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Abstract. The third problem for the Stokes system is studied on a bounded
domain in R?® with Ljapunov connected boundary. We construct a solution
of this problem in the form of appropriate potentials and determine unknown
source densities via integral equation systems on the boundary of the domain.
The solution is given explicitly in the form of a series. Then we study the
integral equation which we obtain using the direct integral equation method.
Again, we prove the applicability of the successive approximation method for
solving this integral equation.
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1 Introduction

One traditional way how to study boundary value problems for the Stokes sys-
tem is the integral equation method (see [20], [26], [1], [3], [14], [15], [16], [17],
[27]). The most papers and books study the Dirichlet problem (see for example
[33], [19], [5], [10], [24], [25],[22], [8], [12], [29]). Lately the Neumann problem
for the Stokes system has been also studied (see [13], [11], [2], [21], [18]).

In the present paper we study the third problem for the Stokes system

Vp—Au=0 in G, V-u=0 in G, (1)

T(u,p)n® 4+ Au=g on 9G (2)

using methods of hydrodynamical potential theory. Here G C R? is a bounded
domain with connected boundary 0G of class O, 0 < a < 1, n“ is the outward
unit normal vector of G, u = (uy,us,us) is a velocity field, p is a pressure and

T(u,p) = [Vu+ (Vu)'] - pI

is the corresponding stress tensor. (Here I denotes the identity matrix.) The
matrix function A has all entries a;; € C*(9G, R?), A(x) is a symmetric matrix
of type 3 x 3 for each x. We suppose moreover that there are a nonnegative
continuous function ¢(x) and a constant C' such that

c(x)Iv[* < v Ax)v < C|v? (3)



for all v € R3 and x € OG. We shall suppose moreover that there is z € 0G
such that ¢(z) > 0. Remark that

Op Op Op 5. 9%u 3 Ou,j
Y R R TN u=S"%
vp <8x1 " Oxy’ Oxs )’ u J; 83:? , V-u ; 0z ;

We shall show that for each g € C*(9G, R?) there is unique classical solution
of the problem (1), (2). We also show that for each g € L*(0G, R?), 1 < s < oo,
there is unique L*®-solution of the problem (1), (2), i.e. a solution of the Stokes
system (1) such that the nontangential maximal functions of p, u, Vu are in
L#(0G, R') and the condition (2) is fulfilled in the sense of the nontagential
limit (see § 2).

We prove the existence of a solution using the indirect integral equation
method. We look for a velocity u in the form of a hydrodynamical single layer
potential EqW¥ with an unknown density ¥ and a pressure p in the form of the
corresponding pressure QcW®. (For the definition of these potentials see §3.)
This method is an analogy of the method for studying of the Neumann problem
for the Laplace equation. If one looks for a solution of the Neumann problem for
the Laplace equation with the boundary condition f in the form of a harmonic
potential S¢ with an unknown density ¢ then one obtains the integral equation
(1/2)p + K\ = f. It is a classical result that for G convex we can obtain a
solution of this integral equation using the successive approximation method.
In 2001 O. Steinbach and W. L. Wendland proved a charming result that this is
true also for a bounded domain G C R? with connected Lipschitz boundary and
a boundary condition f from the Sobolev space H'/2(0G) (see [31]). Later they
used this result in studying the Neumann problem for the Laplace equation by
the more popular direct integral equations method (see [30], [9]). This method
utilizes the representation of the solution in the form v = Sf + Dawu, where
Dawu is the harmonic double layer potential with density u. This leads to the
integral equation (1/2)u+ Kau = Sf. Since both integral equations are adjoint
they deduced that we can obtain a solution of the integral equation (1/2)u +
Kau = Sf using the successive approximation method. The author studied
in [21] classical and L®-solutions the Neumann problem for the Stokes system
on domains with boundary of class C1*® using the indirect integral equation
method. A solution has been looked for in the form of a hydrodynamical single
layer potential. For a bounded domain with connected boundary it was shown
that a solution of the corresponding integral equation (1/2)¥ + K'® = g can be
obtained by the successive approximation method. In the present paper we look
for classical and L? solutions of the Robin problem for the Stokes system in the
form of a hydrodynamical single layer potential EqW¥ with an unknown density
W. It is shown that the unique solution of the corresponding integral equation
(1/2)¥ + K'® + AEc® = g can be obtained by the successive approximation
method. Then we turn to the direct integral equation method. This method
depends on the representation of the solution by u = Eg[T(u,p)n%] + Dgu =



