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SOME NEW SCALES OF WEIGHT CHARACTERIZATIONS OF THE
CLASS B,

AMIRAN GOGATISHVILI, ALOIS KUFNER AND LARS-ERIK PERSSON

ABSTRACT. We present an equivalence theorem, which includes all known characteriza-
tions of the class B, i.e., the weight class of Arifio and Muckenhoupt, and also some new
equivalent characterizations. We also give equivalent characterizations for the classes B,
B and RB,, and prove and apply a “gluing lemma” of independent interest.

1. INTRODUCTION

In their paper [2] M. Arino and B. Muckenhoupt characterized the class of weights B,,
1 < p < o0, such that the Hardy operator is bounded on LP(w) for non-negative and non-
increasing functions. Such results are of interest because they can be used to characterize
the mapping properties of the maximal operator M between weighted Lorentz A,(w) -
spaces. According to the Arino - Muckenhoupt result the weight w belongs to the class
B, if and only if

tP &0
AM B = su s Pw(s)ds < 0.
( ) AM(p) 0<t<poo W(t) [ ( )

(For the case 0 < p <1, the class B, was defined in [3]). Here and in the sequel W (t) :=
fgw(s) ds, and we assume that W (z) < oo for every z € (0, 00).

In [12], [4], [13] and [5] the authors gave other characterizations of this condition: w
belongs to the class B, 1 < p < 00, if and only if any of the following expressions is finite:

1
ol

(Sal) Bsai(p) = Sup (/too s Pw(s) ds); (/Ot sPW (s) " w(s) ds> :
s et = "0 (M) )

(cs) Bostp) = sup W ( [ (w)p/w@ds);;

3

0<t<oo S
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W(t) [* sP7?
Sol Bg, = su ds;
( 0 ) S 1(]7) 0<t<poo 1 0 W(S)
tP < Wi(s)
So2 Bsys = su ds;
(S02) so2 0<t<poo W(t) /t sPH
W)y [t ds
(S03) Balp) = sup [ L
0<t<oo o Wi(s)»
1
t ©Wi(s)r
(Sot) Boalp) = s —— [T HE gy
o<t<oo W (t)» Jt S

Y e

o] 1 t
(CM) Bem(p) = sup (/ s TPV (s) ds> ’ </ sP LW ()P ds)
0<t<oo t 0

In Section 2, we formulate a theorem from [6], on which our results are based, and prove a
“gluing lemma” (Lemma 2.2) of independent interest. In Section 3 we prove an equivalence
theorem, which includes all results mentioned above. In fact, our Theorem 3.1 shows that
there are six scales of weight characterizations of the class B,,. The proof is elementary and
mostly based on our result from paper [6]. In Section 4 we give some new characterizations
of the classes By, B3, and RB,, generalize a result of Y. Sagher [11] (Proposition 4.4) and
apply Lemma 2.2 to give a new proof of a result of Andersen [1] (Proposition 4.6).

2. PRELIMINARIES. THE “GLUING LEMMA”

In [6] the equivalence of four scales of integral conditions was proved. These conditions
characterize the Hardy inequality and contain the usual Muckenhoupt condition as a special
case. The proof was carried out by first proving the following equivalence theorem of
independent interest that also will be applied in this paper (see Theorem 2.1 in [6]):

Theorem 2.1. For —oo < a < b < o0, a, 3 and s positive numbers and f, g measurable
functions positive a.e. in (a,b), denote

(2.1) F(z) = / ft)dt,  G(x) = / "ot



and
Bi(z;a,08) = F(x )Gﬂ( );
By(wia,6,5) = ([0 (t)dt)aGs(:v)
o 8
22) By(wia,B,5) = ([ g(F (0ydt) F*(x)
By(z;a,B,s) = < = tdt)aG_s(a:)
Bs(z;a, 3, 5) <f gt dt) F~5(x).

The numbers By := sup By(z;a,(3) and Bi(s) = sup Bi(x;a,8,s) (i = 2,3,4,5) are
a<z<b a<x<b
mutually equivalent. The constants in the equivalence relations can depend on o, 3 and s.
For this paper we also need the following ”gluing lemma”:

Lemma 2.2. Let v, a and 3 be positive numbers and let f and g be positive measurable
functions on (0,00). The following two estimates

(2.3) A, = sup_ </Otg(s) ds)ﬁ (/too s (s) ds)a < 00

and

(2.4) Ay = sup (/too s71%(s) ds)ﬁ (/Otf(s) ds)a <

hold if and only if the (glued-up) condition

t 00 B
As = sup (/ g(s)ds + t“’a/ s 7%(s) ds) X
0<t<oo 0 t

X (t—w /Otf(s) ds+/too s f(s) ds)a < 00

Proof. The implication (2.5) = (2.3)&(2.4) is clear. Let us now prove the reverse implica-
tion. Suppose that (2.3) and (2.4) hold. It is enough to show that

(2.6) I= sup 7% </Og ) (/0 f(s)ds) < o0,

and

oo B S oY
(2.7) I, = oi?footwa (/t s 7%(s) ds) (/t s f(s) ds) < 00.

