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In this paper, we consider a class of incompressible viscous fluids whose viscosity depends on the shear
rate and pressure. We deal with the isothermal steady flow and analyze the Galerkin discretization of
the corresponding equations. We discuss the existence and uniqueness of discrete solutions, and their
convergence to the solution to the original problem. In particular, we derive a priori error estimates which
provide optimal rates of convergence with respect to the expected regularity of the solution. Finally, we
demonstrate the achieved results by numerical experiments.

The fluid models under consideration appear in many practical problems, for instance in elasto-
hydrodynamic lubrication, where very high pressures occur. Here, we consider shear-thinning fluid
models, similar to the power-law/Carreau model. A restricted sub-linear dependence of the viscosity
on the pressure is allowed. The mathematical theory concerned with the self-consistency of the gov-
erning equations has emerged only recently. We adopt the established theory in the context of discrete
approximations. To our knowledge, this is the first analysis of the finite element method for fluids with
pressure-dependent viscosity. The derived estimates coincide with the optimal error estimates established
recently for Carreau-type models, which are covered as a special case.
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1. Introduction

The article is devoted to the finite element discretization of equations governing the steady flow of a class
of incompressible fluids whose viscosity depends non-linearly on shear rate and pressure. We discuss
the well-posedness of the discretized problem and derive a priori estimates of the discretization error.

The isothermal flow of an incompressible viscous fluid is typically described by the Navier—Stokes
equations, which embody Newton’s hypothesis that the viscosity—the ratio between the shear stress
and the shear rate—is constant. Since the early formation of fluid mechanics it has been known that this
assumption may not be applicable to all viscous flows. In the last decades many non-Newtonian phe-
nomena have become subject of scientific interest. We will consider models with shear-dependent and
pressure-dependent viscosity, which play an important role in many areas such as elasto-hydrodynamic
lubrication, the modeling of Earth’s mantle, glaciers or avalanches. The viscosity of fluids in such
applications varies considerably, even by several orders, with the pressure.

We study the steady isothermal flow of an homogeneous incompressible viscous fluid in a bounded
domain Q C RY, d € {2,3}, governed by the following system of PDEs:

(1.1

—divS(n,Dv)+Vr = f .
. in Q,
divyv =0

where v is the velocity, 7 denotes the pressure (more specifically, the ratio of the mean normal stress
and the density), and f represents the density of an applied body force. Here, Dv is the symmetric part
of the velocity gradient. Note that we avoid mathematical difficulties related to the convective term by
neglecting inertial forces in the first equation. We consider extra stress tensors S of the form

S(r,Dv) = 2n(x,|Dv|*)Dv, (1.2)

where 1) is the generalized kinematic viscosity. Many details, examples, and an extensive discussion
concerning the class of models (1.2) can be found in (Mélek & Rajagopal, 2006, 2007).

We assume that the domain boundary dQ is Lipschitz and consists of two parts, dQ = Ip, UIp,
|In| > 0. Then, we complement the system (1.1) by the boundary conditions

v=vp onlp, (1.3)
—S(m,Dv)n+nn=>b on Ip, (1.9

where n denotes the unit outer normal vector to d€2. We distinguish two cases:

a) If |[Ip| = O (i.e., the Dirichlet boundary conditions are prescribed on the whole boundary, I, =
dQ) then we additionally fix the level of pressure by requiring

][ ndx=m € R. (1.5)
Q

For simplicity of notations* we assume 7y = 0.

b) If |Ip| > 0 then (1.4) suffices to fix the level of pressure. This was shown in (Lanzendérfer &
Stebel, 2008, 2009), see also Lemma 2.6 and Theorem 3.2 below.

*The theoretical methods and results of this paper are not restricted to the choice my = 0.
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It is a special feature of piezoviscous fluids in the case a) that the number 7y affects through S(7, Dv)
the whole solution, including the velocity field. Hence, the non-physical constraint (1.5) comprises an
important input parameter undeterminable by practical applications. By contrast, b in (1.4) represents
the force acting on the domain boundary and reflects physically reasonable input data.

While the mathematical self-consistency of the shear-thinning or shear-thickening fluid models has
been studied intensively since the 1960’s, the rigorous analysis of those with pressure-dependent vis-
cosity has emerged only recently, see (Mdlek & Rajagopal, 2006) for references. The well-posedness of
problems where the viscosity depends solely on the pressure, or grows with the pressure super-linearly,
has not been resolved, except under severe restrictions on data size or time interval. When the vis-
cosity changes with the pressure too rapidly, the equations corresponding to the steady flow lose their
ellipticity. A breakthrough result appeared in a paper by Malek et al. (Malek et al., 2002), where vis-
cosities depending both on the pressure and the shear rate have been considered. The structure of the
viscosity proposed therein has allowed for global and large data existence results for both steady and
unsteady motions under various boundary conditions, see e.g. (Franta et al., 2005; Bulicek et al., 2007;
Lanzendorfer, 2009; Lanzendorfer & Stebel, 2009).

Our aim is to adopt the established mathematical theory in the framework of Galerkin discretization.
The finite element method has been studied extensively in the context of power-law/Carreau models
(where the viscosity only depends on the shear rate), see (Baranger & Najib, 1990; Barrett & Liu, 1993,
1994) and the references therein. In particular, Hirn (Hirn, 2010) and Belenki et al. (Belenki ez al., 2010)
have recently derived optimal a priori error estimates in the case of shear thinning. However, no such
analysis is available when the fluid’s viscosity depends also on the pressure. To our best knowledge, the
present paper provides the first analytical study of the finite element method in the context of fluids with
shear rate and pressure dependent viscosity.

This paper is devoted to the finite element discretization of the problem (1.1)—(1.5). We will show
that the finite element solutions (vy,7,) exist, are determined uniquely, and that they converge to the
weak solution (v, 1) strongly in W'(2) x L” (), p € (1,2), for diminishing mesh size 7. Moreover,
if the solution (v, ) satisfies the regularity condition

/(1+|Dv|)ﬂ*2|VDv|2dx<oo and  TEW'(Q), (1.6)
Q

>

then an ¢ (h) error bound for the velocity in W!?(Q), and an &' (h»
L” (£2) will be established:

) error bound for the pressure in

2
v=vilip<ch,  |lm—mll,y <chr.

These estimates will be derived by means of the well-known quasi-norm technique which has originally
been developed for the error analysis of the p-Laplace equation, see (Barrett & Liu, 1994). Numerical
experiments indicate that these estimates are optimal with respect to the supposed regularity. Moreover,
the present paper also covers the case of Carreau-type models, for which the a priori error estimates
derived here coincide with those established in (Hirn, 2010) and (Belenki et al., 2010).

The paper is organized as follows: In Section 2 we formulate basic assumptions, introduce tools
and define the problem and its discretization. Section 3 deals with the existence and uniqueness of the
discrete solutions and their convergence to the weak solution of the problem. A priori error estimates
are derived in Section 4 and are applied to the finite element discretization in Section 5. Finally, in
Section 6 we demonstrate the theoretical results by numerical experiments.
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2. Preliminaries

In this section we introduce the notation, we state our assumptions on the extra stress tensor, indicate
how the stress tensor is related to N-functions and we show its resulting properties. Then, we introduce
the weak formulation of the system (1.1)—(1.5) and its Galerkin discretization.

NOTATION AND FUNCTION SPACES. The set of all positive real numbers is denoted by R™. Let
]RSr :=R*U{0}. The Euclidean scalar product of two vectors p, g € R¢ is denoted by p - g, the scalar
product of P, Q € R%*? is defined by P:Q := Xf{jzlf’[jQ;j. We set |Q] := (Q:Q)"/?. Often we use
c as a generic constant, whose value may change from line to line but does not depend on important
variables. We write a ~ b if there exist positive constants ¢ and C independent of all relevant quantities
such that ch < a < Cb. Similarly, the notation a < b is used for a < Cb.

