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Shape Optimization of Flow in Ducts

Dt mumt b e i Elght <

T T Applications

Wing Trailing Edge
arFillee

Duct Ertrance 220

Automotive and Aerospace Industry

I e efficient cooling
pressure area and out of turbulent airflow. That's all, o e)(h aust pipi
m piping
Cooling ar outlet, should be 115 per cent of intake area with flap dosed . . .
Em airflow orl apustabie mxit with Asp or sliding plate. o Jet engines, turb|nes .

Duct entrance "H' need only o be 115 to 1/3 of radiator height, f length
equals radator height

@ wing and blade profiles

L
Duet lenglh "L musk b equal o longer than radiator haight!

@ vehicle aerodynamics ...

Merits of optimization
to obtain better velocity profiles

@ desired distribution at the outlet
“control” part

@ minimizing pressure losses
@ reducing wear of downstream parts

o flows in compliant vessels — passive
control (material + design)
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Optimization Problem

o TR B

Objectives of the optimal flow problem

v

/ |Vul?> — min
2 Ja,

e Merit: minimize gradients of solution (e.g. losses) in Q¢ C Q
@ by moving design boundary I'p C 022
@ perturbation of I'p by design velocity field V,

Wr(u) =

Q(t) = Q+ {tV(x)}xea where V=0in Qc UTi,
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State problem

N.-S. for incompressible flow
—vWVu+u-Vu+Vp=0 inQ,
V:u=0 inQ,
boundary conditions
u=uy only,

—pn +rv— = _ﬁn on rout )

u=0 on 92\ Mn_out -
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State problem — Weak formulation

find u € V5(Q2) and p € L?() such that

aq (u, v) + cq (u, u, v) — bg (v, p) =

—g’(V) Yv € Vo s
bo(u, q) =0 Vge [*(Q).
where

V; = {V c HI(Q) | V = u on 89\ rin—out} )

functional forms:

8u,-8v,- H .
aQ(u,v)fz//QVu.vaz//ﬂanan, bQ(u,p)f/delvu,

CQ(W,U,V):/(W'VU)'V:/Wk%v,', g(v):/ pv-ndS.
Q a  Oxk r

in—out
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Optimal problem formulation

“Improvement” of the reference (initial) design Qg

min W(u) ,
I'p
subject to: (u, p) satisfy the STATE PROBLEM,
I'D in Z/{ad(QO) 5

14

1
where V(u) = / |Vu|? = Zaq, (u, u) .
2 Jo. 2

@ W(u) does not depend on [p explicitly,
@ Shape design restriction related to Qg
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Sensitivity analysis — Design velocity

Domain sensitivity approach

e Qc BCR?
@ design velocity field V:B-R3

Q(t) = Q + {tV(x)}xeq

o total directional derivative §f
@ partial design derivative 6pf
e total sensitivity: consider fo : L3(Q) — IR, then

0fq(u) = dpfa(u) + dufa(u) o du ,

Feasible design velocity fields

suppVNQ CcQpand V=0o0n T, UTc,
V is differentiable in Qp.
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Partial design derivative |

Sensitivity Analysis
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Scalar parametrization of design domain

where  yi(x,7) = x + 7Vi(x) ,

Qp(7) = {v}

Partial design derivative of fo(u)

dpfa(u) = % (fﬂo(f)(”))fzo :

xeQp, 7eR.

Geometry parametrization
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v

Auxiliary formulae:

NERIE R
5o U = o (e, o = 2 — iy

J(y(x, 7)) = det[dyi(x,T)/0x]]
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Partial design derivative Il (Application)

Rewrite the functional for the perturbed domain Qp(7):
a (u, w) 1// CCNBLL
Qp(r ) =
P Qp(T) Ayk(7) Oyk(7)

dui(x)  0x;  Owi(x) 0Ox
— J ) d .
V/QD 0x; Oyi(x,7) Oxi Oyi(x,T) (7))l

dy

.and apply the differentiation p(-) = 4 (-),—o

dr
Shape sensitivities of the functionals involved: ...linear in V

du; Ow; _. oV; Ou; Ow;  Ou; OV, Ow;

5 = I ld _ 7] 1 1 _ 1 il 1

pag (u, w) =v / [axk 5 BV T Bx B Bxe | B Dk (9)(/}
ou; av Ju;
dpca (u, u, w) 7/ { B w; divy — axk 8xj } ,
_ Lo IV Ou;
dpbq (u, q) = /QD q |:leU divy — % aXJ
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Remark: Domain vs. Boundary method

Consider functional: F fQ x,u) dx
hirt{ufted o / (7)) dz
Q(7)

