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GLOBAL BIFURCATION FOR A REACTION-DIFFUSION SYSTEM

WITH INCLUSIONS

JAN EISNER, MILAN KUCERA, AND MARTIN VATH

ABSTRACT. We consider a reaction-diffusion system exhibiting diffusion driven instability
if supplemented by Dirichlet-Neumann boundary conditions. We impose unilateral condi-
tions given by inclusions on this system and prove that global bifurcation of spatially non-

homogeneous stationary solutions occurs in the domain of parameters where bifurcation is

excluded for the original mixed boundary value problem. Inclusions can be considered in
one of the equations itself as well as in boundary conditions. The proof is based on the
degree theory for multivalued mappings (jump of the degree implies bifurcation). We show
how the degree for a class of multivalued maps including those corresponding to a weak

formulation of our problem can be calculated.

1. INTRODUCTION

Let Q C RY be a bounded domain with a Lipschitz boundary, and let measurable (possi-
bly empty) subsets 2y C Q and 'y, I' C 09 be fixed with mes(I'y N I") = 0. We will always

assume that

mes 'y > 0,

mes )y > 0 or mesI" > 0 (or both) and Qo NT = @.

We are interested in stationary solutions of the reaction-diffusion system

Ut = dlAU -+ buu -+ blg’U + f1 (dl, dg, Ir,u,v, Vu, V’U)

v € dZA'U + bZlu + b22,U + fZ(d1> d27 x,u,v, VU, V'U) +

on €,

{0} on 2\ Qo,

wo(dy, dy, x,u,v, Vu, Vv) on (g,

with the boundary conditions

u=v=0

% = f3(d17d27$7uav)
% = f4(d1,d2,x,u,v)
ov

on

S f4(d1,d2,x,u,v) —|—u)1(d1,d2,l’,u,v)

(1.1)

on [y,
on 00\ I'y,
on 0N\ (FouT),

on I

(1.2)

Here dy,dy > 0 are bifurcation parameters, the nonlinearities f; are small at (u,v) = 0, and
w; are multivalued functions specified later. They can desribe a certain unilateral regulation
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in 2y and I'. The coefficients b;; are assumed to satisfy
bir >0, b1z <0, byy > 0, by <0,

(13)
bll -+ 622 < 0, det := bnbgg — b12b21 > 0.

The first line in (1.3) means that the system (1.1) is of an activator-inhibitor type. The
second line in (1.3) ensures that if we understand (1.1) for d; = dy = 0 (no diffusion)
and wy = 0 as an ODE system, then 0 is a stable solution. Furthermore, under suitable
assumptions about f;, the conditions (1.3) guarantee Turing’s effect [23] of “diffusion driven
instability” for the corresponding classical system

Uy = diAu + byu 4 biov + fi(dy, da, 2, u, v, Vu, Vo)

Q 1.4
Vs = d2A'U+b21u+b22U + fg(dl,dg,:c,u,v,Vu, V’U) on ( )
with classical boundary conditions
=v=0 r
{Zu U@v o (15)
%:%:0 OH@Q\F().

That means that the trivial solution of (1.4), (1.5) is stable only for (d;, ds) from a certain
subdomain Dg of R2 (domain of stability) and unstable for (dj,ds) € R2 \ Dg (domain
of instability). Bifurcation of stationary spatially nonhomogeneous solutions of (1.4), (1.5)
(spatial patterns) occurs at the border between the domain of stability and instability under
certain assumptions (see e.g. [18]).

Our goal is to prove the existence of a global bifurcation of stationary nontrivial solutions
of the multivalued problem (1.1), (1.2) in Dg, where bifurcation is excluded for the classical
problem (1.4), (1.5). Clearly, all nontrivial solutions are spatially non-constant, i.e. we get
bifurcation of spatial patterns. In fact, we will consider diffusion coefficients changing along
a curve o(s), s being a real bifurcation parameter, which can describe the size of the domain
Q) for particular curves.

The proof will be based on the degree theory for multivalued mappings. In Section 2 we
show how the degree for a class of multivalued maps including those corresponding to the
weak formulation of our problem can be calculated. This can be understood as the second
main result of this paper. A jump of the degree will be proved which implies a global
bifurcation. We note that a similar technique concerning the degree for multivalued maps
was employed in [9] for a single equation, but in contrast to [9], we are now treating the
case of nonsymmetric operators. Moreover, we introduce some new ideas which apply even
in the symmetric case and strengthen the results in [9].

Let us now describe the domain Dg in detail and formulate a particular case of our
bifurcation theorem which will be given in whole generality in Section 3.3 (Theorem 3.2).

1.1. Description of the Domain of Stability for (1.4), (1.5). Let x,, n = 1,2,...,
denote the eigenvalues of —A with (1.5), 0 < k1 < Ky < ---. With each &, we associate
the hyperbola

(1.6)

bisboy /K2 b
C, = {(dl,d2)eRi:d2:M+ﬂ},

dy — bll/l’ﬁn Rn
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see Figure 1. In Figure 1, one can also see the vertical asymptotes dy = % of the hyperbolas
C,, and the line passing through 0 with the slope

—blgbgl + det +2\/ —blgbgl det -1

S = (1.7)

2
bll

which is tangent to these hyperbolas.

da

v

FIGURE 1. Hyperbolas (1.6) determining Dg, their vertical asymptotes, and
the common tangential line with slope (1.7)

d

It is known (and we will re-prove it in Section 3.2) that these hyperbolas consist exactly
of those points (dy, dy) for which nontrivial solutions of the linearized classical system

dlAu + bnu + blg’U =0

Q 1.8
dgAU + b21U + bQQ’U =0 on ( )

with (1.5) exist. Set

Dg = ﬂ{(dl,dg) € ]Ri cdp >

n

512521//4% @}

dy — bao / Rn Rn

i.e. Dg is the set of all (dy, dy) € R? lying to the right from the envelope of all hyperbolas C,,.
For (di,ds) € Dg, all eigenvalues of the corresponding eigenvalue problem deciding about
the stability of the trivial solution of the classical problem (1.4), (1.5) have negative real
parts, for (di,ds) lying to the left from the n-th hyperbola C,,, the n-th eigenvalue of this
eigenvalue problem is positive. Hence, the trivial solution of (1.4), (1.5) is linearly stable
for (dy,dy) € Ds and linearly unstable for (di,ds) € RS \ Dg. See e.g. [22, Chapter 11].

1.2. Formulation of a Particular Case of our Bifurcation Result. We will consider
the stationary system corresponding to (1.1), i.e.

diAu+ byju + biov + fi(dy, da, x, u, v, Vu, Vo) =0 on €,
{0} on Q \ QOa

—wo(dy, do, x,u, v, Vu, Vv)  on g,
(1.9)

dgAU + bglu + bQQ’U + fg(dl, dg, Ir,u,v, Vu, V’U) € {
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tou tou
- on - on

FIGURE 2. Typical graphs for w; (and m; of Section 3)

with d;, dy changing along a continuous curve o = (01,09): [ — R%r with some closed
interval [, i.e. we will deal with the system

01(8)Au + biyu + bigv + fi(o(s), z, u, v, Vu, Vo) =0 on €,
{0} on O\ Qo,

—wo(o(s), z,u,v, Vu, Vo) on o,
(1.10)

02(8)Av + boyu + bagv + fo(o(s), x,u,v, Vu, Vv) € {

with the real bifurcation parameter s € I.

Let us note that if dy, dy are fixed and o1(s) = dy5?, 09(s) = dys? then a simple substitu-
tion 2’ = s~z yields that the problem (1.10)/(1.2) in Q for a given s > 0 is equivalent to
the problem (1.9)/(1.2) but on the domain s~! - Q of the same shape but “of the size s717.
Hence, the decrease of the parameter s can describe the growth of the domain, which has
a natural interpretation in models in biology.

Let us assume that fi, fo satisfy standard growth conditions such that weak solutions
can be introduced and that f;, fo are small perturbations at 0 (see Section 3, the assump-
tions (3.6) e.g. with Ag = R2). Furthermore, we need to impose certain unilateral conditions
about wy, wy, e.g. we can assume that they depend only on v (not on dy, do, z, u, Vu, and
V) and their graphs look like in Figure 2. See Section 3.1, assumptions (3.8) and (3.9) for
the general case. Set

H := {(u,y) € W1’2(Q,]R2) : (u,v) = 0 on I'g in the sense of traces} .

The following theorem states that in the situation just described along each curve o in R%
intersecting the asymptote d; = 12—11 to the first hyperbola 7 and passing in Dg closely
enough to some point d € dDg N, C,, satisfying certain assumptions, a global bifurcation
branch of nontrivial solutions must occur.

Theorem 1.1. Let in the above situation d € 0Dg N Y, Cyn be such that there is a linear
combination e of eigenfunctions e; corresponding to eigenvalues r; of —A with (1.5) for
which d € C} satisfying

e>¢cin Qo UT with some e > 0. (1.11)
Then there exists a neighborhood Wy of d with the following property. For any curve o =
(01,09): I — R2 with some closed interval I, satisfying o(so) € Wo N Dg for some sq € 1
and oy(sy) > 121—11 for some s1 € I (i.e. intersecting the asymptote to C), there ezists a
bifurcation point sg € (so,s1) of (1.10)/(1.2) with o1(sg) < 12—11 (see Figure 3).