For measurable set @ C €2, |®| denotes its d-dimensional Lebesgue measure. For v € [1,00], LY (Q)
stands for the Lebesgue space and WV () for the Sobolev space of order m. The space L} (£2) contains
all g € LY(Q) with f, gdx := ﬁ Jo gdx = 0. For v > 1 we use the notation W(l)’v(.Q) for the Sobolev
space with vanishing traces on dQ. The LY (®)-norm is denoted by ||-||v:» and the W™ (®)-norm is
denoted by ||-||,n,v:0. The notation (u,v), is used for the integral [, uvdx. In case of ® = £, we usually
omit the index Q. Spaces of R¢-valued functions are denoted with boldface type, though no distinction
is made in the notation of norms and inner products; the norm in WV (Q) = [W™V(Q)]¢ is given by

1/v
W]y = (Z1<ica Zoclacmll@®will}) ", etc.

STRUCTURAL ASSUMPTIONS ON THE STRESS TENSOR. Let p > 1, € >0, and y > 0 be given.
We suppose that the extra stress tensor S belongs to the class (1.2) and satisfies the structural assump-
tions:

(A1) There exist positive constants Gy, 01 such that for all P,Q € R%%¢, q € R there holds

sym

p=2 28 ,P p-2
ov(e? + P2’ 101 < 4P) (0 0) < oie 4 1PP) 7 0P

where RO := {P e R™*4; P = P"} and (Q® Q)iju = QijOu-

(A2) Forall P € R%? and q € R there holds

sym

dS8(q,P) 2 2\ 222
’Tq‘<70(8 +|P[7) .

REMARK 2.1 Many examples of viscosities fulfilling these assumptions can be found, e.g., in (Méalek
et al., 2002; Mélek & Rajagopal, 2006, 2007). See also Remark 6.1.

We depict how the stress tensor relates to N-functions. A continuous, convex function y : Rar — IRg
is called N-function if y(0) =0, y(¢) > 0 for t > 0, limy_,o4 W(¢)/f = 0 and limy_. Y(¢)/t = e. Con-
sequently, there exists the right derivative ¥’ of y, which is non-decreasing and satisfies y’'(0) = 0,
y'(t) > 0 for 1 > 0, and lim,_,e W/ (¢) = oo. We define the complementary N-function  y* by
V(1) == supg-o(st — w(s)) for all r > 0. If y/ is strictly increasing, then (y*)' = (y/)~'. An im-
portant subclass of N-functions are those that satisfy the Aj-condition: W satisfies the A,-condition, if
there exists C > 0 such that y(2r) < Cy(r) for allt > 0. Here, A,(y) denotes the smallest such constant.
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Lemma 32 in (Diening & Ettwein, 2008) provides the following Young-type inequality: For all 6 > 0
there exists c¢g > 0, which only depends on A, (), Az(y/*) < oo, such that for all s, t > 0 there holds

1)+ y'(s) s)+esy(r). 2.1
Let us consider the following simple examples: For p > 1 we introduce the convex function
1
¢ €C(R{,RY), ot):= ;ﬂ’. (2.2)

Clearly, ¢ and ¢*, where ¢*(t) = I%t”/, are N-functions satisfying the Aj-condition. For given N-
function ¥ with Az (W), A2(y*) < oo, we define the family of shifted functions {y,},>0 by

t

= [wioas  wih w0 =var) e3)
0 a+t’

Then, Lemma 23 in (Diening & Ettwein, 2008) ensures that {y, },>0 are again N-functions and satisfy
the A;-condition uniformly in @ > 0 with Aj-constants only depending on Ay (), A2(y™*). Let us return
to the case (2.2): The family of shifted N-functions { @, },=0 belongs to C'(R{) NC?*(R™) and satisfies
the As-condition uniformly in a > 0 with A,-constants only depending on p. Using the definition of ¢,,
we easily conclude

min{1,p —1}(a+1)"2 < @/ () <max{l,p—1}(a+1)P~2 (2.4)

and @) (t) ~ @"(a+1)t ~ @(t)t. Moreover, @,(t) ~ @,(¢)t uniformly in ¢, a > 0. Due to (2.4) the
inequalities of Assumption (A1) defining the (p, €)-structure of S can be expressed equivalently in terms
of the N-functions .

BASIC PROPERTIES OF THE EXTRA STRESS TENSOR. We express several consequences of Assump-
tions (A1) and (A2). Below we formulate the results as general as possible, although in the forthcoming

sections we only treat the shear thinning case p < 2. We introduce the function F : REX! — REx by

p=2
F(P):=(e+|P|) Z P, (2.5)
where p and € are the same as in Assumptions (A1)—(A2). The quantity F is closely related to the extra

stress tensor S as depicted by the following lemma:

LEMMA 2.1 For given p € (1,o0) and € € [0, ) let S satisfy (A1), let F be defined by (2.5), and let ¢
be defined by (2.2). Then, uniformly for all P, Q € R%*¢, 4 € R, it holds:

sym >

(8(4.P)~5(4.0)) : (P~ Q) ~ (& +|P|+]@])" 2P - QF
~ Gesip(IP— Q) ~ |F(P) - F(Q)P,
S(a.P)~5(3, Q)] ~ 9L p (1P~ Q).

where the constants only depend on oy, 61 and p. In particular, they are independent of € > 0. Moreover,
the following estimates hold:

S(4.0):0> 3 (00 ~¢")  and  |S(.0)] < 2:6)
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Proof. For (2.6), see (Mélek et al., 1996, Lemma 1.19). All remaining estimates are proven in (Diening
& Ettwein, 2008). O
As a straightforward consequence of Assumptions (A1) and (A2) we also obtain

LEMMA 2.2 For given p € (1,00), € € (0,00) and ¥ € [0,0) let S satisfy (A1), (A2). Then, for all
P,Q c R%¢ and 7,q € R, denoting P, := Q + s(P — Q), it holds:

Sym

oo (1 2y 252 2 ) % 2

D [+ 1) [P~ 0Pds < (S(x.P) - 5(4.0)): (P~ 0) + 10 [z —gP
JO Op

Yoo 2232 b2 2\ 232
S(x.P)=$(0.Q)| < o1 [ (24 IP) T [P—Qlds+ 0 | (&2 + P [ —qlds.

Proof. See, e.g., (Bulicek et al., 2007, Lemma 1.4). O
In view of Lemma 2.2 we define the distance

1 .
d(v,u)? = /Q /O (€2 + |Du+ s(Dv— Du)[?) =" |Dv — Du* dsdx @.7)

for all v,u € W7(Q). We get the following

COROLLARY 2.1 For given p € (1,00), € € (0,00) and 1 € [0,0) let S satisfy (A1), (A2). Letd(-,-) be
defined by (2.7). Then, for all v,w € W'?(Q) and 7, q € L*(Q) there holds:

— d(v,w)* < (8(m,Dv) — S(¢,Dw),Dv—Dw)g + %Iln—q\\%. 28)
0

Moreover, for each & > 0 there exists a positive constant cg = c¢5(07y, J) such that

(S(7,Dv) — S(q,Dw),Dv — Dw)q < csd(v,w)* +8||m — g3 (2.9)
In particular, if p < 2, then for all v,w € W!'?(Q) and all sufficiently smooth functions 7, ¢ there exists
a positive constant ¢ = ¢(p, o7) such that

p—2

-2
|S(7,Dv) — S(q,Dw)||> < G182 d(v,w) + e 2 |7 g, (2.10)
2 p—2
IS(7t,Dv) — S(q,Dw)||y < cd(v,w)” +10e"T || —g]|- @.11)

Proof. The proof is based on Lemma 2.2. In order to derive (2.11), we additionally need Lemma 2.1 in
(Acerbi & Fusco, 1989). O
We remark that the distance d(-,-) is equivalent to the so-called quasi-norm which was introduced
by Barrett/Liu in (Barrett & Liu, 1993). Hence, all results below can also be expressed in terms of
quasi-norms. The following lemma indicates that d(-,-) is also equivalent to the F—distance:

LEMMA 2.3 For p € (1,), € € (0,0) let § satisfy (A1). Let d(-,-) be defined by (2.7), and let F be
defined by (2.5). For all v,u € W7 (Q) and 7 € L?(Q) there holds:

d(v,u)* ~ ||F(Dv) — F(Du)|3 ~ (S(r,Dv) — S(n,Du),Dv —Du)q. (2.12)

All constants only depend on p, 69, O7.
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Proof. The assertion follows from Lemma 2.1 and Lemma 2.1 in (Acerbi & Fusco, 1989). O
The following lemma, whose proof can be found in (Berselli ef al., 2010), shows the connection
between the quasi-norms and Sobolev norms:

LEMMA 2.4 For p € (1,2] and € € (0,00) let S satisfy (A1), and let F be defined by (2.5). Then, for all
sufficiently smooth functions v, # and for v € [1,2] there holds:

ID(v—w)|[; < ||F(Dv) — F (Du)|[3]| (€ +|Dv| + |Dul)* 7| v_, (2.13)

where the constant only depends on p, 6y, and ;. If v = 2, then 5¥; = co.