(2.5)

holds.
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Let us fix t € (0,00) and define the point y(¢) € (0,¢) so that

(2.8) /0 " (o) ds = /y ;) £(s)ds.

Using (2.8) we obtain that

el ([ o) ([ r0e)

e ( [t ds)ﬁ ([ e d)]

< gmax(3.1 a1 [ ( /y ; 5% (s) ds)ﬂ ( /0 " £(s) ds)a
4 b ( /0 v g(s) ds> ﬁ ( /y ; £(s) ds)a]

< gmax(8,1)+a-1 [ (/y: sT1%(s) ds)ﬁ < Oy(t) f(s) ds)a
¥ ( [ ds> ﬂ (/ ;) S (s)ds) ]

< gmax(8,1)+a-1 [ (/y: s7%(s) ds)ﬂ < Oy(t) f(s) ds)
(o )

< 2max(ﬁ,1)+a—1(A1 + Ag)

< 0Q.
Similarly we can show that
I, < gmeax(Blte—l( 4, 4 A,) < oo.
Using the estimate
Ag < OO 2 (4 4 Ay 1 4 I)
we obtain that A3 < co. The proof is complete.

Remark 2.3. In the proof of Lemma 2.2 in fact we have shown that

A3 %Al +A2
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For o, 3 < 1 and < 1— «, Lemma 2.2 was proved by Andersen in [1] using the Hardy
inequality and the Stieltjes transformation. Our proof is direct and allows us to consider
all parameters.

3. THE EQUIVALENCE THEOREM
Our main result in this section reads:

Theorem 3.1. Let p, e, and B be positive numbers, and denote

o ([ ) e ()]
By(p, o, 0, ) = ( /t ) (WSZ;))I_Q ST (s) d$>5 ( /0 t (V;fs))lws—p—lms) 5

Then the weight w belongs to the class B, if and only if any of the numbers B;(p,e) :=
SUPg<icoo Bi(p€,t) (1 = 1,2,3,4) and B;(p, o, B) := Supyccoo Bi(p, v, B,t) (i = 5,6) is
finite.

Remark 3.2. Let us point out that Theorem 3.1 contains all results mentioned in the
introduction since

=
=

~—
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1
7/

Beom(p) = Bs(p, 1,0 — 1)7'.
Proof of Theorem 3.1. It is easy to see that

1 1
3.1 B t)=-B t —
( ) 2(]?,8, ) p 1(pa€7 )+p€,
1 1
3.2 B t)=-B t)+ —;
(3.2) 4(p,,t) 5 5(p,e, )+p6,
(3.3) Bs(p, . B,t) = Bi(p. ., 1)’ Bs(p, 5,1);
(34) Bﬁ(paaaﬁat) - BQ(p7a7t)ﬁB4(p767t>a‘
Using (3.1), (3.2) and (3.3) we obtain from (3.4) that
(35) B6<p7 a, 67 t) ~ B5(p7 «, ﬁ7 t) + Bl(p7 «, t>B + B3<p7 67 t)a + 1.

Therefore, we have the following equivalences:
Bi(p,e) < 00 & Ba(p,e) < o0;
Bs(p,e) < 00 & By(p,e) < 0.

If Bi(p,e) < oo for some ¢, i = 2,4 it is not difficult to see that the function Wﬁ—zt) is

equivalent to increasing function. Now assume, that B;(p,e) < oo with ¢ = 1,3. Then

we have also that B;(p,e) < oo, i = 2,4, and, hence, the function V[ﬁ_}zt) is equivalent to

increasing function. Using Theorem 2.1 we obtain that Bay ~ B;i(p,¢), ¢ = 1,3, and
Bgo1 & Bj(p,€), i = 2,4. Since By(p, 1) = Bays, we have proved the following equivalence:

Bi(p,e) < oo, forsome e < Buy <oo, i=1,234.
According to (3.3) and (3.4) we have the following implication:
Bay < 00 = Bi(p,a, 3) < o0, i=25,6.
Moreover, by (3.5) we have that
Bs(p, o, ) < 00 = Bay < 0.
To finish the proof we need to prove the implication
Bs(p, o, ) < 00 = Bay < 0.
It is sufficient to prove that
Bs(p, o, ) < 00 = Bg(p,a, 5) < o0
Let Bs(p, a, 3) < oco. Then

( / Wis >ds)5 ([ wer ds)a < a7 < 0,



and, by applying Lemma 2.2 with the functions g(s) = W (s)* tw(s) and f(s) =
W (s)~1"Pw(s), we obtain that

B

g, ([ wor s e [7(75) " sraow)

« (tpﬁ /0 t (Wi))lw s Puw(s) ds + /t W (s) P (s) ds) < .