Boundary method — V defined only on 09 :-)

ou
Fo(u) = [ |a,f 2
5Fa(u) /Q {a =

- fart
Q 9 T7=0

+V.VFf+ fdivﬁ} dx

dx + f(u)V - idS
o9

Geometry parametrization
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Application: f = Vu ...defined in

(5FQ(U) = / \Y% %
Q

dx+/ VuV-idS
70 C

.. gradients Vu needed on boundary 9Q ! ~(
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Remark: Domain vs. Boundary method

Domain method — V defined in Qp :-/
It can be derived that:

§Fa(u) = / [Véu — (VV) - (Vu) + VudivV] dx
Q

... gradients Vu needed only in Q, no traces needed on 90  :-)

Advantages of the domain method:
@ more accurate (well-defined gradients of the solution)
@ can be efficient if V in Q can be “computed” in cheap way.

@ = use the FFD! (domain parametrization)




Introduction Problem Formulation Sensitivity Analysis Geometry parametrization
[e] 0000 [e]ele]e] Te) 0000000000000 0

Sensitivity analysis

How to avoid computing the state sensitivity?

Lagrangian function

E(rDa u,p,w, q) = \UF(U)+QQ (U, W)+CQ (ua u, W)_bQ (W7 p)+bQ (ll, q)_ g

with w € Vg, g € L?(Q) ...the Lagrange multipliers

Consider paths of admissible states (u, p)
Variation 0L w.r.t. (I'p,u, p) in direction (V, du, dp)=7

0L = dpaq (u, w) + dpcq (u, u, w) — dpbg (w, p) + dpbq (u, q)

—

+ ag (0u, w) + cq (du, u, w) + cq (u, du, w) — bg (w, dp)
+ bg (du, q) + 6,V (u) o du+ var. w.r.t. Lagr. mult.
= 5¥(u),
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Sensitivity analysis — Adjoint state

KKT conditions — state admissibility
Optimality conditions 6, ,£ = 0 yield Adjoint State Problem for w, g

dyLov=0=73,V(u)ov
+ aq (V, W)+CQ (V, u, W)+CQ (U, v, W)+bﬂ (V, q) )
opLon=0=bg(w,n),

for all v € Vg and for all n € L2(Q).

Elimination of state variables sensitivity using v :=w, 1 := g

OV(u) = 0L = dpaq (u, w) + dpcq (u, u, w) — dpbq (w, p) +dpbq (u, q
+ ag (0u, w) + cq (du, u, w) + cq (u, du, w) — bg (w, op
+bq (0u, q) + 6,V(u) o du

= only partial shape sensitivities must be evaluated (for a given V).
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Domain vs. Surface parametrization

Usual types of surface parametrization

@ nodal positions of the FE surface mesh
(mesh dependence, smoothness constraints!)

@ spline-parametrized surface — too much restriction 777
Difficulties :-(
@ description of complex shapes

@ need to compute V = domain parametrization

Free-Form Deformation — Volume parametrization

using B-spline or Bézier functions
o direct domain parametrization — V obtained in Qp =)
@ non-complicated handle to complex shapes :-)

o :-/"“bulk behaviour” (in general) = rough shape modifications
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Domain Parametrization — Spline Boxes

Complex structure partitioned using the Spline Boxes

¥ axs
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Domain Parametrization — Spline Boxes |

Spline Box S’
iJ k
B'5x=S'"({b},{N}, ) = |D D bpNH )N () NE(ts) |
i=1 j=1 k=1 |
tY = (t1,tr,13) € By ,  knot vector 7 = (7°)
o union of boxes: B =Y 1P B!
@ domain embedding: Q € B
o initial (ref.) body Qo C By
@ control polyhedron {b}, b = (b}J:.‘k)

for each /
B-spline basis N}ﬁ(tm),
t €)™, 7]




Introduction Problem Formulation Sensitivity Analysis Geometry parametrization
o 0000 000000 000@0000000000

Domain decomposition using Spline Boxes

Q designed by {b}

NSB

Q= S'({b},{N}, Q)

I1=1

Non-overlapping spline boxes with interface segments

NSB

Qo C By = UBO, Bh = Nk—1,2,3]ak, bi[
=1

such that B{nBi =0 forl+#J,
BinBl =5 #0 iff 3k,1,m e {1,2,3} :

interface: SV = xpm x [ak, bi] % [a], bl]
where x,, = al = b’ or x, = bl =a’ .
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Spline Boxes || — properties

Identity property: BY = S'({g}, {N}, BY)

Greville abscissae {g/¥}' computed for defined parametrization t € B}

i J k

Byst=x= Z ZgijkNi(f1)Nj(f2)Nk(f3)

i=1 j=1 k=1 /

Let Q) = QN B, = Qo = UMEE QL and Q) = S/ ({g}, {N}, Q)

Details — cubic spline
@ parametrization: t € [7,7],

@ nodes: 7 € [7,7T], k =1,...,4x(1+num.seg.),

o Greville positions: g’ = (1,_1 + 7 + 7i+1)/3
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Elements of manipulation over splines . ..