WEAK FORMULATION. The natural spaces for the velocity and pressure are given by

X? = {weWI’p(Q);trw:Oon Ip},
Q" := {g € L7 (Q); if [Ip| =0 then [, gdx =0},

where p’ := p/(p —1). The following Korn inequality holds in X7 as long as |Ip| > 0:

LEMMA 2.5 (Korn’s inequality) Let v € (1,%0), 2 C R? be a bounded domain and 92, € C%!, where
Ih C dQ has nonzero (d — 1)-dimensional measure. Then there exists a constant cx := cx (2,Ip,v) >0
such that

cklwliy < ||Dw|y  VYweX'.

Proof.  The result can be found e.g. in (Mdlek et al., 1996, Theorem 1.10 on p. 196); although it is
formulated for I', = dQ there, its proof covers the case [Ip| > 0. O
Let us summarize the general assumptions that will be used in the following sections.

Assumption 2.1. We suppose that

e Q CRY d>2isabounded domain, dQ =IpUIp and 0Q2,Ip,Ip € CO1,

FD| > 0;

e For given p € (1,2), € € (0,&)] with & > 0 arbitrary, and Y € (0,00), Assumptions (A1) — (A2)
hold true;

o The following data are given:

VOEWI’I’(.Q), divvg=0ae in Q, vo=vponlp,

fel’(Q) and be L (Ip), with (p*) == %'

Here, p* := %:2” is such that tr(W'P(Q)) — Lp#(a.Q).

The weak formulation of the system (1.1)—(1.5) reads:
(pS) Find (v,m) € (vo+X?) x QP (the weak solution) such that

(S(m,Dv),Dw) g — (m,divw) o
(divv,q)o

(f,w)a—(b,w)r; Yw e XP, (2.14)
0 Vg € QP. (2.15)
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GALERKIN APPROXIMATION. For given i > 0, let X}, ¥, be finite-dimensional spaces and
XzZZXhﬂXp7 QZZZYhﬂQp,
Vi = {w, € X (divw,,q;)o =0 for all ¢, € O} }.

We will specify the spaces in the context of finite elements in Section 5, & will then stand for the mesh
parameter. At this stage, we only require that X ‘Z and Qﬁ approximate X” and Q7 in the following sense

lim inf [[w—wy|1,=lim inf ||g—gqul|y, =0  VwecXP VgecQ’. (2.16)
hNO wyeX? NO g,€0),

The pure Galerkin approximation of (pS) consists in replacing the Banach spaces X? and Q” by their
finite dimensional subspaces X/ and QF:

(pSy) Find (vy,m,) € (vo —l—XZ) X QZ (the discrete solution) such that
(S(my, Dvy),Dwy,) o — (7, divwy) g = (f,wh) o —(b,wh)p,, Yw;, EXﬁ, 2.17)
(divv;”qh)_q =0 Yqn € QZ (2.18)
Here, vy j, is any’ appropriate approximation of the Dirichlet data which satisfies

(diVV()J,,qh)_Q =0 th S QZ and }II\I‘I(I)HV() _VO,hHlAp =0. (2.19)

INF-SUP CONDITIONS. The following observation plays an essential role in the further analysis.

LEMMA 2.6 Let Assumption 2.1 be satisfied. For any v € (1,00) there exists a constant 3 (V) (depending
on v, Q and Ip) such that
(Qa div W)Q

0<B(v)< inf sup —————. (2.20)
geov wex” lgllv[wlliv
In particular, there exists a constant (V) depending on v and Q such that
di
0<fpov< inf  sup LW @21)

qEL(‘)’/(.Q) wEW(l)‘V(Q) ||q||V'||w|| Lv
If |Ip| > O then one possible choice of B(V) is related to By(Vv) through (2.22).

Proof.  If [Ip| = 0 then X¥ = W;" () and Q" = LY (2). Then, (2.20) and (2.21) are identical,
well-known and follow from the properties of the Bogovskii operator, see Remark 2.2.

Let |Ip| > 0. Then, (2.20) can be derived from (2.21), see, e.g., (Haslinger & Stebel, 2010). For
q € LY (Q) arbitrary, we write ¢ = go + (f, ¢dx). Since go € L(‘)’/(.Q), there exists wg € W(l)"v(.Q),
[Iwoll1,v = 1 such that Bo(V)|lgo0llv < (g0,divwo)a = (¢,divwy)e. Since Ip € C%!, |Ip| >0, there
exists some & € X" such that [, divEdx = [, & -ndx = 1. Taking

(vl

w:=wy+6sign(foqdx)§, withé:= L ;
0 gn(foq )€ T+ Q[ dvE ]y

TFor example, vo,n € X, is typical in the context of finite elements; but one can also take vy 5 = vo.
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and using [lglly' < [lqollv +|22[/¥ | gdx]. we obtain:

(g,divw)q = (q,divwo) o + 8 sign(f, ¢dx) (qo,divE)q + 8|fo gdx|(1,divE) o
= Bo(v)llgollv — 8ligollv lldiv € ||y + 8] fo g dx]

Bo(v)

> qTeT
L+ 12V [divE]ly

llgllv-

Also, w € X", and ||w||;.y < 14 8||&]|1,v, which finally gives (2.20) with

_ Bo(v) .
1+[QVV[|divE [y + Bo(V) [V (€1

This completes the proof. O

B(v) (2.22)

REMARK 2.2 There exists a continuous linear operator % : L (Q) — W(l)"v(Q) referred to as the Bo-
govskii operator, such that div(Zf) = f in Q and || Zf||iv < Caiv(2, V)| flv, see (Bogovskii, 1980;
Amrouche & Girault, 1994; Novotny & Straskraba, 2004). In the preceding studies, see (Franta et al.,
2005; Lanzendorfer, 2009), the Bogovskii operator was applied directly instead the inf—sup condition.
For |Ip| = 0, one observes Cgiy(2,2) = Bo(2) .

For |Ip| > 0, the modified operator Bf := B(f — ([o fdx)divE) + ([, fdx)& was utilized, see
(Lanzendorfer & Stebel, 2008, Lemma 2.4). Note from (2.22) that the corresponding constant
Caiv(2,Tp, V) (see ibid.) equals B(v)~!.

REMARK 2.3 Lemma 2.6 reveals, in terms of the spaces X”, O”, why the additional constraint (1.5) is
requisite to fix the level of pressure if and only if the boundary condition (1.4) is not present.

Below, we require for given v € (1,00) that the families of spaces {X} }5~0, {Q) }r>0 satisfy the
discrete inf—sup condition:

(ISY) For given v € (1,0), there exists a constant 3 (V) independent of h such that

. di
0<B(v) < inf sup (g, divw)a

qeQ) weX) llgllv Hw”l,v ’

The availability of (IS) (and the value of ﬁ' (v)) depends on the choice of the spaces X, and ¥}, For the
purposes of Theorem 3.3, we also require the following modification of (ISY).

(ISY) There exists a constant Bo(V), independent of h, such that
~ divw
0<Po(v)< inf sup M
qevnLY (2) weX,nWy" (2) lgllvIwll.v

REMARK 2.4 If [Ip| = 0, then (ISy) is exactly (ISY). In general, (IS§) need not be implied by (IS")
and vice versa. Let us suppose for a while that both conditions hold true. Since (2.22) in Lemma 2.6
indicates? fBy(v) > B(V) on the continuous level, we can expect fo(V) > B (V) for typical choices of
X, Y. In such a case, the additional requirement of (ISf)) will guarantee convergence results for a larger
range of ¥, see (3.7) in Theorem 3.3 and (3.18) in Corollary 3.1.