But this is precisely the estimate Bg(p, «, 5) < oo. The proof is complete.

4. FURTHER RESULTS

The technique we have developed in this paper can be used in many other cases. Here
we just give some examples.

Characterization of the class B;.

The weight w belongs to the class B, (introduced for p > 1 by Neugebauer in [9]) if and
only if

tP ¢
B = P ds < 00.
N 021<pOO W(t)/o s Pw(s)ds < oo

The following result is analogous to Theorem 3.1 and shows that also the class B} in
fact can be characterized by infinitely many conditions, namely by six scales of equivalent
conditions.

Theorem 4.1. Let p,e, and (3 be positive numbers, and denote

Bmuww(;%):[:(jéoi}pm@@;
Ry A
t

Bilpe) = ( fﬁf%@@;
Bilpe 1) = w@ﬂsﬂwbéé)Hlplw@ma
Banmﬁsz([m )
(] ()

B;(p7a7/67t) =
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Then the weight w belongs to the class By, if and only if any of the numbers B} (p,¢) :=

SUDg<icoo Bi(p,e,t) (1 = 1,2,3,4) and B} (p, o, B) = SuPyeycno Bf (0, v, B,t) (i = 5,6) is
finite.

Characterization of the class B .

The weight w belongs to the class B (see again [9]) if and only if

1 t
Bl = —— [ sT'W(s)ds < oo,
Lim s s [ W) d < o0

The results of Theorem 4.1 are satisfied also for p = 0 and since B’ = B3(0,1), we
obtain the following scales of characterizations of the class B :

Theorem 4.2. Let ¢, a, § and t be positive numbers, and denote

Bi(0,2,1) == WE(t) / s (5)~% ds:
t

t
Bj(0,e,t) := W(t)_a/ s (s)° ds;
0

B0, B,t) := (/too sV (s)7 ds>ﬁ (/Ots—1W(s)ﬁ ds)

Then the weight w belongs to the class B, if and only if any of the numbers B} (0,¢) :=
SUDg<tcoo Bi(0,6,1) (1 =2,4) and Bi(0, o, B) := supg.icoo Bi (0, , 3, 1) is finite.

«

Characterization of the class RD,.

The weight w belongs to the class RB, (the so called reverse B,-class introduced by
Neugebauer in [8]) if and only if

< oQ.

RB, :== sup W)

o<t<oo P [ s7Pw(s) ds
By using the estimate
W(t) +t° [ s7Pw(s) ds < W(t)

1
tr [ s7Pw(s) ds ot [ sPw(s) ds *

we obtain that if RB, < oo, then the function ¢? ftoo s~Pw(s) ds is non-decreasing, and
analogously as in Theorem 3.1 we get the following scales of new characterizations for the
classes RB,:

Theorem 4.3. Let p, ¢, a, § and t be positive numbers, and denote

RB(p,e,t) i= (tp /t " s Pu(s) ds) 6 /0 t (sp / T u(a) dx)st(s) ds;



= [ (o [Trotaas) iy ds)ﬁ .
(/m( [ <m>dx>_1_ﬁw<s>ds>a;

s ([ ([ orors) o)
x([ o ([T w@dx)ﬁds)“.

Then the weight w belongs to the class RB, if and only if any of the numbers RB;(p, ) =
SUDg<tcoo Bi(ps€,t) (1 = 1,2,3,4) and RB;(p, v, ) := sUPycieoo Bi(p, v, B,1) (i = 5,6) is

finite.

We also note that by using Theorem 2.1 we obtain the following generalization of a result

of Y. Sagher [11]:

Proposition 4.4. Let m(t) and h(t) be positive functions and € be a positive number.

Then
(4.1) /07” h(s)ds =~ m(r)

of and only iof

(4.2) /OT m(s) " 'eh(s) ds ~ m(r)*

(4.3) /00 m(s) ' Ch(s) ds ~ m(r)"*

In [11], the equivalence of (4.1) and (4.3) for h(s) = m(s)/s and € = 1 was proved.

