude that a ∈ Z(R). □ R e m a r k 2.11. If in the above corollary we take α = I, the identity automorphism, then F is a right centralizer. Thus all dependent elements of a right centralizer F of a semiprime ring R lie in Z(R).

Theorem 2.12. Let R be a semiprime ring. Let f be a centralizer and d a derivation of R. Then ψ = d ∘ f is a free action.

P r o o f. Let a ∈ D(ψ). Then ψ(x)a = ax. That is, (31) d ∘ f(x)a = ax for all x ∈ R. Replacing x by xy in (31), we get axy = d ∘ f(xy)a = d(f(x)y)a = d ∘ f(x)ya + f(x)d(y)a.

That is, d ∘ f(x)ya + f(x)d(y)a = axy = (d ∘ f)(x)ay.

Thus, (32) d ∘ f(x)[a, y] = f(x)d(y)a for all x, y ∈ R. Replacing y by ay in (32), we get d ∘ f(x)[a, ay] = f(x)d(ay)a. That is, (33) d ∘ f(x)a[a, y] = f(x)d(a)ya + f(x)ad(y)a. Using (31), from (33) we get (34) ax[a, y] = f(x)d(a)ya + f(x)ad(y)a. Multiplying (34) on the left by z, we get (35) zax[a, y] = zf(x)d(a)ya + zf(x)ad(y)a.

Replacing x by zx in (34), we get azx[a, y] = f(zx)d(a)ya + f(zx)ad(y)a = zf(x)d(a)ya + zf(x)ad(y)a. That is, (36) azx[a, y] = zf(x)d(a)ya + zf(x)ad(y) for all x, y, z ∈ R. Subtracting (35) from (36), we get [a, z]x[a, y] = 0. In particular, [a, y]x[a, y] = 0, which, by semiprimeness of R, implies [a, y] = 0 for all y ∈ R. Thus a ∈ Z(R), so from (32) we get (37) f(x)d(y)a = 0 for all x, y ∈ R.

Replacing y by f(y) in (37) and then using (31) we get f(x)ay = 0, which, by semiprimeness of R, implies that (38) f(x)a = 0. Thus d(f(x)a) = d(0) = 0. That is d ∘ f(x)a + f(x)d(a) = 0, which implies that (39) d ∘ f(x)a^2 + f(x)d(a)a = 0.

Using (37) and (31), from (39) we get axa = 0. Thus a = 0, which implies that d ∘ f is a free action.

Theorem 2.13. Let f be a left centralizer of a semiprime ring R. Let ψ(x) = f(x)x + xf(x). Then ψ is a free action on R.

P r o o f. Let a ∈ D(ψ). Then ψ(x)a = ax. That is, (40) [f(x)x + xf(x)]a = ax. Linearizing (40), we get (41) [f(x)y + f(y)x + yf(x) + xf(y)]a = 0.

Replacing both x and y by a in (41) and using (40), we get 0 = [f(a)a + f(a)a + af(a) + af(a)] = 2[f(a)a + af(a)]a = 2a^2. That is, (42) 2a^2 = 0. Now replacing y by xa in (41) and using (40), we get 0 = [f(x)xa + f(xa)x + xaf(x) + xf(xa)]a = [f(x)xa + f(x)ax + xaf(x) + xf(x)a]a = (f(x)x + xf(x))a^2 + f(x)axa + xaf(x)a = axa + f(x)axa + xaf(x)a.

That is, (43) axa + f(x)axa + xaf(x)a = 0 for all x ∈ R. Replacing x by a in (43) and using (40) and (42), we get 0 = a^3 +f(a)a^3 +a^2f(a)a = a^3 + f(a)a^3 − a^2f(a)a. That is, (44) a^3 + f(a)a^3 − a^2f(a)a = 0. Replacing x by a in (40), we get (45) f(a)a^2 + af(a)a = a^2. Multiplying (45) by a on the left as well as on the right, we get (46) af(a)a^2 + a^2f(a)a = a^3 and (47) f(a)a^3 + af(a)a^2 = a^3,

respectively. Subtracting (46) from (47), we get

(48) f(a)a^3 − a^2f(a)a = 0.