*We did not prove Bo(v) = B(Vv); (2.22) merely gives a lower bound for 3(v) which is lower than By(V).
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In the sequel we will use (IS%) in conjunction with the following observation:

REMARK 2.5 Let (IS}) hold, let |[Ip| >0 and p € (1,2). For arbitrary g € Q%, we write g = go + f g dx,
where® go € ¥,NL3(Q). Since |g|l2 < [|q0ll2 + |2]"/?|f, ¢dx|, we obtain

,divw
Bo(2) (gl — 121 g gaxl) < sup L2 g ¢ gp, .23)

3. Well-posedness of the problem

In the following we show the existence of discrete solutions to (pSy), we discuss the conditions guar-
anteeing the uniqueness of solutions both to (pS;) and (pS), and we finally establish the existence of
a weak solution to (pS) as the limit of the discrete solutions.

Note that the well-posedness of (pS) with a convective term included has already been resolved: For
I = dQ this was published in (Franta et al., 2005; Lanzendorfer, 2009), while the case |Ip| > 0 was
conducted in (Lanzendorfer & Stebel, 2009). In these works, the proof was done in a different way than
here: First a quasi-compressible approximation to (pS) was established (by the Galerkin method), and
later it was shown that this approximation converges (on the continuous level) to the “incompressible”
solution to (pS). Here, since our concern lies with the finite element discretization, the weak solution
is established directly as a limit of discrete solutions, where the discrete solutions satisfy the (discrete)
incompressibility constraint (2.18). Many of the estimates used here will be employed also in the next
section. Compared to the previous studies, we slightly relax the restriction on }p and—since we neglect
convection—our procedure allows for p € (1,2). We begin with the well-posedness of (pSy):

THEOREM 3.1 (Existence of discrete solutions) Let Assumption 2.1 hold. Let XZ and Qi fulfil (ISP)

with (p) > 0 arbitrary.
Then there exists a discrete solution to (pS;). Moreover, any such solution (v, ;) satisfies the
a priori estimate B
[Vall.p +118(70, Dvi)ll y + B (P)l| 7l y < K, (3.1)

with K depending only on Q,1p, p, €, 60, 01, || fll,7, 18]l (p#y.1; and [[voull1,p-
Proof. For any 6 > 0 (small), we consider the quasi-compressible problem (pS,‘?):
Find (v, 70) € (vo,+X7) x Q) such that
awh)Q - (bvwh)rp VW],, € Xpa (32)

(S(md,Dv)), Dwy) g — (mf ,divwy) o = (
=0 Yan € OF. (3.3)

8(m2,qn)a + (qn,divvd)

The inserted term 6(71:,‘1s ,qn)o ensures the coercivity of the equations with respect to the pressure and
allows to use the Brouwer fixed-point theorem to establish the solution to (pSE). Indeed, setting
wy = vi —Vvo,, and g, := nf, summing the equations and using Hoélder’s and Korn’s inequality, (2.19);,
the embedding tr(W!7(Q)) < L (0Q), the estimate

(o]

5 5 5 00 5 Sip— (o0}
(S(m; . Dvy,),Dv,, —Dvo)a > EIIDvhllﬁf TI1Dvi 5 1IIDvO,hllrg\ﬂ\e”

$Here we assume that constants belong to ¥;,.
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due to (2.6), and Young’s inequality, we obtain the a priori bound
) ) 5 pyo\IP
8l 13+ v Iy, + [1S(my Dyl <C,

where C > 0 depends on 2,Ip, p, €, 00,01, ||| 7, |bl| (#y.r;, and [[vou|1,p. In particular, C is indepen-
dent of 6 and h. Therefore, using (IS”) and (2.14), we observe that

(79, divwy) o

Bp)Imlly < sup <C,

wiex? HWh”l«,p

with C > 0 and B(p) > 0 independent of § and h. The same arguments applied to (pSy) prove (3.1).
The uniform bounds above and the fact that X} and QF are of finite dimension imply that there is
(vi, ) € (vo+XP) x QF such that (for some sequence &, \, 0)

vg" — vy in Wh7(Q),
Ty — W, inL” (),
S(z, Dv)") = S(m, Dvy,) in L7 (Q)4xd.
Consequently, (vy, ;) is a solution to (pSy). 0

According to Theorem 3.1, discrete solutions exist regardless of Assumption (A2). However, unique-
ness of the solution can only be shown by means of (A2) under a smallness assumption on } as depicted
by the following theorem:

THEOREM 3.2 (Uniqueness) Let the assumptions of Theorem 3.1 hold. Provided that (IS?) is satisfied

and
()]

GoJrG]’

1 <B2)e" (3.4)

the solution to (pSy,) is determined uniquely.
Similarly, there is at most one solution to (pS) if Assumption 2.1 is satisfied and

2-p O
< P(2)e2 .
0 <BRE T

Proof. 'We prove the uniqueness to (pSj), the other result is analogous. Let (vﬁl7 n;l), i=1,2, be two
solutions to (pSy). Then

(S(m,, Dv,) — 8(m;, Dv;), Dwp)o = (M, — m,, divwy)o  Yw, € X}

In particular, choosing wy, := v}i - v%l we observe

(S(TC;%,DV},) - S(TC;%,DV%),DV% _Dv%)ﬂ =0
and we thus obtain from (2.8) that

,y2

12 W1 22
d(vp,vy)” < ?Hﬂh — 1,3 (3.5)
0
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Hence, (IS?) and (2.10) yields:

(7'5;1 — ﬂﬁ,divwh)g

B(2)z} ~ < sup
e Iwillia

< |IS(my, Dv;) — S(m;, Dv;) |12

L 22y 12
<017 d(vy,vi) + e T ||m, — m, |2, (3.6)

which together with (3.5) and (3.4) leads to n,} = n,% a.e.inQ andtod (v,lz, vi) = 0. But this completes the

proof, because (2.12), (2.13) and the a priori bound (3.1) ensure that | Dv} — DV%HIZ7 <Cd(v},v2)?=0.

Since |Ip| > 0, Lemma 2.5 yields V111 = vﬁ a.e.in Q. O

THEOREM 3.3 (Convergence of discrete solutions) Let the assumptions of Theorem 3.1 hold, let the
discrete spaces {(XZ, QZ)}h>0 satisfy (2.16), and let {vg 5 } ;>0 satisfy (2.19). In addition, let (IS%) hold
and let ¥ fulfill

5 2-p Oy
< Po(2)e2 . 3.7
W < Po(2) oot o (3.7)
Then, the discrete solutions to (pS;,) converge to a weak solution to (pS) as follows,
(V,, 7, ) — (v, ) strongly in WP (Q) x L (Q), forsome hy, \,O0. (3.3)

In addition, if the weak solution to (pS) is unique, then the whole sequence {(vy,, ) } 0 tends to (v, ).

REMARK 3.1 Note that fy(2) appears in (3.7) even in the case |Ip| > 0. In general, this guarantees
convergence for larger range of yy than, e.g., compared to (3.4), see Remark 2.4.

Proof of Theorem 3.3.
Theorem 3.1 ensures that discrete solutions (v, ;) € (vo, + X71) X QF to (pS;) exist and satisfy

the a priori estimate (3.1). Hence, there exist (v, ) € (vo+X”,0") and § € L” (2)?*¢ such that for
a sequence h,, \ 0 there holds

Vi, —V weakly in W7 (Q), (3.9)
My — T weakly in L (Q), (3.10)
S(m, ,Dvy,) — 8§ weakly in L” ()74 (3.11)

Obviously, the weak limits satisfy equation (2.15) and
(S,Dw)q — (m,divw)o = (f,w)a — (b,w)r,  VweXP. (3.12)
Here, we have used the density (2.16). Subtracting (3.12) and (2.17), we observe
(S(my,, Dvy,) — 8, Dwy, ) o = (M, — 7r,divwy, ) Ywy, € X . (3.13)
Then, (3.13) with wy, := vy, — vg 5, implies

(S(nh",Dvhn) — S(7E7DV),Dth — DV)_Q = (ﬂfhn — 7r,div(vhn — v(),hn))!)
+ (§,Dvhh —DVOJ,’,)_Q + (S(ﬂh,,,Dth),Dvo,hn —Dv)g — (S(?LDV),DV;,,’, — DV)_Q.
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Using (2.19), (2.18), (2.15), and recalling (3.9)—(3.11), we conclude that
(S(Tlfh”,Dth)—S(ﬂ?,Dv),Dvhn —DV)Q 20(1), /’ln \,O, (3.14)

where o(1) denotes an arbitrary sequence that tends to zero for h, N\, 0. Furthermore, from (2.13), (3.1),
(2.8), and (3.14) we deduce (cf. (3.5))

2
C||Dvs, — Dv|; < d(vh,,v)* < —%llnhn m|3 +o(1) (3.15)
0

for some C > 0 independent of /,. We suppose for a while that
o), — 2 < [IS(m,, Dvs,) — S(m,DV) 2 +o(1). (3.16)

Then, combining (3.16) and (2.10), we arrive at

-2

~ p=2
Bo(2)[|7, — 7|2 < 018 T d (v, )+ e 1705, — 2 +0(1),  hy \O.

n’

Using (3.15) and the assumption (3.7), we conclude |7, — 7||> < o(1). Consequently, (3.15) also yields
||Dvy, — Dv||,, < o(1), which finally implies that

Ty, —+ mae in 2 and Dy, — Dvae.in Q.