Remark 4.5. Lemma 2.2 has been used in a crucial way in the proof of Theorem 3.1.
Moreover it is obvious that this lemma can be used in a number of similar situations. We

finish this paper by illustrating this fact by a new proof of a result of Andersen [1].
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Let Sy be the (generalized) Stieltjes transformation, i.e.

s = [T

Proposition 4.6. Let be A > 0, 1 < p < ¢ < o0, and suppose that U(zx) and V() are
non-negative extended real valued functions defined on (0,00). Then there exists a constant
C independent of f such that

(1.4 ([ s ) e ([T ) "

if and only if

~ U(z) 1/q 00 V(x)—l/(p—l) 1/p'
4. K = supr 2 LA .
(49) wr ([C i) ([ e w) <

Moreover, the smallest constant C' in (4.4) satisfies C' ~ K.

o~ [ [TIO0

for all non-negative functions f. Therefore, inequality (4.4) holds if and only if the following
two inequalities hold:

wo ([T (5[ rww) vwa) <o [Cvwrvee)”

and

an ([ 15Y) v dx)l/q <o [ uwrvie ) "

According to well-known results about the Hardy inequality (see e.g. [7], [10]), inequalities
(4.6) and (4.7) are equivalent, respectively, to the following conditions:

oo 1/p
sup(/ )\q > (/ V(z —-1/(p— 1d:c) < 00,
r>0 r x

>V ()~ VD) 1/
sup (/ Uz d:r:) </ — dx) < 00.
>0 . x P

Finally using Lemma 2.2 with g = U, f = V") 3=1 o =1 and v = \gp’ we obtain

that (4.6) and (4.7) are equivalent to (4.5) and therefore We obtaln that (4.4) and (4.5) are
equivalent. The proof is complete. O

Proof. We have that




11

REFERENCES

[1] K.F. Andersen, Weighted inequalities for the Stieltjes transformation and Hilbert’s double series,
Proc. Roy. Soc. Edinburgh 86A (1980), 75-84.

[2] M. Arifio and B. Muckenhoupt, Mazimal functions on classical Lorentz spaces and Hardy’s inequality
with weights for non-increasing functions, Trans. Amer. Math. Soc 320 (1990), 727-735.

[3] M. Carro and J. Soria, Boundedness of some integral operators, Canad. J. Math. 45 (1993), 1155—
1166.

[4] M. Carro and J. Soria, The Hardy-Littlewood mazimal function and weighted Lorentz spaces, J.
London Math. Soc. 55 (1997), 146-158.

[5] J. Cerdd and J. Martin, Weighted Hardy inequalities and Hardy transforms of weights, Studia Math.
139 (2000), 189-196.

[6] A. Gogatishvili, A. Kufner, L.E. Persson and A. Wedestig , An equivalence theorem for some
scales of integral conditions related to Hardy’s inequality with applications, Real Anal. Exchange
29 (2003,/2004), 867-880.

[7] A. Kufner and L.E. Persson, Weighted Inequalities of Hardy Type, , World Scientific Publishing Co,
Singapore/ New Jersey/ London/Hong Kong, 2003.

[8] C.J. Neugebauer, Weighted norm inequalities for averaging operators of monotone functions, Publ.

Math. 35 (1991), 429-447.

C.J. Neugebauer, Some classical operators on Lorentz space, Forum Math. 4 (1992), 135-146.

9]
| B. Opic and A. Kufner, Hardy—type Inequalities, Longman Sci., Harlow, 1991.
]
]

[

[1

[11] Y. Sagher, Real interpolation with weights, Indiana Univ. Math. J. 30 (1981), 113-121.

[12] E. Sawyer, Boundedness of classical operators on classical Lorentz spaces, Studia Math. 96 (1990),
145-158.

[13] J. Soria, Lorentz spaces of weak-type, Quart. J. Math. Oxford 49 (1998), 93-103.

0
1
2

AMIRAN GOGATISHVILI, INSTITUTE OF MATHEMATICS OF THE ACADEMY OF SCIENCES OF THE CZECH
REPUBLIC, ZITNA 25, 115 67 PraHA 1, CZECH REPUBLIC
E-mail address: gogatish@math.cas.cz

Avois KUFNER, INSTITUTE OF MATHEMATICS OF THE ACADEMY OF SCIENCES OF THE CZECH RE-
PUBLIC, ZITNA 25, 115 67 PrRaHA 1, CZECH REPUBLIC
FE-mail address: kufner@math.cas.cz

LARS-ERIK PERSSON, DEPARTMENT OF MATHEMATICS, LULEA UNIVERSITY OF TECHNOLOGY,SE-
971 87 LULEA, SWEDEN
FE-mail address: larserik@sm.luth.se