More precisely, there is a connected set B C I x (H \ {0}) of nontrivial solutions
of (1.10)/(1.2) with (sp,0,0) € B satisfying at least one of the following conditions:
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(1) B is unbounded or reaches the end of o, i.e., it contains a point from OI x H.
(2) B contains a point of the type (s2,0,0), so & [so, 51], o1(s9) < 22,

— K1

In addition, using the result of [15], we will see that if 2y = @ and I' is a smooth manifold
with boundary in 02 then the condition (1.11) can be replaced by

e>0onl. (1.12)

F1GURE 3. Illustration of Theorem 1.1 when each d € C5 satisfies the hypothesis

The first very particular result guaranteeing local bifurcation in Dg for the system (1.10)
with wy = 0 and with unilateral boundary conditions described by variational inequalities
was given in [6]. However, only a one-dimensional domain, f; depending only on u and v,
and a particular curve dy = const with the bifurcation parameter d; was considered. The
method of the proof was based on a nonstandard use of a penalty technique combined with
global bifurcation results known for equations. For a similar particular case of variational
inequalities but in N-dimensional domains, such a result was proved in [20] by direct use of
degree theory (jump of the degree implies bifurcation). This latter method was used also for
the generalization to boundary conditions described by quasi-variational inequalities in [16]
for a general curve o.

However, although such a problem with variational inequalities might be considered in
some sense as a sort of “linearization” of our problem (at least if g = &), these known
results about the degree cannot be applied in our situation, since in the abstract formulation
of the problem, we will have to calculate the degree for multivalued maps which, moreover,
have the property that their “linearization” is not of a class for which a degree theory is
available (the degrees calculated in the above mentioned references [16], [20] are for single-
valued maps which stem from a different reformulation of the problem in case of inequalities;
such type of reformulation appears impossible in our case).

In our case of boundary conditions given by inclusions so far only the above mentioned
penalty technique was applied. For general curves o, see e.g. [14]; for a brief survey, see [8].
However, that method gives only local bifurcation without any information about the con-
nectedness of the bifurcating branch. Hence, the result of the present paper is an essential
generalization of previous results. We obtain the existence of a global connected bifurcat-
ing branch, we consider more general f; and the conditions given by inclusions are imposed
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also in the interior of €2, not only in the boundary conditions. Moreover, we weaken the
assumption (1.11) to (1.12) (cf. [15]) and formulate it in a completely abstract form.

2. CALCULATION OF DEGREES IN HILBERT SPACE

In this abstract section, let H be a real Hilbert space and A a metric space. We are
interested in the inclusion problem

AeMNueH, u—AN)u € G(A\,u) + M(\ u) (2.1)
under the following general hypotheses:
(A) A: A x H — H is continuous and compact, and A(\) := A(A, -): H — H is linear
for each A\ € A.

(B) The multivalued maps G, M : A x H — H have nonempty compact convex values,
are upper semicontinuous and compact.

The main motivation for the following results is the case A(\) = AAg with some nondegen-
erate interval A C R (although we will later have A C R?).
We use the notation
B, :={ueH: |u| <r}.
In particular, under our hypotheses, if (2.1) has no solution on the boundary of B,, we have
a natural definition of a degree

deg(id — A(\) — GO\, -) — M(), -), By, 0)

for the multivalued mapping id — A(A\) — G(A, - ) — M(A, -) on B, with respect to 0. Since
all definitions of a multivalued degree coincide in the convex-valued case, it is not important
which particular definition of the degree we choose. We understand the degree e.g. in the
sense of Ma [17] (for other definitions, see also [1], [3]-[5], [10]).

Let now C4 be the set of all A € A such that A(\) has an eigenvalue 1, and for A € Cy,
let E4(A) denote the corresponding eigenspace

EsA) ={ueH: A(Nu=u}.
In the case A(\) = AAg, C4 is the set of characteristic values of Ay, and E4()) is the
corresponding eigenspace.

The general idea in the sequel is that A is “close” to a particular value \g € Cy, and
that for A — )y we have a “linearization” to (2.1) which is a variational inequality with a
certain cone K C H.

More precisely, we assume that there is a closed cone K C H with its vertex at the origin,
i.e. K is convex and closed and 0 € K+ K C K, with the following property (where Ay C A
and X € A will be specified later in particular situations):

If Ag > Ay — X and w9, € H with 0 < [u,| — 0 are such that

Wy 1= Up/ ||un]| = w, ¥y, — y and

M (A, up)
[[tn|

then w, — w, and w is a solution of the variational inequality

Wy, — Yn € , (2.2)

weK, (w—y,v—w)>0foralovekK.



GLOBAL BIFURCATION FOR REACTION-DIFFUSION SYSTEM 7

Concerning the (possibly multivalued) nonlinearity G, we consider a uniform linearization
type hypothesis where Ay C A will be specified later:

sup {[lyll - y € G(A u)}

lim su = 0. 2.3
2o Sk, [l =
Occasionally, pointwise convergence will be sufficient:
cy € G(A,
sup {lyll : y (A )} =0 for each A € Ay. (2.4)

[[ul|—0 (|

The main hypothesis for A is related to the variational inequality
u€ K, (u—A(Xo)u,v—u) >0 forall ve K. (2.5)

It will be convenient to denote the set of solutions of this inequality by E (o). Similarly
to all former papers concerning bifurcation for some unilateral problems in Dg (variational
inequalities or inclusions) the condition

Eax(ho) = Es(\o) N K (2.6)

will play a basic role. In the past, this condition was always verified by using the assumption
that \g is an “interior value”, which means in our situation that E4()g) contains an element
from the interior (or pseudo-interior) of K. This notion was introduced in [12] (for interior)
and in [21] (for pseudo-interior).

In fact, we could directly consider points A¢ satisfying (2.6), but we will give here a
definition of (K, A)-interior values which is a certain generalization of “pseudo-interior val-
ues” [21] but is simultaneously equivalent to the condition (2.6). Condition (2.6) will be
verified by proving that A\ is a (K, A)-interior value.

Let A* denote the family of adjoint operators, i.e. A*(\) := A(\)*.

Definition 2.1. A point Ay € C4 is (K, A)-interior if there is v* € E4«(\g) such that the
closure of the subspace

D (v*) :={w € H : there is ¢ > 0 with v* £ ew € K}

satisfies

Dg(v*) D {u—A(No)u:u € Eax(Xo)}.
Lemma 2.1. A point A\g € Cy is (K, A)-interior if and only if (2.6) holds.

Proof. If (2.6) holds, then one may choose v* = 0, and for each u € E4 x()g) the hypothesis
implies u — A(Xo)u = 0 € Dk (v*) C Dg(v*).

Conversely, let Ay € Cy4 be (K, A)-interior, and let u € E4 x(Ng). We have to show
that z := u — A(Aog)u vanishes. Since by hypothesis z € Dg(v*), it suffices to show that

2 € (Dg(v*))t = Dg(v*)*. Thus, let w € Dg(v*). Using (2.5) with v := u + (v* £ ew) €
K+ K C K, we find

0 < {u—AN)u,v" £ ew) = (u, (id — A(Xg)*)v*) L e (2,w) = e (z,w),

€

and so (z,w) =0, i.e. z € Dg(v*)", as required. O

Some notes are in order. If v* is an interior point of K, then even Dg(v*) = H. In
particular, if there is v* € FE4«(\g) in the interior of K, then \¢ is (K, A)-interior. A
hypothesis of this type was introduced in [12] to obtain results for variational inequalities,
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cf. also [13]. For cones K with empty interior (as in our application), the hypothesis that v*
is an interior point of K was relaxed to Dy (v*) = H (i.e. that there is v* € E4«(\g) which
belongs to the so-called pseudo-interior of K) in [21] for variational inequalities.

Definition 2.2. Let Ky C H be a cone satisfying Ky C K. We say that \qg € C'4 satisfies
the (K, A, Ky)-sign-condition on Ag C A, X\g € Ay, if for each u € Ex(X) N K with |Jul| =1
there is some u* € Ky such that, for some § > 0,

((id — AN, u*) < —8|(id — A )u*| <0 for all A € Ag\ {Ao} close to Ao (2.7)

In the sequel, the choice of Ay C A will depend on A\g. For instance, in the case of a scalar
parameter set, a typical choice of Ag would be an interval to the right or to the left from
Ao, or in the case of a two-dimensional parameter set a certain portion of the plane which
is bordered by some curve passing through Ay (the portion being essentially determined by
the requirement (2.7)).

We will see that Definition 2.2 with general K|, is natural for the calculation of the degree.
However, in our applications, we will always choose Ky = E4+(\g) N K. In particular, this is
the case in the natural situation when A(\) = AAy. In this case, the above hypothesis (2.7)
becomes essentially the sign condition which is also imposed in [21]:

Proposition 2.1. Suppose that A(\) = AAg with a compact operator Ay, and that Ay €
Ca is a real number. Then the (K, A, Ky)-sign-condition holds with Ky = Ea~(\g) N K
(and (2.7) holds even for all A € Ao \ {No}) if one of the following conditions is true.
(1) Mo >0, Ag C [N, 00), and for each u € Ex(Xg) N K \ {0} there is u* € Ea«(A) N K
such that (u,u*) > 0.
(2) Ao >0, Ay C (—00, A\o|, and for each uw € E4(Ag) NK\{0} there is u* € Ea+(Ag)NK
such that (u,u*) < 0.
(3) Ao <0, Ag C [N, 0), and for each uw € Ex(Xg) N K \ {0} there is u* € Ex«(Ao) N K
such that (u,u*) < 0.
(4) Ao <0, Ay C (—00, o], and for each u € E4(Ag) NK\{0} there is u* € Ea«(Ag)NK
such that (u,u*) > 0.