This allows us to apply the Vitali’s lemma and to identify S,
/ S(m, . Dvy, ) : Dwdx / S(%,Dv) : Dwdx — / 5:Dwdx  VweX’.
Q Q Q

Therefore, it only remains to show (3.16). Define w;,, € X ﬁn,

Wy, |l12 = 1, such that

(ﬂh,, — ﬂ,divwhn)g

sup = (my, — m,diviy, ) q.

Wh, EX}zln ||whn ||132

Then, there exists w € X2 such that (for a not-relabelled subsequence) wy,, —w — 0 weakly in X 2 andll
|Wp, — W12 < 1. Hence, using (3.13) and (3.11) we obtain:
(ﬂ’.hn - E’divwhn)g :(S(ﬂhn’Dvhn) _E’thn _DW)Q +0(1)
:(S( n,Dth) S(TLDV),DW},H*DW)Q +0(1)
<||S(mp,, Dy, ) — S(7w,Dv) |2+ 0(1), hy (0.

n?

Further, recalling (2.23) and using that §, 7w, — wdx — 0, we have for any g, € an that

][ Tohy = Gy dx‘
Q

= T, — qn,,divwy, )o 5
B, —anla< sup )2 | )]

Wi, €, W, [[1,2
oy, — T diVWI e
< sup (7, — 7, i) +|7T—f]hn||2+C’][ ”hn—q;,,ldx'
wp, €X7. llwh, 11,2 A

< ||S(7,, Dvy,) — S(7,DV) |2+ C | — g, l2+0(1),  hy O,

Tindeed, ||W||7 , < 2(Wy,,W)1 2,0 for n large enough, which implies ||y, — W||3, < [|Wy, |3 2=
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with C > 0 independent of 4,. Using the density of {QZn} in QP, we finally assert (3.16):

o), — 2 < Bo(2) inf, {7, —an, N2+ llgn, — 72}

Ay €L,

< ||S(7ThnaDvhn)_S(nva)||2+0(1)7 hn\lo

This completes the proof. O

Theorem 3.3 guarantees existence of weak solutions to (pS) provided that we have a suitable family
of discrete spaces {X Z, QZ tn>0- The proper existence result is formulated in Corollary 3.1. In the
following lemma we construct such a family of discrete spaces, which satisfies (IS”) and (IS%) with the
constant fo(2) almost equal to By(2).

LEMMA 3.1 Let , Ip, I'p and p be as in Assumption 2.1. Then for any 6 > 0 (small), there exists
a family of finite-dimensional spaces {Xj, }, {¥s, }, f1n \\, O that satisfy (2.16) and fulfill (IS”) and (IS(Z))
with

Bp)2B(p)—5 and  Bol(2) > Po(2) - 5. (3.17)
Proof. Consider arbitrary h, \,0, n =1,.... Since W(l)’z(.Q), XP, QP are separable Banach spaces

with the bases {W,}=_,, {w,}_;, {gn}_,, respectively, and since Wy*(£2) C X”, we can define the
Galerkin spaces by X" := span{w;, w;}!" | and Y” := span{q;}}_,, clearly allowing for (2.16). In order
to ensure (3.17), we only need to choose suitable pairs of the spaces, i.e., to any discrete pressure space
we have to assign a rich enough discrete velocity space. We show this only for (IS%) and (3.17);, the
inclusion of (IS?) is obvious.

Due to (2.16) and Lemma 2.6, for any g € L3(£2) there exists k(g) such that

Bo2)—8 < sup  24VWe
wextarw'2(o) 14ll2lwlli2

(we choose minimal such k(g)). For n fixed, define m(n) := SUP(yeynrL2 (@)} k(g). It is easy to see that

Yy, =YY" and X, := X satisfy (IS(Z)) and (3.17). It remains to prove that m(n) is finite. This is
shown by contradiction: Let m(n) be infinite. Then we find a sequence g; € Y"NL3(Q), ||g;|l» = 1,
j=1,2,..., such that k(¢;) > j and

(gj,divw)q
[wlli2

< ﬁ0(2) —4.

sup
weXinw? ()

Since Y" is of finite dimension, we find some § € YN L%(.Q),
that ||g;, — gl < 6/2 fori=1,2,.... But then,

gll2 =1, and a subsequence j; > i such

sup (g,divw)o < Bo(2)—5/2
weXinwy? (Q) Iwlli2

holds for any i = 1,2,..., which combined with the density (2.16) and Lemma 2.6 gives the contradic-
tion. O

COROLLARY 3.1 (Existence of solutions) Let Assumption 2.1 hold and

2-p O
< 2)e2 .
% < Bo(2) P

(3.18)
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Then there exists a weak solution to (pS). Moreover, any solution to (pS) fulfils the a priori estimate
[vllip +118(, D), + B(p)l7ll,y <K, (3.19)

with K depending only on £,Ip, p, €, 00, 1, || fl| 7, [l (,#).r; and [[voll1.p-

Proof.  The a priori estimate (3.19) follows by the procedure analogous to the proof of (3.1). The
existence result follows from Theorems 3.1 and 3.3, and Lemma 3.1. O

4. A priori error estimates

In this section we aim to derive a priori estimates for the error of approximation v — v, and 7 — m,,. For
the remainder of this paper, let us use the convention that (v, 7) and (v, 7,) denotes the solution to (pS)
and (pS;,), respectively, whose existence and uniqueness was shown in the previous section. The main
results are given by Corollaries 4.1 and 4.2 which state a priori error estimates in the form of a best
approximation result.

LEMMA 4.1 Let Assumption 2.1 hold. For each 8 > 0 there exists a constant c¢s > 0 such that for all
w, € (vo;,+ V%) and rj, € Q7 there holds

d(v. i) < 5 (I[P (DY) ~ F (Dug) [+ |1Dv Dy = 1) + (243 | = o
where the constant cg also depends on p, &, %, 0o, 01, Ip and Q.
Proof. Let (uy,r;) be an arbitrary element of (v, +V7) x QF. From (pS) and (pS;,) it follows that
(S(m,Dv) — S(my,Dvy,),Dwy) o = (T — my, divwy,) o = (T — rp,divwy) o
for all w, € V. This, with wj, := (u, —v;) € V/, implies

(S(ﬂ:,DV) - S(EflaDle)aDv—Dvh)Q = (S(ﬂ:vDV) —S(Tfh,DVh),DV—Duh)Q
+(r—rpdiv(iu, —vp)o =1L+
Applying (2.8), we conclude

2

O
SLPTORAE <11+12+2y—§0\\n—nhu%- @.1)

2

It remains to estimate /; and /. First, we split the term /; in the following way,

Iy = (S(m,Dv) — S(7ty, Duy,),Dv — Duy) o
+ (S(ﬂ?h,Duh) — S(nh,Dvh),Dv —Duh)g =L+

Due to (2.9) and Lemma 2.3, for each 8; > 0 there exists ¢5 > 0 such that
Iy < cs,d(v,up)’ + 81| — ][5 < c5, | F(Dv) — F (Duy) |3 + 81| — 7,3

In order to get an upper bound to Iy, we apply Lemma 2.1 and Young’s inequality (2.1) for shifted
N-functions, recalling that the A-constants of ¢,, (¢,)* only depend on p and do not depend on the
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shift-parameter a > 0. Hence, for any &, > 0 we obtain
s ¢ [ 94.1pu, (IDw, —Dwi|) Dy —Duy|d