@ knot insertion
@ segmentaion — Bézier representation
o degree elevation

u,

5161
A . Sy
P . el
/ A
/ A lemele
i | p
Lo S TW_WH L
35 L RS
r < | H—t—t—
/ N A ————H
o H L |
/ e ——
u \kkv// ¥ i
SRR L -
=t —1 I t t b
u2 u4 Obr. 3.16: Vy&lenéni sgmentu B-spline kfivky k = 5.

Obr. 3.8: Rozdéleni Bézierovy bikubické plochy podle parametrické kiivky u = 2,



Introduction Problem Formulation Sensitivity Analysis Geometry parametrization
o 0000 000000 000000®0000000

Spline Boxes 11l — C° continuity constraints

Control points {[b];}I**B subject to interface conditions
PY[bl, = P/[b], forany l,J: BiNBI=SF and SN #0,
P" and P7' ... the coupled continuity operators

Compatibility of [b]; and [b], on interfaces S
@ to “stick” B-splines with different number of control vertices
n =£ nB,
e method: if n® < n® increase n = n® and compute the
equivalent positions of the control points [b]a

A A

—n

e 2 segnents

FH

| e 1 segnent

M
0=

A B O 2 segnments a B
m — b’=cCH I
e [

0

H
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Spline Boxes — Knot insertion & C! continuity

0.2
di;
103
a5
dir
3x insertion of i1 =1/2
= 3x
d‘Z,Z d|2 jiz,f
! 3x EL i Qd?f = d?jj{l + d?’f
3x ) B
o 3x insertion of ¥ =1/2
= 6x
2:3-+199 2,2
2d;; =di%y; +djj

...and decouple nodes X

(4% + 4¥3 + 1 + 3)* dof - (6 + 4)* eqn = 42* free-dof
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Design variables and gradients

Continuity and other design restrictions
o C° continuity (between attached spline boxes)
e C! continuity ??? ...not yet (complicated)

@ other restrictions to positions of {b}

= matrix constraint op. B({b}) =0

Design variables v,

@ define
{d}* € KerB fora=1,...,a < card(KerB) ,

@ Vo, «=1,...,a&...multipliers of {d}*

@ varying the control points:

{b} = {g} + > _~*{d}*
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Design gradients

Admissible velocity field V
for a perturbation dy = (67*)a, @ € g C [1,d]

NSB

V=3"5'(3" oy {d} {N}, Q)

=1 €y

= a-th basic velocity field e

NSB

Ve =37 S'({d}, (N}, Q)
=1

Design gradient

computed using the domain method of the sensitivity analysis:

Ve — %\U(u) a € lyg
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Basis velocity field e — example

ol
i
s -1
) -1sf
s K “
& a5k
L >
g 2
N
sl
&
30 sr
Nl | " | " | " | =L
“a0 30 20 10 o 10 20 a0 30 20 10 0 10 20
X - axis X-axis

divy® >0 777
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Sensitivity analysis — more general case

Objective function — pressure loss and dissipation

u.p) = fo / (p(x) =) + v [ Vol

Compute the adjoint state (w, g), w € Vg and for all g € L2(Q)
ag (v, w) + cq (v, u, w) + cq (u, v, w) + bg (v, q) = —5,P(u,p)ov
be (w, 1) = 3,®(p) o
YW e Vo, Vnel?(Q)

Compute the design gradient: for all @ € /,4 using Vi

evaluate the partial shape sensitivities p() and compute
d
WGJ(U, p) = dpP(u, p) + dpaq (u, w) + dpca (u, u, w)

— dpbq (W, p) + dpbq (u, q) .
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Examples

L. i
Ivelocity I |
388 0775 1.1

v pressure
¥ 0123 701 141
[

nmaﬁ n.1§‘
—__ pressure P
0123 495 100 151 202
[ e

Computations by Mgr. Zuzana Zahorovd, (Dipl. thesis MFF UK 2010)
Sfepy — FEM code (Robert Cimrman)
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Remarks

Current state:

steady laminar incompressible flows
stabilized FEM: P1+bubble in u, P1 in p
Newton method solver

stab. formulation SUPG + PSPG (Matthies G., Lube G.)
for low Reynolds numbers

Spline-box parametrization — direct control:
design — fluid FE mesh

Steepest descent (with linesearch), linear constraints...

Geometry parametrization
0000000000000
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