Eclg — Au] + Dgu, p = Q[T (u,p)n%] + Pgu = Qglg — Au] + Pgu (for the
definitions of the corresponding potentials see § 3). This representation leads
to the integral equation (1/2)u + Ku + EgAu = Egg. We shall show that
the unique solution of this integral equation can be obtained by the successive
approximation method.

2 Formulation of the problem

Starting from now, throughout the paper G C R? denotes a bounded domain
with connected boundary dG of class C1% 0 < a < 1, and G¢ := R®\ clG
denotes its complement with 0G¢ = 0G. Here cl G denotes the closure of G and
O0G the boundary of G.

If K = R" or K = O™ we denote by C°(H, K) the space of all continuous
functions from H to K. Similarly CP(H, K) denotes the space of all K-valued
B-Holder functions on H for 0 < 8 < 1. If k € N then C*(H, K) denotes
the space of all functions the derivatives of which up to the order k are from
CO%H,K) and C*(H,K) = N{C*¥(H,K);k € N}. If 1 < ¢ < oo then LI(H, K)
denotes the space of all K-valued Borel measurable functions f for which |f]9 is
integrable in H.

(u,p) is called a classical solution of the problem (1), (2) if p € C*(G,R) N
C%clG, R), u e C*(G,R*)NCY(cl G, R3) satisfy (1), (2).

We shall also study some classes of strong solutions of the third problem for
the Stokes system with a boundary condition g € L*(0G, R?).

If x € G, a > 0 denote the non-tangential approach regions of opening a
at the point x by

Io(x) :={y € G;|x—y| < (1+a)dist(y,0G)}.

We fix a > 0 large enough such that x € clT';(x) for every x € OG. We shall
write I'(x) = I'y(x). If now v is a vector function defined in G we denote the
non-tangential maximal function of v on 0G by

vi(x) :=sup{|v(y)l;y € I'(x)}.

If x € OG then
v(ix)= lim v(y)
y—x
y € T'(x)
is the non-tangential limit of v with respect to G at x.

Ifg € L*(0G,R3), 1 < s < o0, then we call u,p an L*-solution of the prob-
lem (1), (2) if u € C*(G), p € CH(Q) satisfy (1); u*,(Vu)*,p* € L*(0G,R');
for almost all x € OG there exist the non-tangential limits of u, Vu and p at x
and the condition (2) is fulfilled in the sense of the nontangential limit a.e. on

0G.



3 Hydrodynamical potentials

For x = [z1, 22, 73] € R3%and j, k = 1,2, 3 define
1 1 T
E; = —|6jp— + = 4
)= [ M |x|3} ”

where 4, is the Kronecker delta. For ¥ = [Wy, Wy, U3] € L' (0G, R?) define the
hydrodynamical single layer potential with density ¥ by

Eq¥(x) z/E(x—y)‘I'(.Y) dy
oG

and the corresponding pressure

Qv = [ P
14]

Then Eg®¥ € C®(R3*\0G, R?), Qc® € C*°(R3\ 0G, RY). If we put u = EgWP,
p = Q¢¥ then u, p solve the Stokes system (1). If ¥ € C°(0G, R?) then
Eg® € CO°(R3, R?) and Eq¥ € C*(0G, R?). If, in addition, ¥ € C%(dG, R?)
then VEqW and Qg W can be continuously extended onto ¢l G and onto cl G€,
too (see [26]).