<8 | ei uy (1Dus = DV s, [ 9cipu, (1Dv—Duy])
~ &||F (Duy,) — F(Dv;)|[3 +c5,||[F (Dv) — F (Duy) |13
< &¢d(v,vy)* +c5,|F(Dv) — F (Dw) |3,
where we have also used Lemma 2.3. Collecting the estimates above, we arrive at
Ii < ¢35, 5,|[F(Dv) = F(Duy) |3+ 8[| — 735 + Sacd (v, v4)*. 4.2)
Next, we estimate the term /. Using Korn’s and Young’s inequality, applying Lemma 2.4 with v = p,
we deduce that for each & > 0 there exists Cy such that
L < |(7t— rp,div(uy, — Vh))_(2| <cl|m =yl || Dup — Dy ||,
< 8 (| Dv — Duy 3 + |Dv — Dvi|3) +cs, | — rall
< &|Dv—Duy |, + 8¢|[F (Dv) — F (Dv) 3]l + |Dv| + [Dvy| [ + cs, | — rally
< 8DV — Dup||j + 83cd (v,v1)* +cs, || —rall - (4.3)

Here, we have also used the fact that Dv and Dv;, are uniformly bounded in L”(2)4*¢. Combining the
estimates (4.1), (4.2) and (4.3), we conclude

O(
jod(v,vh)z < 8cd(v,vp)? + 83¢d(v,v)? + c5, 5, ||F (DV) — F (Duy) |3 + 85| Dv — Duy |2

,y2
ey lm—rily + (5a + ) Im—ml3.

Multiplying this with 2 /0y, taking the square root, we easily complete the proof. U
Lemma 4.1 enables us to estimate the pressure error in the L2-norm.

THEOREM 4.1 Let Assumption 2.1 hold. Let the discrete spaces fulfil (IS?) and let the parameters meet

the condition (3.4): 1 < 3(2)82%’ Goi"cl . Then, there exists a constant ¢ = ¢(p, €, %, 60,61, (2),Ip, Q)

such that the pressure error is bounded in L?(£2) by

|m—mllo<ec inf (|[F(Dv)—F(Dup)|>+|Dv—Duyl,)

/A IWA +VZ

+c inf ||7—rpl|,.
i 7=,

Proof. Let (uy, ry) be an arbitrary element of (vo, + V1) x Q7. Then, (pS), (pSy) imply
(rh — ﬂfh,divwh)g = (S(TC,DV) — S(ﬂ?h,Dvh),th)Q + (rh — ﬂ,diVWh)Q “4.4)
for all w;, € Xﬁ:. Using (IS?) and (4.4), we deduce, cf. (3.6),

— 1y, divw
U= 00V W)@ 60 Dy) — (. D)2+ I — 7.

B(2)||rn—mll2 < sup
WheX? [whll12
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Applying (2.10) and Lemma 4.1, we conclude that for each § > 0 there exists a constant ¢5 > 0 such
that

5 2 2
B)rn—mll2 < 01872 d(v,v) + W& 2 || — 7|2 + || s — 7|2

p-2
<018 7 c5(|[F(Dv) — F(Dup) 2+ |Dv — Duy|| + || — 7],
22 (N P2
tores (4 8)Im—mlat o™ =+~
Using Minkowski’s inequality and L' () < L2(Q) for p < 2, we arrive at

|7 — 7|2 < ¢5(||F (Dv) — F (Duy) |2 + |Dv — Dug ||, + || — rall 1)
~ —2 ~ -2
+B@) o™ (24 8)Im—mla+ B e T - m
Recalling (3.4), and choosing & > 0 sufficiently small, we can absorb all terms, which include the

pressure error, in the left-hand side. Hence, we get the desired result. O

COROLLARY 4.1 Let the assumptions of Theorem 4.1 be satisfied. Then, the error of approximation of
the velocity field is bounded by

|F(Dv)—F(Dvp)|2<c¢  inf >(HF(Dv) — F(Duy)|2 + ||Dv — Duy||,»)

uhG(Vo‘thV;Z
+c inf Hn—thp/. 4.5)
rmeQy
Proof. The estimate follows from Lemma 2.3, Lemma 4.1, and Theorem 4.1. O

COROLLARY 4.2 Let the assumptions of Theorem 4.1 hold. In addition, let (IS?) hold and

2—

0 <B(pe2. (4.6)

Then, the error of approximation of the pressure field is bounded in LY (2) by

2
HTC— ﬂth/ <c HF(DV) — F(Dvh)Hé’ +c inf ||rh — 7'C||p/. 4.7
meol
Proof. The estimate is again based on the inf—sup inequality (IS?). Using (IS”), Holder’s inequality,
(4.4), (2.11) and (2.12), for arbitrary rj, € Qi we obtain the estimate

~ e di
ﬁ(p)||rh_7th||p/< sup (rh hs IVWh)Q
WhEXé7 le’lHl,p
< ||S(7,Dv) — S(7,, Dvy,) ||y + ||lrn — ||

2
2

rd p_z
<c||[F(Dv)=F(Dvy)ll; +e > (|7 = mlly + llrn— 7l -

Due to assumption (4.6), this completes the proof. (]
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COROLLARY 4.3 Let the assumptions of Theorem 4.1 hold. Then, for all (u;,r;) € (v, + V%) x OF
there holds

|F (Dv) = F (Dvp)|[2 + || — |2 < ¢ || F(Dv) — F (Duy,) |2
2 p (4.8)

+e (&0 + [1Vatnlloo + [ VVallee) 2 [l —rll2,

where ¢ only depends on p, €, %, 0y, 01, B(2), Ip and Q.

Proof.  First, we slightly modify the proof of Lemma 4.1. Let (u;,r;) be an arbitrary element of
(von+V7) x QF. Here, we estimate the term /, differently. Using (2.13) with v = 2, Young’s inequality,
and (2.12), we deduce that for each 03 > 0 there exists cg, such that

L < |(m— ry, div(uy —vp))o| < c||m—ry2 || Duy — Dvy|
2-p
2

< c|| 7w —ru||2||F (Duy,) — F (Dvy,) |12 (€0 + [|Vatn|oo + [ V¥ |o-)
2
< 8 [d(v,1)? + | F(DV) — F(Duy) || +cs, (0 + [Vatn oo+ [ V0nl])* 170 = 11

Following the same arguments as in the proof of Lemma 4.1, we conclude that for each § > 0 there
exists a constant cg, which only depends on p, &, %, 0o, 01, 2 and J, such that

2—p
2

d(v,vi) < 5 (IF(Dv) — F(Duy) |2+ (20 + 1Vt + [ V¥1]c)

n (%—1—5) 17— 7|2

1w =l

Adopting the arguments presented in the proof of Theorem 4.1, we arrive at (w.l.o.g. & > 1)

2-p
||7T—7Th||2<C<||F(DV)—F(Duh)||2+(80+HVuh||oc+HVVhHoo) ? Hﬂ—rhllz)

provided that condition (3.4) is satisfied. Obviously, the latter estimate implies the desired error estimate
for the velocity. 0

In practice, one never obtains the discrete solution (v, ;) to (pS;) exactly. Instead, one obtains its
approximation (vy,, ) € (vo, + V7)) x QF, satisfying

(S(7tn, DVy), Dwp) o — (T, divwp) o = (f,wn)a — (b,wn)n, + (e, wn) Ywy, € X},
(divp,qn)o = (8,qn) Van € Q)

where e € (X Z )*, g € (QZ )*, and the brackets denote the corresponding duality pairings. Here, e =
e(V,, ft,) and g = g(¥;,, ;) represent some additional error (which includes, e.g., the residuum associ-
ated with the approximate solution to the non-linear algebraic problem, or the error due to numerical
integration). However, provided that one is able to estimate e and g, then one can derive estimates
for v — ¥, and 7 — 7, analogous to those derived in this section by following the same procedure. For
instance, denoting |(e,w;)| < E ||wy||1, and |(g,qn)| < G||gn||> (with E, G independent of  and as-
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suming, say, £, G < 1, such that || D¥,||, remains reasonably bounded) one can show (cf. (4.5), (4.7)):
|F(Dv)—F(Dv)|2<c¢  inf (||F (Dv) — F(Duy,) |2+ ||Dv — Duy|| )
up€(vo u+V5)

+c inf || —ry||y +c(E+G)
rmeQy

2
|7 =l < cl|F(Dv) = F(D#)|§ +c inf [In— ], +cE.