Using (48), from (44) we get a^3 = 0. Thus a = 0, which implies that ψ is a free action.

A c k n o w l e d g e m e n t. The second author is thankful to King Fahd University of Petroleum and Minerals for the support provided during this work.

References

[1] C. A. Akemann, G. K. Pedersen, J. Tomiyama: Multipliers of C^∗-algebras. J. Funct.

Anal. 13 (1973), 277–301.

[2] P. Ara, M. Mathieu: An application of local multipliers to centralizing mappings of C^∗-algebras. Quart. J. Math. Oxford 44 (1993), 129–138.

[3] M. Brešar: On the composition of (α, β)-derivations of rings, and application to von Neumann algebras. Acta Sci. Math. 56 (1992), 369–375.

[4] J. C. Chang: (α, β)-derivations of prime rings having power central values. Bull. Inst.

Math., Acad. Sin. 23 (1995), 295–303.

[5] M. A. Chaudhry, A. B. Thaheem: On (α, β)-derivations of semiprime rings. Demonstratio Math. 36 (2003), 283–287.

[6] T. C. Chen: Special identities with (α, β)-derivations. Riv. Mat. Univ. Parma 5 (1996), 109–119.

[7] H. Choda, I. Kasahara, R. Nakamoto: Dependent elements of automorphisms of a C^∗-algebra. Proc. Japan Acad. 48 (1972), 561–565.

[8] H. Choda: On freely acting automorphisms of operator algebras. Kodai Math. Sem. Rep.

26 (1974), 1–21.

[9] J. Dixmier: Les Algebres d’Operateurs dans l’Espace Hilbertien. Gauthier-Villars, Paris, 1957.

[10] I. N. Herstein: Rings with involution. Univ. Chicago Press, Chicago, 1976. [11] B. Hvala: Generalized derivations in rings. Comm. Algebra 26 (1998), 1147–1166. [12] R. R. Kallman: A generalization of free action. Duke Math. J. 36 (1969), 781–789. [13] A. Laradji, A. B. Thaheem: On dependent elements in semiprime rings. Math. Japonica 47 (1998), 29–31.

[14] F. J. Murray, J. von Neumann: On rings of operators. Ann. Math. 37 (1936), 116–229. [15] J. von Neumann: On rings of operators III. Ann. Math. 41 (1940), 94–161. [16] M. S. Samman, M. A. Chaudhry: Dependent elements of left centralizers of semiprime rings. Preprint.

[17] S. Stratila: Modular Theory in Operator Algebras. Abacus Press, Kent, 1981. [18] J. Vukman: Centralizers of semiprime rings. Comment. Math. Univ. Carolin. 42 (2001), 237–245.

[19] J. Vukman, I. Kosi-Ulbl: On dependent elements in rings. Int. J. Math. Math. Sci. 53–56 (2004), 2895–2906.

[20] J. Vukman: On dependent elements and related problems in rings. Int. Math. J. 6 (2005), 93–112.

[21] J. Vukman, I. Kosi-Ulbl: Centralizers on rings and algebras. Bull. Austral. Math. Soc.

71 (2005), 225–234.

[22] B. Zalar: On centralizers of semiprime rings. Comment. Math. Univ. Carolin. 32 (1991), 609–614.

Author’s address: Muhammad Anwar Chaudhry, Bahauddin Zakariya University, Center for Advanced Studies in Pure and Applied Mathematics, Multan, Pakistan, e-mail: chaudhry@bzu.edu.pk; Mohammad S. Samman, King Fahd University of Petroleum & Minerals, Department of Mathematical Sciences, Dhahran 31261, Saudi Arabia, e-mail: msamman@kfupm.edu.sa.