Proof. If u € Ea(X\g) N K \ {0}, then A\gAgu = u # 0, and so A\g # 0. If u* € Ea«(X\g) N K is
the corresponding point from (2.7) then u* # 0, u* = A(Xo)*u* = Ao Aju*, and so we have
for each A € Ag \ {\o} that
(id — AN )u* = u* — MNAju* = u* — Mg 'u* = cyu* # 0
because ¢ := Ay ' (Ao — A) # 0. For A € Ag \ {\o} this implies ||(id — A(N\)*)u*|| # 0 and
[(2d — A(N)")u”|
[[u*]]

Hence (2.7) holds with & := [Ju*|| ™" (u, u*) sgn(—cx) = ||[u*]| ™" [(u, u*)| > 0 in all the above
cases (1)—(4). O
Lemma 2.2. Let (A) hold and let Ay € Ca be (K, A)-interior and satisfy the (K, A, Ky)-
sign condition on Ag C A. Then for each u € Ea(N) N K \ {0} there are u* € Ky and § > 0

such that all X € Ag \ { o} close to Ay and all w € H with ||w — u|| < § are subject to the
strict inequality

((id — A(N)u, u*) = (u, (id — AN)")u*) = ¢y (u, u*) = (u,u") SN C).

(w—ANw,u") <0.
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Remark 2.1. We note for later use that u*,  and the closeness in Lemma 2.2 are in fact
those from Definition 2.2 (and depend on u).

Proof. Choosing u* and ¢ corresponding to u according to (2.7), we obtain
(w—AN)w,u") = (w, (id — A(XN)")u™)
= (u, (id — A(N\)")u") + (w — u, (id — A(N)")u™)
< ((id — AQA))u, w”) + [lw = ul [|(id — AX))u|
< ([lw = ull = 6) [[(id — AA)")u"]| .

The last term is strictly negative for ||w — ul| <. O

Lemma 2.3. Let (A) hold and let \g € Cy be (K, A)-interior and satisfy the (K, A, Ko)-
sign-condition on Ng. Then for all X € Ay \ {\o} which are sufficiently close to Xg, the
variational inequality

uwe K, (u—ANu,v—u) >0 forallve K (2.8)

has only the trivial solution uw = 0. The closeness depends only on 0 and on the closeness
in (2.7) if those are independent of u € Ex(X\g) N K.

Let us note that in view of Proposition 2.1, Lemma 2.3 contains the first assertion of [21,
Theorem 2(i)].

Proof. Assume by contradiction that there are A\, — A\g with \,, # A\¢ such that for each n
there are solutions u,, of

Uy € K, (up, — A(\p)tn, v —uy,) >0 forallv e K (2.9)

with ||u,|| = 1. Then u, = PxA(\,)u, where Px denotes the canonical projection onto the
cone K (see e.g. [11, Section 1.2]). In particular, the sequence u, is contained in a compact
set and thus has a convergent subsequence. Passing to this subsequence, we may assume
u, — u. Hence ||u|| = 1, and passing to the limit in (2.9) we obtain that u is a solution
of (2.5). Thus Lemma 2.1 implies u € E4(Ao) N K \ {0}. Choose u* € K, according to
Lemma 2.2. Putting v := u, + v* € K 4+ K in (2.9), we find

0 < (uy — AN Uy, u*) .

This is not possible for all n by our choice of u* (according to Lemma 2.2). The statement
about the closeness follows in view of Remark 2.1. O

For the case that A(A) = AAy with a symmetric Ay and we can verify the hypothesis
in Proposition 2.1 with u* = u, the following Theorem 2.1 reduces to a special case of |9,
Theorem 2.1]. However, now we have the nonsymmetric case with a multi-dimensional
parameter set, which is important for reaction-diffusion systems.

Theorem 2.1. Let (A) and (B) hold and let Ay C A be such that the variational inequal-
ity (2.8) has only the trivial solution for all X € Ay. Assume that (2.3) holds with some Ay.
Then for each X\ € Ao N Ay satisfying (2.2) there are r = T(X, Ao) > 0 and a neighborhood
As(N) of X such that

deg(id — A(\) — G(A, ) — M(X, -), B,,0) = deg(id — A(\) — M(X, -), B,,0)  (2.10)
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for all p € (0,7) and A € Ag N Ay N Ay(N). In particular, the degrees in (2.10) are defined
and independent of p € (0,7). Furthermore, sz C Ay N Ay is connected then the degree
in (2.10) is independent of A € A, p € (0,7()\)), with some r(\) > 0 dependent on \ (i.e.
the index is independent of \ € K)

Note that A is usually not a neighborhood of Ag. In our applications, the (K, A, Kj)-
sign-condition restricts Ag to a certain “sector” (which depends on Xg). Thus, Ag will be a
neighborhood of A\g within such a sector. (See Figures 5 and 6.)

Remark 2.2. If \j € Cy4 is (K, A)-interior and satisfies the (K, A, Kj)-sign-condition on
some Ag then the set A; of all A € Ag\ {\o} sufficiently close to A¢ satisfies the assumption
from Theorem 2.1 by virtue of Lemma 2.3.

Corollary 2.1. If Ag N Ay in Theorem 2.1 is an open set and (2.2) is satisfied for all
A € Ao N Ay then this set contains no bifurcation point of the inclusion (2.1).

Indeed, if X € AgN A, then we can take AQ(X) C (AgNA;) and (2.1) has no nontrivial solu-
tion (A, u) € As(X) x B, 3 a,) because the degrees (2.10) are defined for all p € (0, r(\, Ao)).

Proof of Theorem 2.1. In view of the homotopy invariance and the excision property of the
degree, it suffices to show that there is 7 > (0 such that for all A € Ay which are sufficiently
close to A the multivalued homotopy

Hy(t,u) ==u— A\ u) —tG(\,u) — M(\ u)

contains no zero on [0, 1] x (B, \ {0}).

Thus, assume by contradiction that there is a sequence (A, t,, u,) € Ag x [0, 1] x H with
A — A, 0 < ||ug|| = 0 and 0 € Hy, (t,, un). Dividing this inclusion by ||u,|| and setting
Wy, 1= Uy/ |||, we obtain that

G (A, up) n M\, uy)

wp, — A(Ap)wy, €ty
[ [l

Y

i.e. there are

G(An, up)
||

M\, uy)

Jun|
Passing to a subsequence, we may assume that w, —w for some w € H. In view of (A)
and (2.3) we have y, — A(N)w. Hence, the hypothesis (2.2) implies that w, — w, w is a
nontrivial solution of (2.8), contradicting the hypothesis that A is chosen such that (2.8)
contains only the trivial solution.

Now, let A C AgN Ay be connected. The homotopy invariance of the degree implies that
for each A € A the degree (2.10) is independent of A € AN Ay(N), p € (0,7(X, Ag)) and the
last assertion of Theorem 2.1 easily follows. O

Yn € A(\p)w, + ty,
with

wn_yne

Now we can prove that the degree is defined and equals zero on a small ball around 0
under certain assumptions. The first result of this type (for a variational inequality under
the hypothesis of the existence of an eigenvector in the interior of the cone) was established
in [19].



GLOBAL BIFURCATION FOR REACTION-DIFFUSION SYSTEM 11

Theorem 2.2. Let (A) and (B) hold, and let \g € C4 be (K, A)-interior. Let Ay C A\{ Ao}
be such that \g € Ao, \o satisfies the (K, A, Ky)-sign-condition on Ao, (2.4) holds, and (2.2)
holds with \ = Ao and with all values = Ao which are sufficiently close to A\g. Suppose
that there are ul € K N Ea«(Ao) and ug € H with (ug, uf) > 0 and

(ug,u*) >0 for all u* € K. (2.11)
Suppose that M satisfies the sign condition
(z,u*) >0 forall z€ M(Ay X B,) and all u* € Ky U {uj} (2.12)

for some r > 0. Then for each X € Ay sufficiently close to A\ there is r = r(\) > 0 such
that

deg(id — AN) =G\, -) —M(X, -),B,,0) =0 forall pe (0,r).
In particular, the degree is defined.

Remark 2.3. If Ky = K N Ea«(\) and Ky # —K,, the existence of uy and u satisfying
(up, uy) > 0 and (2.11) is automatic (and one can choose uy € Kj). Indeed, since Ky is a
cone which is not a subspace, this follows from [21, Lemma 2] (in [21, Lemma 2] it is only
claimed that there is uy € K with (2.11) and wuy # 0, but actually the relation (ug, uf) > 0
for an appropriate uj € Ky is shown in the proof of that result).