If ¥ € L*(0G, R?), 1 < s < oo, then the nontangential maximal operators
(Eg®)*, (VEqg®)*, (Qa¥)* € L*(0G, R') and there is a constant M dependent
only on GG and s such that

(Ecq®)" 4+ (VEc®)" + (Qa¥)"|

e < M||¥|

L5 (0G)- (5)

Moreover, there are the nontangential limits of FqW¥, VEq W and QgW a.e. on
0G and EqP(x) is the nontangential limit of EqW for almost all x € OG (see
[21] or [20]).

Remark that for the unit outward normal vector n® we have Egn® = 0 in
R3 Qgn% = —1in G, Qen® = 0 in G¢. (Compare [33].)

For p, u = (u1, uz,ug) define the stress tensor

G

T(u,p) = 2@11 - pIa (6)
where I denotes the identity matrix and
A 1
Vu= i[Vu + (Vu)T)

is the strain tensor, with (Vu)? as the matrix transposed to Vu = (9;uy),
(k,j=1,2,3).



If ¥ € L*(0G, R?), 1 < s < 0o denote

[(y —x) - n°®)][(x—y) ¥(y)lx-y) i
Ix —yl°

K'¥(x) = 3 lim / y

OG\ B(x;€)
whenever this limit has a sense. (Here B(x;e) denotes the open ball with the
center x and the radius e¢.) Then K’ is a compact linear operator in the spaces
L*(0G,R?), 1 < s < oo, and C*(dG, R?) (see [20], [21] and [33]). If ¥ €
C*(0G, R®) then

T(Ec¥,Qc®)nC = (;I + K’) v, (7)

where I denotes the identity operator (see [26]). If ¥ € L*(0G, R®) then (7)
holds true in the sense of the nontangential limit at almost all point of G (see

21], [20], or [4]).

For y € OG and x € R3\ {y} denote
3 (zr — i) (@ —y)(x —y) -n%(
4 x—y[®

y
Diy(x,¥) = - ) )
for j,k=1,2,3.

For ¥ = [V, Uy, U3] € L1(OG, R?) define the hydrodynamical double layer
potential with density ¥ by

(Dg®)( /D (x,y)¥(y) dy, x¢€R*\9JG (9)
and by
r; —y;)(x —y) -n% n§
(Po®)(x) = —% {3 (2; ygi)((_;"f)) ¥ _ |XJ_(§?3}‘I’(Y) dy (10)
oG

the corresponding pressure. Then u = Dg® € C*®(R3\ 0G, R?), p = Pg¥ €
C>(R3\ 0G, R?) solve the Stokes system (1) in R?\ 9G.
If ¥ € L*(0G, R?), 1 < s < oo denote

K¥(x) :—hm / D(x,y)¥(y) dy

whenever this limit has a sense. Then K is a compact linear operator in the
spaces L*(0G, R?), 1 < s < oo, and C®(9G, R?) (see [20], [21] or [33]). Remark
that K and K’ are adjoint operators. If ¥ € C%(dG, R?) then

lim  Daw(x) :%lll(z)—K'Il(z), i DgW(x) :—%\IJ(Z)—K\IJ(Z).

zeG z € G°

(11)



If ¥ € L*(0G,R?), 1 < s < 0o then (DgW®)* € L*(dG, R') and the relation
(11) holds in the sense of the nontangential limit at almost all points of G (see
[20] and [33]).

4 The integral representation

We shall prove the existence of a solution of the problem (1), (2) using the
indirect integral equation method, i.e. we shall look for a solution in the form

u=Ec¥, p=Qu¥ (12)

with an unknown density ¥. If we look for a classical solution for the boundary
condition g € C*(0G, R?) we have ¥ € C*(dG, R?). If we look for an L*-
solution for g € L*(0G, R?), 1 < s < oo, we have ¥ € L*(0G, R?). Using the
boundary properties of potentials we obtain that (u,p) is a solution of the of
the problem (1), (2) if and only if 1 W + K'® + AE¥ = g.