WS h

5. Finite element approximation

In this section, we consider some finite element approximations of (pS) that satisfy the abstract the-
ory of the previous sections. We assume that, for ease of exposition, £ is a polygonal/polyhedral
domain and that T}, is a shape regular decomposition of 2 into d-dimensional simplices (or quadri-
laterals/hexahedra) so that Q = UKeTh K. By hg we denote the diameter of a cell K € T; the mesh
parameter & represents the maximum diameter of the cells, i.e., # := max{hg; K € T\, }. We assume that
T}, is non-degenerate (see (Brenner & Scott, 1994)). Hence, the neighbourhood Sk of K € T}, which
denotes the union of all elements in T}, touching K, fulfills |K| ~ |Sk| with constants independent of A.
Furthermore, the number of cells in Sk is uniformly bounded with respect to K € T},. Let X;, and Y}, be
appropriate finite element spaces defined on T}, that satisfy X;, C W'=(Q) and ¥;, C L*(). We recall
that the finite element spaces for the velocity and pressure are given by X 5 =X,NXP, X, = [Xh]d , and
QZ =Y, NQP. In order to ensure approximation properties and the discrete inf-sup conditions, we need
to specify the choice of spaces:

Assumption 5.1 (Approximation property of X, and Y;,). We assume that Xj, contains the set of linear
polynomials on Q. Moreover, we suppose that there exist a linear projection j, : Wh1(Q) — X, and
an interpolation operator iy, : W' (Q) — Y}, such that

(1) j, preserves zero boundary values on I'p, such that j,(X?) C X/.

(2) jy is locally Wl stable in the sense that there exists ¢ > 0 (independent of h) so that
][ | jw|dx < c][ |w|dx+c][ hg|[Vwldx — Ywe WH(Q), VK € T, (5.1)
K Sk Sk

where Sk denotes a local neighbourhood of K (as defined above).

(3) jy preserves divergenceH in the Y} -sense, i.e.,
(divw,qn)o = (diviw,qn)e  Ywe WHI(Q), Vg, € ¥, (5.2)
(4) i, preserves mean values, i.e., i,(QP) C 0F, and, for any v > 1, iy, satisfies
lg—inglly <chllglliy  YgeW"(Q). (5.3)
Later we will suppose that functions in X}, satisfy the following global inverse inequality:

INote that in case of [Ip| > 0 this implies pr w-ndx = fl"p (jpw) - ndx; this requires that the triangulation matches I» appro-
priately.
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Assumption 5.2 (Inverse property of Xj,). For v, € [1,00] and 0 < m < [ there holds

: d_d
Ly < Chmfl+mm(0-,7*ﬁ)”Wh”m# Ywy, € Xj,. (5.4)

[[whl

Assumption 5.2 usually requires that the mesh is quasi-uniform (in the sense of (Brenner & Scott,
1994)). Assumption 5.1 is similar to Assumption 2.21 in (Belenki ef al., 2010). Clearly, the existence
of j, and i as in Assumption 5.1 depends on the choice of the finite element pairing X}, /Y

e The construction of j,, such that it satisfies Assumptions 5.1 (1) — (3), is well-known for some
particular finite elements, including the Crouzeix-Raviart and MINI element (see (Belenki et al.,
2010)). If I'p # 92, Assumption 5.1 (1) requires that the triangulation matches I, appropriately
(see (Scott & Zhang, 1990)).

e Assumption 5.1 (2) is standard in the context of interpolation in Sobolev-Orlicz spaces (cf. (Dien-
ing & Radzicka, 2007)). E.g., the Scott-Zhang interpolation operator (see (Scott & Zhang, 1990))
satisfies (5.1). It is crucial that from (5.1) one can derive the local stability result

][W(|thw|)dx<c][ w(lVw)dx  YweW'(Q) VKeT, (5.5)
K Sk

which is valid for arbitrary N-functions ¥ with Ay(y) < oo. Here, W'V (Q) is the classical
Sobolev-Orlicz space and the constant ¢ only depends on A, (). For details we refer to (Diening
& Rizicka, 2007).

e For standard finite elements, i;, may be chosen as the L2-projection onto ¥,:

(ing.qn)e = (g.qn)e  Yan €Yy  VYqel'(Q). (5.6

Indeed, it is shown in (Crouzeix & Thomée, 1987) that the L2-projection is L"-stable and even
W!V_stable for any v € [1,o0], and, consequently, the L?-projection fulfills (5.3). The results
of (Crouzeix & Thomée, 1987) are derived for finite element spaces Y;, based on simplices,
Yy, :={w € C(Q); w|g € P,(K) for all K € T}, }, where P,(K) denotes the space of polynomials
on K of degree less than or equal to r. Moreover, setting ¢, = 1 in (5.6), we deduce that iy,
preserves mean values. Hence, i,(QF) C QF.

Next, we depict important consequences of Assumption 5.1:

LEMMA 5.1 Let there exist a linear projection j,, that satisfies Assumption 5.1 (2). Then, for all K € T},
and w € W!P(Q) there holds

][ [F(Dw) — F(Dj,w)[2dx < ch%(][ \VE (Dw)[2 dx 5.7)
K Sk

provided that F(Dw) € W!2(Q)?*?_ The constant ¢ only depends on p.

Proof. The proof is based on the Orlicz-stability (5.5). We refer to (Belenki et al., 2010; Hirn, 2010).
O
Moreover, the assumptions on j;, imply the discrete versions of the inf-sup inequality:

LEMMA 5.2 Let there exist a linear projection j, that satisfies Assumption 5.1 (1) — (3). Then, for
v € (1,00) the discrete inf-sup inequality (ISV) is satisfied.
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Proof. Since T}, is non-degenerate, the local stability result (5.5) (with w(¢) := ") leads to the global
W1V _stability inequality, ||j,wl|/1.v < Cs||w||1.v for all w € X", where v € (1,0) and the stability con-
stant Cy does not depend on 4. Thus, the continuous inf-sup inequality (2.20) and Assumption 5.1 imply
that for arbitrary ¢, € Q; C Q" it holds

. .
gl < By sup WEEW2 ()1 p L0000

wexv Wiy wext Wl
div i y di
< ﬁ(V)_ICS sup (qha .IV.’hw).Q < B(v)—l sup (qha lvwh).Q
wexv lJnwlly wyEX), [Iwall1y
where B(v) := B(v)/Cy is independent of h. O

REMARK 5.1 Let us briefly discuss the case of unstable discretizations. For instance, one may consider
an equal-order discretization, where both X}, and Y}, are based on piece-wise polynomials of the same
degree. In this case, the discrete inf-sup condition is violated. For p-Stokes systems, for which the gen-
eralized viscosity only depends on the shear-rate, Hirn (Hirn, 2010) proposes a stabilization technique
based on the local projection stabilization (LPS) method, that leads to optimal convergence results.
Whether the stabilization method can be applied to the equal-order discretization of (pS), is subject of
current research.

Next we state our a priori error estimates that quantify the convergence of the finite element method.
For this, the regularity F(Dv) € W!2(Q)?*? of the solution v is required (which is equivalent to (1.6);,
see (Berselli et al., 2010)). We mention that (1.6) is available for sufficiently smooth data at least in the
space-periodic setting in two space dimensions (see (Buli¢ek & Kaplicky, 2008)).

COROLLARY 5.1 Let the assumptions of Theorem 4.1 hold. We suppose that there exist operators jj,
and i, satisfying Assumption 5.1. Moreover, we assume the additional regularity of the weak solution

F(Dv) e W2(Q)  and  meWW(Q)

and we set vy, := j,vo. Then, the error of approximation is bounded in terms of the maximum mesh
size h as follows:

|F (Dv) — F(Dvy)||» < Cyh, |T— 7yl < Crh. (5.8)
Assume additionally (4.6): 1 < fB( p)S%Tp. Then the pressure error in L”' (Q) is bounded by

2
|70 — ||y < Crh?'. (5.9)

The constants Cy, Cr, Cy > 0 only depend on [|[VF(Dv)|>, ||z, p. € 00, 61, Y. B(2) (and Cy,
additionally depends on f(p)).