Remark 2.4. In view of Remark 2.3, Theorem 2.2 is stronger than [9, Theorem 2.2|, even in
the case A(\) = AAg with a symmetric operator Ay and Ky := KN Ex«(Xg) = KN E4(Xg)-
In fact, Theorem 2.2 shows essentially that, in contrast to [9, Theorem 2.2]|, one does not
have to require strict inequality in (2.11) (and so the existence of ug is even automatic in
view of Remark 2.3). This means that in the main results of [9] (i.e. in Theorems 4.1 and 4.2
there) the hypothesis (2.6) in [9] is actually superfluous.

Proof of Theorem 2.2. Applying Remark 2.2 and Theorem 2.1 (only for this moment with
X=X and Ay := {\} in order to have (2.3) by (2.4)) we find that for all A € Ay (now
Ag from the assumptions of Theorem 2.2) sufficiently close to A¢ the degree is defined and
has the same value as when G = 0. Hence, we may assume without loss of generality that

G =0. Put
Fy(u) :=u—AN)u— M\ u), H(t,u):= F\(u) — tup.
We will show that
tug ¢ F)\(B,) for all A € Ag close to Ao, r small enough, ¢ € (0, 1]. (2.13)

In particular, it will follow that deg(H(1, -),B,,0) = 0 for all p € (0,7), and because
we know that 0 ¢ F\(B, \ {0}) (the degree in Theorem 2.1 is defined), we will have
0¢ H(t,B,\ {0}) for all t € [0,1]. The assertion of Theorem 2.2 will then follow by using
the homotopy invariance of the degree.

Assume by contradiction that (2.13) is not true. Then we find sequences (A, un,t,) €
Ao x H x (0,1] and z, € M(\,, uy), such that A\, — Ao, u, — 0, and

Up — AN Un = thtig + 2.

In particular, putting « := (ug, ug) > 0, we have by (2.12) that

(Uy — A(Ap)Up, ug) = (tvnuo + Zn, ug) = at, + (Zn,ug) > at, > 0,
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and so u, # 0. Consequently, we may define w, = u,/ ||u,], tn := ’tvn/ |unl|, and z, =
Zn/ ||un||. We obtain
wyp, — A(Ap)wy, = thug + 2. (2.14)
The left-hand sides remain bounded, hence also t,uq + z, are bounded. In view of
(tnuo + 2n, ugy) = aty, + (2p, u) > at, >0,
we conclude that also t, are bounded. Hence, passing to a subsequence, we may assume
that ¢, — t € [0, 00) and w, — w. Putting
Yn = A()\n)wn + tnu0>
we thus have y, — A(Xo)w + tug. We conclude from the hypothesis (2.2) (with A = A) in
view of (2.14) that w,, — w (in particular, w # 0) and
we K, (w—A(N)w — tug,v —w) > 0 for all v € K. (2.15)
Applying this estimate with v :=w +uj € K + K C K, we obtain
0 < (w—A(Xg)w — tug, uy) = (w, (id — A(Xo)*)ug) — at = —at.
Hence t = 0 and so (2.15) implies that w is a solution of the variational inequality (2.5).
By Lemma 2.1, we have w € E4()\g) N K. Choose a corresponding w* € K, according to
Lemma 2.2. Then (2.14), (2.11) and (2.12) imply
(W, — AWy, w*y = (tyug + 2z, Wy = t, (g, w*) + (z,,w*) > 0.

This is not possible for all n by our choice of w* (according to Lemma 2.2). O

3. APPLICATION TO REACTION-DIFFUSION SYSTEMS

3.1. Weak Formulation. We are now going to describe the weak formulation of (1.9) with
boundary conditions (1.2). Since we will need to work with mappings of type “id—compact”,
it will be convenient to multiply the first and second equation of (1.9) by d;* and dj*,
respectively, and to consider the system dependent on the parameters \; = d; ! This will
simplify many technical considerations. To this end, we assume that the given functions
n (1.9)/(1.2) depend on A = (A1, Ag). We need not assume that the functions are defined
for all A € R% but only for A € P where P C R%. Actually, we could even allow P C R?
without any change in our main results. However, in order to compare our hypotheses with
the situation decribed in Section 1, we introduce the transformation T'(d, dy) := (d*, dy*")
which transforms d = (dy, dy) into A = (A1, A2) (and vice versa) and define functions

g\ 2w, v, w, 2) = N (AT A o w0, w, 2), i=1,2,
g\ mu,v) = 07N 1w, ), i=3,4,
mo(\, 2, u, v, w, 2) = Aawo(ATH, A 1 u,v,w, 2)  for o € Q,

oA, z,u,v,w, 2) == {0} for z € Q\ Qp,
mi(\, z,u,v) = w (A A 2, u,v)  for z €T
mi(\, z,u,v) = {0} for x € 90\ (['UTLY).

(3.1)
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Then (1.9)/(1.2) is equivalent to the system
Au + Aibyiu + Abisv = —g1 (A, x, u, v, Vu, Vo)

Q (3.2
AV + Aybo1u + Aabaov € —go(A, z,u, v, Vu, Vo) — mo(A, z, u, v, Vu, Vo) on (3:2)
with boundary conditions
u=v=0 on I'y,
g—z = g3(\, z,u,v) on 00\ Ty, (3.3)

g—z € g4\, z,u,v) + my(\, z,u,v)  on O\ T.

Concerning m,;, we assume the particular structure
mo(\, z, u, v, w, 2) == [co(N)my(z, u, v, w, ), (Ao (2, u, v, W, 2)]
and
mi(A, z,u,v) = [c;(N)my (A, 2, u,v), ¢ (AN M (A, x, u, v)]
where ¢;, m;, ¢;, and m; are singlevalued functions. Due to this agreement, we have auto-
matically included the trivial Neumann boundary conditions in (1.2) and similarly the case

of the trivial source in the interior of € in (1.9).
For i = 0,1, we fix exponents p;, ¢; and ¢ according to the restrictions

pi € [1/2,00), 1 < ¢f < q; < oo arbitrary it N <2
pO::%,pl::%,oo>q0>q§::]\2,—ﬂ\:2,oo>q1>q’f::2]\]fv_2 if N > 2.

(If we doubled the value of p;, these choices would correspond to the exponents in [24] in

the Hilbert space case; since the factor 2 will in all estimates cancel with the exponent of

the underlying space W12(Q, R?), our above choice will be more convenient in the sequel.)
Throughout, we introduce the following general requirements.

(i) ¢;, ¢ are continuous, and for all respective arguments the inequalities ¢;m; < ¢;m;

are true.
(ii) For each A € P the following holds: The functions g;(A, -, u,v,w,z) (i = 1,2)
are measurable and g;(\,z, -, -, -, -) are continuous for almost all z. Moreover, g;

satisfy the growth estimate
lgi(\, x,u, v, w, 2)| <
ao (@) +box - ((ul + )P + lw] + [l1)*™ (i = 1,2),

where the numbers ||ag || Lag(@) and by, € [0,00) are locally bounded with respect
to .
(ili) For each Ay € P there is an estimate of the form

|g,~()\,x,u,v,w,z) - gi()\o,x,u,v,w, Z)| <
2/q% .
Coo(A) (GO,AO,A(I) + ((fu] 4+ D) + flwll + [|2[]) /q°> (i=1,2)

where ||a07>‘07>‘||Lq8(Q) <1 and ¢y, (A) = 0 as A — .

(iv) For each A € P the following holds: The functions g¢;(A, -,u,v) (i = 3,4) are
measurable and g;(\, z, -, ) are continuous for almost all z. Moreover, g; satisfy



(vi)

(vii)
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the growth estimate
|9:0 2,1, 0)] < aa(@) + buy - (Jul + [o])V" (i =3,4), (3.4)

where the numbers ||ay || Loy (09T A0 D1\ € 0, 00) are locally bounded with respect
to A.
For each \g € P there is an estimate of the form

|gl()‘a z,u,v,w, Z) - gi()\Oa xr,u,v,w, Z)| S

e10(A) (@1p0a() + (Jul + [0 /%) (i = 3,4)
where HaMMHqu(aQ\FO) <1 and ¢y,(A) = 0 as A — .
The functions my( -, w, v, w, z) and mg( -, u, v, w, z) are measurable, my(z, -, -, -, - )
is lower semicontinuous, mo(z, -, -, -, - ) is upper semicontinuous, and the corre-
sponding superposition operators

Mo(u,v,w, z)(x) = my(x, u(x),v(z), w(x), z(x))
and

Mo(u,v,w, 2)(x) = m(x, u(x),v(z), w(), 2(z))
send continuous (and thus measurable) functions to measurable functions (this prop-
erty is discussed in [2, Chapter 1]; it is satisfied e.g. if m; are so-called Shragin

functions, i.e. measurable with respect to a certain product measure). Moreover, we
require for some ag € L, (§2) and by < oo the growth estimates

max {|mg(x, u,v,w, 2)|, | (x, u, v, w, 2)|} <
ao(w) +bo - ((Ju] + [o))™ + [lw] + | 2])**

The functions m, (-, u,v) and m4( -, u,v) are measurable, m,(z, -, - ) is lower semi-
continuous, m(z, -, - ) is upper semicontinuous, and the corresponding superposi-
tion operators

M, (u, v)(z) = my (2, u(z), v(x))
and

M (u,v)(z) := 1 (z,u(z),v(x))
send continuous (and thus measurable) functions to measurable functions. Moreover,
we require the following growth estimates for some a; € Ly, (I') and b; < oo:

max {|m, (z,u,v)|, |m1(z,u,v)|} < ap(x)+ by - (Ju] + ‘U|)2p1/q1 '

Let Hy denote the subspace of all functions from W2(Q2) which vanish on Ty, and let
H = H, x Hy be the corresponding space of functions with values in R2. Since we assume
mes [y > 0, we can equip H (and similarly Hy) with the scalar product

(U, V) = /Q (VU (), VV (2)) da

which is equivalent to the usual scalar product inherited from W := W12(Q, R?), see e.g. [26,
Theorem 4.8.1]. We consider the cone

K= {U = (u17u2) S H : u2|QO Z 0 and Ug‘r Z O}
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and define operators A(\), G(A, -): H — H by
= [{( Vi) v v e
v ({41 ) v

L S0 vy V) 2
and M()\, -): H — H by

MOU) = VOK{Z cH:(Z,V) e /QO <<mO(A’x’ U?x), VU($))) ,V(x)> do-+

/r <<m1(A,£, U(aj))) ,V(x)> do} =

ﬂ)EK{Z - (2) cH:

V=,

|| oyl @), VU @0(o) do -+ [ (Ao Ul o() d <

(Z,V) §/Q Co(N)mo(z, U(x), VU(x))v(z) dz+AEl(A)m1(x, U(z))v(x) d:)s}.