Lemma 4.1. The operator K' + AEq is compact in C*(0G, R®) and in the
spaces L*(0G,R3), 1 < 5 < oo.

Proof. Suppose that X = C*(0G, R3) or X = L*(0G,R?), 1 < s < 0co. The
operator K’ is compact in X by [21], Lemma 9. The operator Eg is compact
in L*(0G, R?), 1 < s < 0o, by [22], Lemma 4.4. The operator Eg is a bounded
linear operator from CY(0G, R3) to C*(0G, R?) by [26]. Since the J : ¥ s W is
a compact operator from C*(0G, R3) to C°(dG, R?), the operator Eqg = EgJ
is a compact operator in C%(0G, R?) as a composition of a bounded operator
and a compact operator. Since ¥ — AW is a bounded linear operator in X,
the operator AE is a compact linear operator in X (see [28], Corollary 4.5 and
[28], Theorem 4.6). Therefore K’ + AFE¢ is a compact linear operator in X.

Lemma 4.2. Let (u,p) and (v,q) be two solutions of (1). Suppose moreover
that u,v € C*(clG, R?) and p,q € C°(clG, R'). Then

/(u —iv) - {[T(u,p)n® + Au] +i[T(v,q)n® + Av]} dy
oG

:2/[\@u|2+|@v|2] dy+/[u-Au+v~Av] dy > 0.
G oG
It
/ (u— iv) - {[T(w,p)nC + Au] +i[T(v,q)nC + Av]} dy =0.  (13)
oG
thenu=0,v=0.



Proof. Green’s formula (compare [21], Lemma 3 or [32]), Fubini’s theorem
and the symmetry of matrix A give

/(u —4v) - {[T(u,p)nG + Au] + [T (v, q)n® + Av]} dy
oG

=2 [[9u + [9vP dy + [Tu- Autv-av]ay
G oG

>9 / [Fup + SvP] dy + / e(y)[[ul? + [v[?] dy > 0.
G oG

Suppose that (13) holds true. Then Vu = 0 in G, ¢(y)|u(y)> = 0 on dG. Since
Vu = 0 in G, the vector function u is a rigid body motions, i.e u(y) = By + b
with a vector b and a skew-symmetric matrix B = (b;) (see [21], Lemma 6).
We have supposed that there is z € 9G such that ¢(z) > 0. According to the
continuity of ¢ there is r > 0 such that ¢(y) > 0 for y € B(z;r) N dG. Since
c(y)lu(y)|? = 0 on dG we infer that u(y) = 0 on B(z;r)NIG. Suppose first that
bjr # 0 for some j, k. Since B is a skew-symmetric matrix we have by; = —bji,
and thus k ;é ] Put Lj = {y = [ylay27y3};bj1y1 + bjgyg + bj3y3 + bj = O},
Ly = {y = [y1,y2,y3]; bkayr + bray2 + brsys + by = 0}. Since bjr, = —by; # 0,
bj; = brr = 0, the hyperplanes L;, Ly, are different. Since u;(y) = bj1y1+bj2y2+
bjsys +bj, ur(y) = briyr + bray2 + brsys + b and u(y) = 0 on B(z;7) NIG, we
infer that B(z;r) N0G C L; N L. But B(z;r) N dG cannot be a subset of the
line L; N Ly. This means that b;, = 0 for all j, k. Hence u is constant. Since
u(y) =0 on B(x;r) N I0G we deduce that u = 0. Similarly for v.

Theorem 4.3. The operator %I + K’ + AEg is continuously invertible in
C*(0G, R®) and in L*(0G,R?), 1 < s < co. Fix g € L*(0G,R?), 1 < s <
oo. Then there is unique L*-solution u, p of the problem (1), (2). Putting
U = (3 + K'+ AEG)"'g we have u = Eq¥, p = Qg¥. If g € C*(9G, R®)
then ¥ € C*(0G,R?) and u, p form a classical solution of the problem (1),
(2).