Standard considerations (Green’s formula, choice of suitable test functions, etc.) imply that
it is natural to define weak solutions of the problem (3.2)/(3.3) as solutions of the inclusion

U—ANU € GO\ U) + M\ U). (3.5)

We assumed for simplicity that the nonlinearities g; (and thus the map G) are single-
valued. However, this was only to simplify the formulations of the hypotheses concerning
g;. Essentially, all results in this paper hold also for those multivalued g; for which the
following Proposition 3.1 can be proved.

Proposition 3.1. If A C P is compact, then the hypotheses (A) and (B) of Section 2 are
satisfied.

Proof. The main result of [24] states that M is upper semicontinuous and compact with
nonempty convex values (an analogous result — for functions with values in R instead of
R? - has also been proved in [9]). The same result contains as a special case the continuity

and compactness of G and thus, as a further special case, the continuity and compactness
of A. O

Remark 3.1. Note in particular that the main result of [24] contains sufficient conditions
for Proposition 3.1 also when g; is multivalued and g;(\, z, - ) are only upper semicontinuous.
Roughly speaking, for multivalued g;, one has to assume that the values of g; are nonempty
and compact (and in the case N = 1 where 02 has atoms one has to assume that the
values of g3 and g4 are intervals), and one has to replace the continuity and measurability
hypotheses by the upper semicontinuity and a certain multivalued measurability hypotheses.
Moreover, the dependence on A should occur in a special form; for details, we refer to [24].
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Occasionally, we will also require (for almost all = € 2 and almost all x € 92\ I')

sup sup |gi(A, 2, u, v, w, 2)| < eng max {(|uf + [o])?/%, ful + |o|} (i =1,2),
w,zERN AEAg
\gi(A,x,u,v,w,z)\

hm Sup == 0 Z - 172 )
el S T Tl 4] (i=12)

(3.6)
sup |gi(\, z,u,v)| < e, max{(\u\ + |v\)2p1/‘“, lu| + |v\} (i = 3,4),
AEAo
7 )‘7 ) Wy .
lim sup AT gy
(wv)=0 xeho  |ul + [V
or the corresponding pointwise estimate
sup |gi(A\, x, u,v,w, 2)| < ey max{(|u| + |v|)2p°/q°, lu| 4+ |v|} (i=1,2),
w,z€RN
7 )\a , Uy Uy W, .
i ATWOWE) g gy
(ussni—o0 Tul + To] & ol + 2] (37)
lgi( A, 2, u,0)| < exmax {(Ju] + [v])V9 Jul + o]} (i = 3,4),
gz()\> x,u, U) o

lim

(i =3,4) for each A € Ay,
(w)—0  |u| + |v]

where Ag C P will be specified later. (For multivalued g;, the above assumption has to be
understood uniformly for all values). Analogously to [9], we obtain:

Lemma 3.1. The hypothesis (3.6) or (3.7) for the functions g; implies the corresponding
hypothesis (2.3) or (2.4), respectively, for the operator G.

Later, we will also require unilateral hypotheses (for all u, v, w, z, A, x)

0 = co(N)my(z, u, v, w, z) = (N mo(z, u,v,w,z) if v >0,

0 = co(N)my(z, u, 0, w, 2) < E(N)mo(z, u, 0, w, 2),

0 < o N)my(z, u, v, w, z) < G(N)mo(z,u,v,w,2) ifv <0,
0=c¢,(N)my(z,u,v) = (Nmy(z,u,v) ifv>0, (3:8)
0=c,(Nmy(z,u,0) < (N)mi(x,u,0),

0 <¢N)my(z,u,v) <G (N)my(z,u,v) ifv<O.

We will also assume that at the critical level v = 0 we have at least a “jump in the v-
derivative of the lower bounds” in the sense that
|m0(Iv u,v,w, Z)|

lim = —oo for almost all x € (),
(u,v,w,2)—0 v
jmy (2, u,v)| (39)
( lir)n I\ 01 —00 for almost all z € T’
u,v)—0 v

v<0
(see Figure 2). In order to avoid trivialities, we will usually supplement the previous hy-
pothesis with the assumption
mes {2y > 0 or mesI" > 0 (or both). (3.10)

The following result is analogous to [9, Lemmas 4.1 and 4.2]. It is somewhat curious that
for this result, the assumption (3.10) is not necessary.
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Lemma 3.2. If (3.8) holds, then
(Z,V)y >0 whenever V€ K and Z € M(\,U), (3.11)
and
(Z,U) <0 whenever Z € M(\,U). (3.12)
If in addition (3.9) holds, then for each X = (A1, A2) € P with ¢y(A) # 0 # ¢()) the
statement (2.2) is true with A = X\ and each Ay C P.

Proof. The inequality (3.11) follows immediately from the fact that the integrals occurring
in the definition of M are nonnegative. For U = (u,u) € H we put U* := (u,u*) (with
the usual notation for the positive and negative parts of a function). Note that U* € K.
Choosing V' = U™ in the definition of M, we obtain in particular for each Z € M (X, U)

(Z,U™") §/Q Co(Nmo(z, u(x), u(z), VU(x))u™(z) d:)s+/FEl()\)ml(:)s,ﬂ(x),u(a:))u+(z) dz.

Assumptions (3.8) imply that the integrands vanish, which in view of (3.11) shows (Z,U™") =
0. Hence, in view of (3.11) we obtain that

(Z,U) = (Z,Ut —U")=—(Z,U") <0,

which proves (3.12).
For the last claim, let \, € P, U, = (tn,un),Yn = (Un,yn) € H satisfy A\, — A,
0<||Un|| = 0,Y,—=Y =(y,y) and W,, = (0, w,) := U,/ ||Up,|| = W = (w,w), where

The first component of all functions in M(\,,U,) vanishes so that (3.13) implies that
[@Wn = Yllyr2qy — 0. 1t follows from (3.13) that

/QO Qo()\n)mo(%ngn(n z), VU,( /F al WJIUZEH Unle ))U(l') dr <
200 (&, Un (&), VU (2) ()T (2, Un(2))
Wo = Yo V) < / A Lo(a) v [ T e da

(3.14)
for all n and all V' = (v,v) € K. Note that the hypothesis (3.8) implies that the right-hand
side of (3.14) vanishes for v = w;. Using (3.14) with V = W = (w,, wX), we thus obtain

1= <Wn, Wn> = (Wn -Y,. W;) — (Wn - Y, W, ) (Yn, Wn> <
[ aOm (e V). V@)
0 / A n(@)d

a0 )
J R e e .

Since in view of (3.8) both integrands are nonnegative, we obtain (Y, W,,) > 1 for all n.

(3.15)

Moreover, since (Y, W,,) is bounded, also the integrals are uniformly bounded.

We claim that this implies W € K. Indeed, if this is false, then either w™|q, or w™|r is
not almost everywhere 0. We will show that this contradicts the boundedness of the first or
second of the above integrals, respectively. Since the arguments are similar, we assume by
contradiction without loss of generality that w™ # 0 on a set £ C )y of positive measure.
Note that U,, — 0 in H implies in particular that (U,, VU, ) converges to 0 in Ls; hence, a
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subsequence converges to 0 almost everywhere. Passing to this subsequence, we thus find
in view of (3.9) that the function sequence

o un(I)
in() 1= my(z, Un(z), VUn())

converges to 0 almost everywhere. Shrinking E if necessary, we may assume by Egorov’s
theorem that the convergence is uniform on F, i.e. for each k£ > 0 there is nj such that

my (2, Un(x), VU (x)) 2 K |un(2)]

holds almost everywhere on E for all n > ng, and so we can estimate the first integral
in (3.15) from below by
o0 [ AR )t = ) [ k@l () o> keo(0) [ wn (oo
g U] E B

for all n > n,. Note now that the compactness of the Sobolev embedding implies in
particular w,, — w in Lg, and so in view of w™|g # 0, the last integral converges to a
positive number. Since ¢5(A,) — ¢y(A) # 0 and k is arbitrarily large, we find that the first
integral in (3.15) is unbounded, which is the required contradiction.