Proof. Suppose first that u, p form a classical solution of the problem (1),
(2) with ¢ = 0. Since

/u [T(u,p)n® + Au] dy = 0
oG

Lemma 4.2 gives that u = 0. Since u, p solve (1) we have Vp = Au = 0. So, p

is constant. From the boundary condition we get 0 = T'(u,p)n® + Au = —p.
Let now W € C*(0G, R*) be such that (1] + K’ + AEg)® = 0. Then

u = FEg¥, p=Q¢% solve the problem (1), (2) with g = 0. We have proved



that u = 0, p = 0. Therefore
1
0=T(u,p)n% + Au=T(u,p)n® = 5‘1’ + K'W.

According to [21], Lemma 11 we have ¥ = 0. Since K’ + AE is a compact
operator in C*(9G, R®) and in L*(9G, R?), the operator 11+ K’ + AE¢ has the
same kernel in both spaces by [23], Lemma 2.1. Since the operator 11+ K’'+AFEq
is one-to-one in C*(0G, R?) and in L*(0G, R?), the Riesz-Schauder theorem
gives that 11 + K’ + AE¢ is continuously invertible in C*(8G, R?) and in
L*(0G, R?) (see [34], Chapter X, §5, Theorem 1). If ¥ = (11 + K’ + AE;)'g
and u = EgW¥, p = Q¢¥, then u, p solve the problem (1), (2).

We now show the uniqueness of an L*-solution. If u, p form a solution of the
problem (1), (2) then u, p solve the Neumann problem for the Stokes system

Vp—Au=0 in G, V-u=0 in G,

T(u,pn“=h on IG
where h = g— Au. According [21], Theorem 4 and [21], Theorem 5 there is ¥ €
L*(0G, R®) such that u = Eq¥, p = Eq¥. If g = 0 then (3/+K'+AEq)¥ =0
and the invertibility of %I + K’ + AEg forces ¥ = 0. Therefore u = Eq¥ = 0,
p=Qc¥ =0.

5 Solution of the integral equation

In this section we estimate the spectrum of the operator %I + K' + AEq and
calculate a solution of the equation (31 + K’ + AEq)¥ = g using the successive
approximation method. For this reason we shall rewrite this equation onto the
equation W — [I — v~ (3] + K' + AEG)]¥ = v g and show that there is an
equivalent norm | || such that ||[I — v~ (3] + K’ + AEg)| < 1.

We need the following Lemma 5.1, Lemma 5.2 proved in [22] and Lemma 5.3
proved in [7]. If ¢ = ¢1 + icy is a complex number, denote by ¢ = ¢ — icy its
complex conjugate.

Lemma 5.1. Let ¥ € C%(0G,C?). Then we have

/@-EG\I’ dy:2 / |@EG"I’|2 dXZO
oG R3\0G

If
/i (Ee) dy =0,
oG

then QgW is constant on each component of R®\ 0G and Eg¥ = 0 in R3.



Lemma 5.2. If we denote

3

= max su Eip(x— dy, 14
= g, s [ 31 Gx =) dy (1)
oG k=

then
|Ec|L206) < Bo < oo. (15)
If ¥ € L?(0G, C?), then
[1Ecw iy < [ @ (£ ay. (16)
8G oG

If M is a positive constant with
1 dy < Mr? (17)
{y€oG;|x—y|<r}
for each x € 0G and 0 < r < diam 9G, then
Bo < M diam 0G.

(Here diam G = sup{|x — y|;x,y € G} is the diameter of IG.)

Lemma 5.3. Let X be a complex Banach space. Denote by N the set of all
norms on X equivalent to the original norm. If S is a bounded linear operator
in X denote by o(S) the spectrum of S and

r(S) = sup{|A; A € 0(9)}
the spectral radius of S. Then

r(S) 151]-

= inf
I lleN
Lemma 5.4. Let By be given by (14) and C' is the constant from the inequality

(3). If @ € C*(dG, R*) then

0< /(Eg\Il)~ (;I+K’+AEG>\II dy < (1+Cﬁo)/\II~EG'II dy.
oG oG

Proof. According to Lemma 4.2, Lemma 5.1 and Lemma 5.2 we have

0< /EG\P~<;I+K’+AEG>\IJ dy = Z/WEG\II\Q dy+/(EGlIl)~(AEG\II) dy
oG G oG



<2 [ [VEGUPdy+ [ ClEowP dy <+ Co) [ W B dy.
R3\0G oG oG

Proposition 5.5. Let () be given by (14). Then o(31 + K' + AEg) C (0,1+
Cfo) in C*(0G,C?) and in L*(0G,C3) for 1 < s < co.

Proof. Suppose that X = C*(0G,C3) or X = L*(0G,C?), 1 < s < 0.
Let A € (31 + K' + AEc) \ {3}. Since K’ + AE¢ is a compact operator
in X by Lemma 4.1, Riesz-Schauder theorem gives that A is an eigenvalue of
%I—F K'+ AEg in X (see [34], Chapter X, §5, Theorem 1). Since K’ + AFEq is
a compact operator in C*(9G, C?) and in L*(dG, C?), the kernel of 31+ K’ +
AE¢g — A is the same in both spaces (see [23], Lemma 2.1). It means that there
is ¥ € C*(9G, C?) such that (3] + K' + AEG)¥ = \U.

Suppose first that

/ w. Egi dy =0.
oG
Then EqW¥ =0 in R? and QgW¥ = a; in G, Q¥ = az in G° (see Lemma 5.1).
According to [21], Lemma 10 there is a constant d such that ¥ = dn“. Since
Ecn® =0, Qen® = —1 in G, we have (3] + K’ + AE;)¥ = dn% = ¥ and
A=1.
Let now

/ v Egﬁ dy 7& 0.
oG
According to Lemma 4.2

)\/‘I’~Egidy=/(Egi)' <;I+K’+AEg>‘I’ dy
oG oG

= /(EGW) [T(Eq®,Qc®)n” + AEG®] dy > 0.
oG

Since

/‘I’(E(;@) dy >0
oG

by Lemma 5.1, we obtain

—1
/\:/(EG\I’)-<;I+K/+AEGV>\I’ dy|:/‘II(EG\I’) dy:| > 0.
oG oG

The invertibility of the operator 1 + K’ + AE¢ (see Theorem 4.3) forces that
A > 0. Since the eigenvalue ) is real we can suppose that ¥ € C*(9G, R?).

10



Lemma 5.4 gives
1 —1
A= /(EG\I/) . <2I+K/ —|—AEg>\I’ dy l:/ . (Eg‘l/) dy:l < (1 +Oﬂo)
oG oG

Theorem 5.6. Let X = C*(0G,R3) or X = L*(0G,R3), 1 < s < 00, 3 be
given by (14). Fix v > (14 CfBy)/2. Denote L = I —~y~ (31 + K’ + AEg).
Then there is an equivalent norm || || on X such that || L|| < 1. Moreover,

1 , &
<21+K +AEG> =~ ZOLJ
iz

in X. Let now g € X. Fix ¥y € X. For nonnegative integer j put

W, =LY, +7 g (18)
Then there is
¥ = lim ¥;
Jj—00

in X, [(1/2)I + K' + AE;]¥ = g and
e — @5 < C¢ [l + [[%oll (19)

for arbitrary j. Here constants C > 0, 0 < ¢ < 1 do not depend on g and ¥y.