As announced before, we thus have shown W € K. Hence, we can apply (3.14) with
V = W and obtain in view of the nonnegativity of the integrals that (W, —Y,,, W) > 0,
ie. (Yo, W) < (W, W) — (W, W) = |W|? and so

W2 > (Y, W) = (Y, W) + (Y =Y, W,)) — (Y, W,, — W).

Since we have already shown that (Y,,, W,,) > 1 and since the other two terms tend to 0, we
conclude ||W||> > (Y, W) > 1 = ||W,||* which together with W, — W implies W,, — W.
As a by-result, 1 = ||[W|*> > (Y, W) > 1 implies that (Y — W, W) = (Y, W) — [|W|]*> = 0.
In particular, for each V' € K we have that (W =Y,V —W) = (W =Y, V) > 0 in view
of (3.14) and the nonnegativity of the first two integrals given by (3.8). Thus, W indeed
satisfies the required variational inequality. 0

3.2. (K, A)-interior values and the (K, A, Ky)-sign-condition. Our aim is now to dis-
cuss which values \y = A = T'(d) have the properties of Definitions 2.1 and 2.2 for our
particular situation. Let (un,e,) € (0,00) x Hy be a complete orthonormal system of
eigenvalues and the corresponding eigenfunctions of the operator Ag: Hy — Hjy defined by

(Aou, v) :/Qu(x)v(z) dzx.

Since Ay is the operator associated in the weak formulation with the harmonic equation, we
can assume by an appropriate numbering that p,, = 1/k, where &, is as in Section 1.1. Each

U = (uy, u2) € H has a unique representation as a series u; = » - (u;,e,) e, (1 =1,2). In

particular, if A = (A1, A2) € P then U — A(N)U =0 (i.e. U € E4()), which means (uy, us)
is a weak solution to (1.8)/(1.5) with (di,d2) = T'()\)) is equivalent to the infinite system

(1 = A penbin) (ur, €n) — Aipinbia (ug, €,) =0,
—Xafinbar (U1, €n) 4+ (1 = Aopinbia) (ug, e,) = 0.

This has a nontrivial solution (uy, us) for some n if and only if, for that n, the determinant

Dy, i= (1 — Apinbi1) (1 — Aopinbia) — A1 penbiz Aapinbay
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vanishes, i.e. if T'(\) lies on the hyperbola (1.6).

Now, let us calculate the solutions of U — A(A)U = 0 in such a case. Let us assume for a
moment that d = T'(\) lies on only one of the hyperbolas C,, = - - - = Cj,44_1, and so D; = 0
only for j =mn,...,n+k—1, where k is the multiplicity of k,,, i.e. p, = -+ = fpigr_1 =: .
In this case, each solution of U = A(N)U, i.e. each U € E4(\), is given by

where e € Hj satisfies Age = pe with g = p,, and « is a solution of the (necessarily linearly

dependent) system
1= Apbi —Aqpbio ) (Oé)
= 0. 3.16
( —Aoptbar 1 — Aopbar ) \ 1 (3.16)

U = <Oi) e, (3.17)

where o* is a solution of the “adjoint” equation

L— Apbin —Aguby a*
< —Aipbiy 11— >\2,Ub22) < 1 ) =0 (3-18)
a straightforward calculation shows U* — A(A\)*U* = 0, i.e. U* is an eigenvector of the
adjoint operator A(A)* which has the same second component as U.
Now let d = T'(\) be an intersection point of two different hyperbolas C,, and C,,, that

means D; = O only for j =n,...,n+k—1and j = m,...,m+ ¢ — 1, where k and ¢
are the multiplicities of k,, and k,,, respectively. We have k,, # k,,, C, = -+ = Cpyp_1 #

Similarly, for the choice

Con=-=Chao_1, b =" = fpik-1F Mtm =+ = lmee—1. In this case, all solutions of

A(MNU = U have the form
U=¢ <Oi") e+ 5(0‘1’”) Z, (3.19)

where &, € € R, Ayé = pné, Agé = pimé, and where a,, and a,, are the solutions o of (3.16)
when p := u, or p = p,,, respectively. Note that, since Ay is selfadjoint, the eigenfunctions
¢ and ¢ are automatically orthogonal to each other (in the space Hy). With a function U

Us=¢ <01") e+ {(O‘fb) e, (3.20)

are the solutions o* of (3.18) when p := pu, or p := p,, respectively.

as above we associate

*

where o}, o,

Then U* has the same second component as U, and similarly to the above, one calculates
AN U = U™,

Summarizing, we have seen that the solutions U € E4()) and their associated functions
U* € Ex«(\) are uniquely determined by their second component. Moreover, a function e
occurs as the second component of some (unique) U € E4(A) if and only if it is a linear
combination of (one or two) eigenfunctions of Ag to eigenvalues from {u, : T(\) € C,,)}, i.e.
of eigenfunctions of —A with (1.5) to eigenvalues from {x,, : T'(\) € C,,}.
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Further, we will consider points d € |, C,, such that
a suitable linear combination e of eigenfunctions of —A with (1.5) to the
eigenvalues from {x; : d € C;} satisfies either
(a) e>e>01in Qy and on I, or
(b) e>0onT.
Let us note that if d lies only on one hyperbola (i.e. d € C,,, d ¢ CLm for all C,,, # C,, — cf.

the considerations above) and (3.21) holds then it is fulfilled for all d € C,,. If d € C,, N C,y,,
C, # C,,, then it can happen that d is the only point from C,, U C,, satisfying (3.21).

(3.21)

Proposition 3.2. If d = T()\) satisfies (3.21)(a), then A is a (K, A)-interior value.

Proof. Let e be the linear combination satisfying (3.21)(a), and let U be the corresponding
(unique) function pair of E4(\) whose second component is e. Then the associated function
v* := U*, defined by (3.17) or (3.20) as explained above, belongs to the pseudo-interior of
K,ie. Dg(v*) = H. Indeed, since the second component e of v* = U* satisfies (3.21)(a), the
set Dk (v*) contains all smooth functions from H. Cf. also the notes after Lemma 2.1. [

Proposition 3.3. Let Qg = @ and T’ be a smooth manifold with boundary. If d = T()\)
satisfies (3.21)(b), then X is a (K, A)-interior value.

Proof. In [15], the property (2.6) was verified in this case. Hence, the assertion follows from
Lemma 2.1. O

Remark 3.2. Probably it is true that under suitable conditions on €2, Proposition 3.3
extends also to the case Qy # @, i.e. if only e > 0 on I" and on £, then A is (K, A)-interior.
However, such statements depend on delicate extension results which we will not discuss
here any further.

Now we will consider a fixed A\g = (A1, Aa) with T'(\g) lying on some hyperbola C,
from (1.6) and derive conditions for Ay guaranteeing that Ay satisfies the (K, A, Ky)-sign-
condition.

First, let T'(\g) lie only on one hyperbola and let U = <(_f> e € E4(Ao) N K be given (see

considerations above). Denote by U € E4(Ao) N K the corresponding function from (3.17).
For each point A = (A1, A2) € R? for which T'(\) does not lie on any hyperbola (1.6) we have
that 1 is not an eigenvalue of A(\), and thus also 1 is not an eigenvalue of A(\)*. Hence,

0 # [1(id — AU = [(AQo)* = AN))U”|

>\1 ,ubn ()\2 - 52)#521 <Oé*)
>\1 ,ublz ()\2 - )\2)M522 1
for some constant C' which is independent of A Moreover, we calculate

((id — AU, U*) = (U, U*) — (ANU, U*)

) ()~ (B B (2).(5)):

- (3.22)
< Ao = Al
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observing that (3.16) means Aju(by1c + by2) = a and Agpu(bajar + bag) = 1, we thus obtain
((id — AU, U*) = (14 ac®) — (A7 Aaa® + A5 A)
= (1= A" A)aa + (1= A7),

This expression is negative if X lies above the line L passing through Ay with the slope
— A P and N _

((id = AU, U") < =C'l|Ao = Al
with some constant C' > 0 independent of A for all A from a circular sector as sketched in
Figure 4 with positive angles of its two arms with L. This together with (3.22) imply that
the hypothesis (2.7) is satisfied with Ky := E4«(\g) N K, § := CC~! and with any Ag C P
whose intersection with some neighborhood of \j is contained in such a circular sector. This
means that A\ satisfies the (K, A, K;)-sign-condition.

A

Ao
At

FIGURE 4. Line L and the circular sector in the (A, A2)-plane

The line L is the graph of the function
L(z) = Ay — (2 — A)AT hgaa”.
The map T transforms this line into the graph of the function f(x) := 1/L(1/x). At the
point T'(\g), this graph has the slope
- A At AMdopi®bisby — 1% b1abay
(/M) = LOW 2L = —Traar = =28 12 = .
f( / 1) ( 1) ( 1) 1 A Ao (1 _ >\1,Ufb11)2 ()\1—1 _Mbll)z

This is exactly the slope of the tangent to the corresponding hyperbola (1.6) passing through

d =T (X\o). Hence, in a sufficiently small neighborhood of Ay, the circular sector in Figure 4
is transformed by 7" into a set which is contained in a circular sector as sketched in Figure 5,
and vice versa. The only condition on this sector is that its arms have to form a positive
angle with the tangent to the hyperbola at the point d.