Proof. Put Y = C%(0G,C?) for X = C*(0G, R?), Y = L*(0G,C?) for
X = L*(0G, R?). According to Proposition 5.5 we have o(31 + K' + AEg) C
(0,1 + CBp) in Y and thus o(L) C (1 — 741+ Cfy),1) C (—1,1). Since
r(L) < 1, Lemma 5.3 gives that there is an equivalent norm || || such that
g = ||L|| < 1. Tt is a classical result that

(I-L)y'= iLj
j=0

(see [6], Proposition 9.106), there is
@ = lim ¥,
J—00
(I — L)¥ =y~ 1g (see [6], Theorem 9.128). According to [6], Theorem 9.128 we
have

jQ‘Fl“"’Y_l

¢ ¢ -1
U, | < —||0—Py|| = —||(L-1)To+ry <

[lll+I%oll]-
Since [(1/2)I+ K'4+ AE¢] = v(I — L) we obtain the proposition of the theorem.

11



6 Direct boundary integral equation method

Let (u,p) be an L*-solution the problem (1), (2), where 1 < s < oo. Denote by
u the nontangential limit of u and by p the nontangential limit of p. Then

u = Eg[T(u,p)n%] + Dgu, p= Q[T (u,p)n®] + Pcu in G,

1
Ju + Ku = Eg[T(u, p)n] on 0G
(see [21], Proposition 1). According to the boundary condition (2) we get

u= FEg(g— Au) + Dgu in G, (20)

1
§u+Ku+EgAu: Ecg on 0G. (21)

So, we must solve the equation (21). If g € C%(0G, R?) then (u,p) is a clas-
sical solution of the problem (1), (2) and we can solve the equation (21) in
C*(0G, R®).

Theorem 6.1. Let X = C*(0G, R?) or X = L*(0G,R3), 1 < s < 00, 3y be

given by (14). Fix v > (1+ Cfy)/2. Denote M = I —y (31 + K + EgA).
Then there is an equivalent norm || || on X such that ||M|| < 1. Moreover,

1 T
(2I+K+EGA> =7 JZ:OMJ

in X. Let now f € X. Fix ¥, € X. For nonnegative integer j put
‘I’j+1 = M‘I’] + ’Y_lf.

Then there is
¥ = lim ¥;

J—00

in X, [(1/2)I + K + EcA|¥ =f and
e — ;| < C[|If]| + [ ol

for arbitrary j. Here constants C > 0, 0 < ¢ < 1 do not depend on f and ¥.

Proof. For X = C*(0G, R3) put Y = C*(9G, R?), for X = L*(0G, R?) put
Y = L*(0G,C3). According to Proposition 5.5 we have o(31 + K’ + AEg) C
(0,1 + CBy) in LY(OG, C?) for each t € (1,00). Since (31 + K + EgA) is the
adjoint operator of (3/+K'+AE¢) we infer that o(3/+K+EgA) C (0,1+C )
in L*(0G,C3) for each s € (1,00). Since K + EgA is a compact operator in
C(0G, C?), Riesz-Schauder theorem gives that every \ € U(%I + K+ EcA)\
{1/2} in C*(0G,C?) is an eigenvalue (see [34], Chapter X, §5, Theorem 1).
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Thus (31 + K + EgA) C (0,1+Cfo) in C*(8G, C?). Since o(M) C (—1,1) in
Y there is an equivalent norm || || on Y such that ¢ = || M| < 1 (see Lemma 5.3).
According to [6], Proposition 9.106)

(I-M)"'= iMj

Moreover, there is
¥ = lim ¥y,
Jj—oo

(I — M)¥ = ~~'g by [6], Theorem 9.128. According to [6], Theorem 9.128 we
have

jq+1+97"

¢ ¢ 1
U W< -1 |0, -T| = ———|(L-1)T <
[ Jll_l_qll 1— %ol 1_qH( WPotr gl = ¢’ T

[lIll+I%oll].

Since [(1/2)I+ K 4+ EgA] = v(I — M) we obtain the proposition of the theorem.
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