Summarizing, we have proved the following result.

Lemma 3.3. Let d be a point of a hyperbola from (1.6) which is not an intersection point
of two such different hyperbolas (although it may lie on a family of coinciding hyperbolas).
Suppose that Ag C P is such that the intersection of T(Ag) with some neighborhood of
d is contained in a circular sector as sketched in Figure 5 (i.e. with positive angles to
the tangent). Then \g = T(d) satisfies the (K, A, Ky)-sign-condition on Ay with Ky =
Ea(X) N K.

Now let d be an intersection point of two different hyperbolas C,, and C,,. Since the
functions € and ¢ in (3.19) are orthogonal to each other, a straightforward extension of the
above calculation shows that the estimate (2.7) remains valid when A is such that T'(Ag) is
contained in the intersection of the circular sectors R,, and R, with the vertex at d = T'(\)
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da

/
,/ tangent at d

:

FIGURE 5. (dy, ds)-domain where (2.7) holds if d = T'(\g) belongs only to one hyperbola

Vi

dy

such that R; is contained strictly (except for the vertex d) in the open half-plane below the
tangent to the hyperbola C; at the point d. We thus obtain the following generalization of
Lemma 3.3.

da

/
/tangent at d d,

FIGURE 6. (dy,d2)-domain where (2.7) holds if d = T'(\g) is an intersection
point of hyperbolas

Lemma 3.4. Let d be a point on at least one hyperbola from (1.6). Suppose that Ag C P is
such that the intersection of T(Ag) with some neighborhood of d is contained in a circular
sector as sketched in Figure 6 (i.e. the arms form positive angles with all tangents to the
hyperbolas to which d belongs). Then Ao = T'(d) satisfies the (K, A, Ky)-sign-condition on
Ao with Ko := Ez«(A) N K.

Using the same arguments as in [16, Lemma 2.3], only replacing in its proof the application
of [16, Lemma 2.2] by (2.6), one can obtain the following result:

Proposition 3.4. Let C C 0Dg be the family of all points d € Dg N U,, C» for which
A =T(d) is (K, A)-interior. Then there is an open neighborhood W C R? of C' such that
for each d € W N Dg the corresponding variational inequality (2.8) has for A = T'(d) only
the trivial solution.

By a local bifurcation point of (3.2)/(3.3) we mean Ay such that in any neighborhood of
(Mo, 0) in P x H there is a weak solution (A, u), u # 0, of (3.2)/(3.3).
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Theorem 3.1. Assume the unilateral sign conditions (3.8) and the nondegeneration hy-
potheses (3.9)/(3.10). Let C' C dDgNY,, Cy be a set such that each d € C satisfies (3.21)(a)
or, in the case when I is a smooth manifold with boundary and Qy = &, only (3.21)(b).
Let W C R% contain a neighborhood (in R2) of C' and be such that T(W N Dg) C P and
that ¢, and ¢, have no zero on T(W N Dg). Suppose also that each point A € T(W N Dg)
has an open neighborhood Ay in P with (3.6).
Then there is an open set Wo C W, C' C Wy, with the following two properties:

(1) No point in T'(Wy N Dg) is a local bifurcation point of (3.2)/(3.3).
(2) For each A € T(WyN Dg) and all p € (0,7(N))

deg(id — A(\) — G(A, ) — M(X, -), B,,0) = 0. (3.23)

In fact, Theorem 3.1 remains valid if we replace the assumption (3.21) by the hypothesis
that all points d € C are (K, A)-interior values and satisfy F4«(T(d)) N K \ (—K) # 2.
However, the only way we know how to verify this abstract hypothesis in our situation is
by using (3.21) and Proposition 3.2 or Proposition 3.3, perhaps also Remark 3.2.

Proof. We may assume that W is open. Clearly, it is sufficient to prove that each point
d € C has an open neighborhood Wy with all properties (except of C' C W) required.
Hence, without loss of generality, we may assume that C' consists of a single point dj.

We can assume that T'(W) is bounded and set A := T(W). Then A is compact and the
hypotheses (A) and (B) are fulfilled by Proposition 3.1.

For the proof of (2) we will verify the assumptions of Theorem 2.2. The value Ay = T'(do)
is (K, A)-interior by Proposition 3.2 or Proposition 3.3 under the assumption (3.21)(a)
or (3.21)(b), respectively.

Set Ky = FEa+(\g) N K. Then Ky # —Ky. Indeed, let U € E4()\g) be the (unique)
function pair with second component e with e from the assumption (3.21), and let U* be
the associated function, defined by (3.17)/(3.18) or (3.20)/(3.18) with (Ay, A2) = Ap and
[ = [lp O [t = [y, respectively. Then U* € Ky, but in view of (3.10) and the hypothesis

on e we have —U* ¢ K, and so U* ¢ —Kj. Hence, the assumption about the existence of
ug, uf satisfying (2.11) follows from Remark 2.3.

Due to Proposition 3.4 we can choose an open Wy C W with dy € W, such that W,N Dg
is connected and that the variational inequality (2.8) has for all A € T'(W, N Dg) only the
trivial solution.

In the first step, denote by Ay the intersection of T'(WyN Dg) with a circular sector associ-
ated with dy = T'(\g) in Lemma 3.3 or Lemma 3.4, i.e. as in Figure 5 or 6. Then )\, satisfies
the (K, A, Kj)-sign-condition on Ay by Lemma 3.4, the condition (2.3) (therefore also (2.4))
follows from the assumption (3.6) by Lemma 3.1. The assumptions (2.2) and (2.12) follow
from (3.8) and (3.9), respectively, by Lemma 3.2.

Hence, Theorem 2.2 implies that if A € Ay then (3.23) holds for sufficiently small p > 0.

In the second step, consider A € T(Wo N Dg) \ Ap. Lemma 3.2 implies that any \ €
T(Wy N Dg) satisfies (2.2), now even with Ay = T'(Wy N Dg). The set Ay = T(Wy N Dg)
satisfies the assumptions of Theorem 2.1 by virtue of the properties of Wj. Since it is
connected and contains A and some A1 in the sector considered above, the last assertions
of Theorem 2.1 and Remark 2.2 imply that (3.23) holds also for X and all sufficiently small
p > 0. Hence, (2) is proved.
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For the proof of (1), let us consider an arbitrary A € T(W, N Dg). By the assumptions,
there is an open neighborhood Ag C P of X satisfying (3.6). Lemma 3.1 implies that (2.3)
holds on this Ay. Hence, the set Ag N Ay with Ay := T(Wy N Dg) satisfies the assumptions
of Corollary 2.1, which guarantees that X is not a bifurcation point, and (1) follows. O

Remark 3.3. Theorem 2.1 in [7] implies that if A = T'(d) with d = (dy,ds), d; > 12—11, then
the variational inequality (2.8) has no nontrivial solution. In fact, this assertion is proved
in [7] for an inclusion problem

u — )\1(b11Au + blgAU) = 0,

v — )\Q(bglAu + ngAU) € MQ(’U)
with a certain positively homogeneous multivalued map M, instead of (2.8), but it is clear
from the definition of M, that the problem is equivalent to our variational inequality (2.8).
(The map M is in a certain sense a linearization, or more exactly, a homogenization of
M, but this is not essential for us — now we are interested just in the properties of the

inequality (2.8) itself.) If we use this result for the coefficients b;; replaced by tb;; with some
t € (0,1), then we obtain that the variational inequality

WeRK, (W—tANW,V—W)>0forall V € K (3.24)

has no nontrivial solution for all d; > tlg—;, i.e. in particular, for all d; > 121—11

Lemma 3.5. Let A = T(d) with d = (dy, ds), dy > %1, and let QO(X) 240 ¢,(N). Suppose

that (3.8), (3.9) and (3.6) with some Ao hold, X € A,. N
Then there is r > 0 such that for all p € (0,7) and X\ € Ay sufficiently close to A we have
deg(id — A(X\) = G(A, -) = M(X, -),B,,0) =1. (3.25)

If the set Ao from the assumption (3.6) is an open neighborhood in P of A then X is not a
local bifurcation point of (3.2)/(3.3).

Proof. First, we will prove that there is 7 > 0 such that
U—tANU —tG\,U) ¢ M(\,U) (3.26)

for all t € [0,1], U € B, \ {0} and A € A, sufficiently close to X. Assume by contradiction
that there are \,, U, and t, such that 0 < ||U,| — 0,0 < t, — t € [0,1], A\, — X,
W, = U,/ ||Us|| = W and
G, Uy) c M\, Up,)

1Un 1Ol
Since the hypothesis (A) is fulfilled with any compact A C P by Proposition 3.1 and (2.3)
holds by Lemma 3.1, we have

Wy, — th AA) W, — t,,

G(An, Uy)
1Un]|
Hence, (2.2) and (2.3) (which holds true by (3.8), (3.9), (3.6) and Lemmas 3.2 and 3.1) im-
plies that W,, — W and that W satisfies the variational inequality (3.24) with A = X. Since
|W || = 1, this contradicts Remark 3.3 and the assertion (3.26) is proved. Consequently, by
the homotopy invariance of the degree, for all p € (0,7) and A € Aq sufficiently close to A

Y, = t, A(A) W, + t, — tANW.
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we have
deg(id — A(X\) = G(\, ) — M(A, -), B,,0) = deg(id — M(A, -), B,,0).
To see (3.25), it suffices to show that the homotopy
H(t,U) =U —tM(\,U)

has no zero on [0,1] x (B, \ {0}) and to realize that deg(id, B,,0) = 1. We have even
0 ¢ H(t,U) for each t > 0 and each U # 0, because for each Z € M(\,U) we have
by (3.12) that
<U_tZ7U> = <U7U> _t<ZvU> > <U7U> >O,
which in particular implies U — tZ # 0. Hence, (3.25) is proved.
If Ay is an open neighborhood in P of X then (3.26) holds for ¢ = 1, all U € B, \ {0} and
A sufficiently close to X, i.e. A cannot be a bifurcation point. O

3.3. Main Result.

Theorem 3.2. Let the conditions (3.8) and (3.9)/(3.10) be fulfilled. Let C C 0DsNY,, Cy
and W be such that the hypotheses of Theorem 3.1 are satisfied. Let Wy be as in that theorem.
Let 0 = (01,09): I — T(P) be a continuous path with some closed (not necessarily bounded)
interval I such that

{o(s):s€1, oi1(s) > Z—lll} CWw. (3.27)

Let sq, 81 € I, sg < s1, be such that o(sg) € Wo N Dg and o1(s1) > 12—11

Then there occurs a global bifurcation on (so,s1) of (3.2)/(3.3) along the path T' o o in
the following sense.

There is a connected subset B C I x (H \ {0}) of nontrivial solutions (i.e. for each
(s,u,v) € B the pair of functions (u,v) # 0 is a weak solution of (3.2)/(3.3) with \ =
T(o(s))) such that the closure B in R x H contains a point (sp,0,0) with sg € (sg,51),

o1(sp) < 12—11 Moreover, B satisfies at least one of the following properties:

(1) B is unbounded or reaches the end of the path o, i.e. contains a point of the form
(a,u,v) with a € 1.

(2) B returns to the trivial solution outside [sq, $1], i.e. there is a point sy € I\ [0, $1]
such that (s5,0,0) € B and o1(sy) < 2.

<

Of course, by using the transformation 7" we can reformulate Theorem 3.2 for the original
system (1.9)/(1.2) to describe its global bifurcation along the path ¢ arising between a
neighborhood of some point d € dDg N |, C, satisfying (3.21), and the region d; > l:—ll
In this way we would obtain an exact form of Theorem 1.1. Let us do it in Corollary 3.1
below very briefly, without exactly reformulating all assumptions about the functions g;, m;
to the assumptions about f;, w;. Hence, consider the original system (1.9)/(1.2) with given
functions f; (1 =1,...,4), w; (i =1,2) defined for d € Q, @ C R%, and the corresponding
functions ¢; (i = 1,...,4), m; (i = 1,2) defined by (3.1) for A € P = T(Q).

Corollary 3.1. Assume that the functions g; (i =1,...,4), m; (i =1,2) defined by (3.1),
the sets C C 0Ds N, Cn, W and the curve o satisfy the assumptions of Theorem 3.2.

Then there occurs a global bifurcation on (sg,s1) of (1.9)/(1.2) along the path o in the
following sense.
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There is a connected subset B C I x (H\{0}) of nontrivial weak solutions of (1.10)/(1.2)
such that the closure B in R x H contains a point (sg,0,0) with sp € (so,s1) and 01(sp) <
121—11. Moreover, B satisfies at least one of the following properties:

(1) B is unbounded or reaches the end of the path o, i.e. contains a point of the form
(a,u,v) with a € 1.

(2) B returns to the trivial solution outside [sg, $1], i.e. there is a point sy € I\ [0, $1]
with o1(s3) < % such that (s,,0,0) € B.

Remark 3.4. Let us assume that )y is open and I is relatively open in 0f). The eigen-
function e; of the Laplacian corresponding to the principal eigenvalue x4 is continuous in €,
positive on QU (02\ T'y). Hence, the assumption (3.21)(b) is always fulfilled for all d € C1,
and (3.21)(a) is fulfilled for all d € C} if Qo NTy =@ and T NTy = 2.

Remark 3.5. The curve (straight line) o = (01, 09) = (s%dy, s’dy) (with fixed (dy, d3)) cor-
responding to the growth of the domain mentioned in Section 1.2 satisfies the assumptions
of Theorem 3.2 if g—f is slightly less than the slope S from (1.7) of the common tangent to our
hyperbolas. In this case Theorem 3.2 guarantees the existence of a global bifurcation for the
system (3.2)/(3.3) along T'(0), i.e. a global bifurcation for the original system (1.9)/(1.2)
along o. Simultaneously, there is no bifurcation for the corresponding classical problem
(with mo = my = {0}) because the whole ¢ lies in Dg and the classical system (1.9)/(1.2)
with wy = w; = {0} has no bifurcation in the domain of stability of its trivial solution.

Remark 3.6. In general, if the assumptions of Theorem 3.2 are fulfilled then there are
S € (so,s1) and € > 0 such that oy(s) = 121—11, o1(s) > 12—11 for all s € (5,5 +¢). Let 5 be
the smallest such 5. We can take s; arbitrarily close to § to get in fact s € (s¢,3] in
the assertion of Theorem 3.2. In other words, there is a global bifurcation for the original
system between a neighborhood of some point d € 9Dg N J,, C), satisfying (3.21) and the
first real intersection (not only touching) point of o with the asymptote to C}.

Moreover, if o1(s) > 121_11 for all s > s; then in the case (2) of Theorem 3.2, we have

b
actually ss < s¢ (because o1(s2) < F%ll)

The proof of Theorem 3.2 bases on a Rabinowitz type bifurcation result from [25]. For
simplicity, we formulate here only a special case which we will use.

Theorem 3.3. Let I be a closed interval and ¢: I x H — H an upper semicontinuous and
compact map with nonempty closed convex values. Let

Fix(¢) ={(s,U) e I xH: U € p(s,U)}
and let sg,s1 € I, sg < s1, be such that there are r > 0 and € > 0 satisfying
Fix() N (([so — €, s0] U [s1, 81 + €]) x (B, \ {0})) = @ (3.28)
and
deg(id — ¢(so, - ), By, 0) # deg(id — ¢(s1, - ), By, 0). (3.29)

Then Fix(¢) \ (I x {0}) contains a connected set B such that B N ([sg, s1] X {0}) # @ and
at least one of the following holds:

(1) B is unbounded or contains a point from (0I) x H.
(2) B contains a point of the form (s,0) with sy & [sg — €, 81 + €.
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Proof of Theorem 3.3. Apply [25, Theorem 7] with Q = X =Y := H, F := id, the
“coincidence degree” degp (s, ) := deg(id — (s, -),$0,0), and By being the family of all
bounded subsets of R x H. Note that for each closed set B € B the intersection Fix(¢)N B
is indeed compact, because ¢ is compact and upper semicontinuous. 0

Proof of Theorem 3.2. We set
p(s,U) = A(T(a(s)),U) + G(T(0(s)),U) + M(T(o(s)),U)

and verify the assumptions of Theorem 3.3. We have o(s) € Wy N Dg for all s € I N [sg —
g, s0+¢] and oy(s) > 12—11 for all s € IN[s; —e,s1+¢]. The assertion (1) of Theorem 3.1 and

the last assertion of Lemma 3.5 (with Ao an open neighbourhood of A := T'(0(s)) satisfying
(3.6) ensured by the last assumption about W from Theorem 3.1) imply the existence of
r > 0 such that

Fix(o) N (([so — &, 80 + €] U [s1 —,51 +¢]) x (B, \ {0})) = @. (3.30)

In particular, (3.28) is fulfilled. Furthermore, the assertion (2) of Theorem 3.1 and Lemma 3.5
imply that
deg(id — (o(s;), - ), B,,0) =1, i=0,1, forall p <r,

i.e. (3.29) holds. Hence, Theorem 3.3 guarantees the existence of a set B with all the
properties announced in Theorem 3.2 with sg € [s, s1] instead of s € (s, 51) and without
the inequalities oy (sp) < 12—11, o1(s2) < 12—11 However, (3.30) implies that the cases sp = s
and sp = s; are excluded. The remaining two inequalities follow from the last assertion of
Lemma 3.5, because (s, 0,0) € B implies that o(s) is a local bifurcation point. O

Remark 3.7. Our proof shows that in Theorem 3.2 we may replace (3.27) by
T(e(IN(s1—e,s51+¢€)) CW for some e >0 (3.31)

if we drop the two assertions o1(sg), 01(s2) < 52—11

Moreover, if one replaces in addition the assertion sg € (sg, s1) by the weaker assertion
sp € (So,s1) in Theorem 3.2, one can even relax (3.31) to the assumptions that (3.6) holds
with Ag = T'(o(I N [s1,s1+¢))) with some € > 0 and that ¢,(7'(c(s1))) # 0 # ¢, (T'(o(s1)))-
(In the case (3.31) these assumptions were fulfilled due to the assumptions about W from
Theorem 3.1.)

Remark 3.8. We point out once more that all results in this paper hold under the as-
sumptions sketched in Remark 3.1 also for multivalued g1, gs, g3, g4 (i.e. essentially if the
multivalued map g;(A, z, -) is only upper semicontinuous).
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