Proof  According to Lemma 5.2, the discrete inf-sup inequalities (IS?), (IS”) hold true. Hence,
the desired error estimates follow from Theorem 4.1, Corollaries 4.1 and 4.2, and the interpolation
properties of j, and i,. More precisely, the velocity is given by v = vy + » for some ¥ € X”. Since ¥
is divergence-free, the interpolant j, fulfills (div j,9,q,)qo = 0 for all ¢, € Qﬁl’ . Hence, j, b € Vﬁ: and
Jwv=Jwo+ive von+ Vﬁ:). Consequently, we can set uy, := j,v and rj, := i, 7 in Theorem 4.1 and
Corollary 4.1. Using Lemma 2.4 with v := p, the global W!”-stability of j, (which follows from (5.5)
with y(¢) = ¢? and the non-degeneracy of T},), the interpolation properties (5.7) and (5.3), we easily
conclude (5.8). Finally, (5.9) follows from Corollary 4.2 and (5.8). O
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REMARK 5.2 Using (2.13) and (3.1), we deduce from Corollary 5.1 that
|Dv —Dvy||, < c||F(Dv) — F(Dv)||2 < ch.

Hence, we also obtain an a priori error estimate in W!-7(Q).

The lel’,-regularity assumption for pressure can be avoided and confined to 7 € W!2(Q) only.
This is depicted by the following variant of Corollary 5.1. There, the assertion remains the same. The
price to pay is twofold: We assume that v € W!>=(Q); the property which we have not been able to
show. Moreover, in order to reproduce (5.9) we restrict to d = 2.

COROLLARY 5.2 Let d = 2. Let the assumptions of Theorem 4.1 hold and let Assumption 5.2 be
satisfied. We suppose that there exist operators j, and i, as in Assumption 5.1. Moreover, we assume
that the solution (v, ) satisfies the additional regularity

F(Dv) e W)™ yeW'™(Q), and TeW'2(Q).
We set v , := j,vo. Then, the error of approximation is bounded as follows:
||F(Dv) — F(Dvy,)||2 < Cyh, |l — 7|2 < Crh, (5.10)

Assume additionally (4.6) and the Wl’z—stability of i;,. Then, there holds

2

|\”—7fh||p'<cézh”’- (5.11)
The constants Cy, Cz, C; > 0 only depend on |[VF (Dv)|2, ||7]/12, ||[V|1 .= P, € O, O1, Yo, 5(2) (and
C}, additionally depends on f(p)).

Proof.  First, we mention that the projection j, is W!>_stable. Indeed, similarly as in (Scott &
Zhang, 1990) it can be shown that jj, is locally W!!-stable, i.e., there holds || j,wl|/1.1:x < |[Wl1.1.5¢
for all w € W' (Q) and K € T;. Moreover, since X;(K) is finite dimensional,  there  holds
Vij,w»)| < fx |Vij,w|dx, i € {0,1}, for all y € K and K € T),. Due to the non-degeneracy of T,
it follows || juW/|1 ek S [[W]]1 05 for all w € WH=(Q). This yields || j,w|1 w0 S ||[W/1 w0 for all
w € Wh(Q). Next, we depict that v, is uniformly bounded in W' (). Using the inverse inequality
(5.4) with d = 2, the W17°°-stability of j,, Korn’s Lemma 2.5, and Lemma 2.4 with v = 2, we estimate

[9all o < 190 = ¥l o+ G 1o
<e[nwn=gavll o+ vl ]
<e[h M IDvy— Dy + vl

2-p
< e[ IF (D)~ F(Djyw) 2 (0 + 9l + [ V91e) = ¥l

Setting u;, := j,v and rj, := iy in (4.8), and using the properties of the interpolation operators, we
obtain the error estimate (w.l.o.g. & > 1)

2—p
2

IF(Dvy) = F (Dv)|l2 < Ch(go + | Vvhlleo + [|VV]lc)
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where the constant C depends on |VF (Dv)||2, and ||7||1 2. Combining the latter inequalities, we easily
conclude that

il < €= C(IVF DY) 2. ]Il 2. [W]11.)- 5.12)

Of course, the constant C in (5.12) also depends on p, €, &, Y, G0, O1, B(Z),Q. However, C is indepen-
dent of /. In view of (5.12), (4.8) yields the desired error estimates (5.10).

It remains to prove the pressure estimate in L” (). Interpolating L” () between L?(Q) and

W!2(2), and using the interpolation property (5.3), and the W'?-stability of iy, for p> 2% and
A= % — pi we obtain the estimate
. . . _ 1+4 -4
17— il <l — ol — il <P (513

Thus, for d = 2 the estimate (5.11) follows from the combination of (4.7), (5.10) and (5.13). This
completes the proof. (]

REMARK 5.3 Using (2.13) and (5.12), we deduce from Corollary 5.2 that
||Dv — Dvy||2 < ¢||F(Dv) — F(Dwy)||2 < ch. (5.14)

Hence, we also obtain an a priori error estimate in W!-2(Q).

6. Numerical examples

In this section we present some numerical examples, which illustrate the a priori error estimates of
Corollary 5.1. Here, the following model is used:

p—2

n(x,|Dv|)?) :=no (51+52(83+exp(a7t))_q+54|Dv|2) 2 6.1)

where o, q,01,...,84 > 0.

REMARK 6.1 Similarly as (e.g.) in (Mdlek et al., 2002), it can be shown that (6.1) satisfies Assump-
tions (A1)~(A2) e.g. with €2 := §; /84, 0p := N> P(1+ &8, 9/8)P~2/2, 61 := Ae* P (p— 1), and
%= afe@ /28,515, 2q(p—2)/2, where f) := 108" /? (so that n(z,|Dv[?) < 7).

Problem (pS) was discretized with the following finite elements based on quadrilateral meshes: the
first-order Q2 / Qo elements, the second order Q,/Q; and Q2 /P_; elements (see (Gresho & Sani, 2000),
or (Sani et al., 1981)), and the bilinear @;/Q elements. The latter element pair is not stable, thus we
used the LPS-type stabilization method presented in (Hirn, 2010); it is worth mentioning that in all
examples the stabilization method was little sensitive with respect to the stabilization parameter. The
algebraic equations were solved by Newton’s method, the linear subproblems by the GMRES method.
All computations were performed by means of the software package (GASCOIGNE, 2006) and/or the
software developed by J. Hron, see e.g. (Hron et al., 2003). In the following numerical experiments
we depict the rates of convergence with respect to the number of cells (under global mesh refinement).
For case of presentation, we use the shortcuts EF :=||[F(Dv) = F(Dv,)|>, Ey' :=|v— villiv,
E) :=||v—vullv, and E) := ||m — 7, ]|y



24 of 28 A.HIRN ET AL.

Table 1. Numerical experiments on error estimates.

@ p=17Q2/Qo (b) p=15,Q2/Qo (© p=11,Q2/Qo

#eels EF B} B2 EY EF B} B2 E! EF El B2 EY
44 098 183 08 074 097 185 082 065 090 190 082 0.19
45 101 189 085 0.77 100 191 085 066 095 195 085 0.19
46 102 192 08 079 100 195 088 067 098 197 088 019
47 101 193 090 080 101 196 090 067 098 199 090 0.19
48 101 196 091 081 101 196 091 067 098 200 091 0.19
expected 1 - 1 0.82 1 - 1 0.67 1 - 1 0.18
(d) p=17,Q/Q stabilized (©) p=13,Q/Q stabilized  (f) p=1.1,Q;/Q stabilized
#eels  EF  E} B2 EY EF Bl B2 EY EF Bl B2 EY
45 100 217 100 083 099 249 100 046 099 270 099 0.19
46 100 217 100 083 099 248 100 046 099 266 1.00 0.19
47 100 217 100 08 099 245 100 046 099 256 1.00 0.19
48 100 216 1.00 083 100 241 1.00 047 100 244 100 0.19
49 100 216 100 083 100 236 100 047 100 230 101 019

@ p=1.5,Q/Q stabilized () p=15,Q/Q @) p=15Q/P_,

#cells EF E B2 EY EF B} B2 E! EF Bl E2 E!
4 - - - 102 233 101 068 102 230 101 0.68
45 101 233 101 0.68 101 232 101 0.68 102 227 101 0.8
46 101 233 101 0.67 102 233 101 0.68 102 226 101 068
47 100 232 101 067 102 230 101 0.68 101 223 101 0.8
48 100 231 101 067 102 225 101 0.68 102 210 101 0.67

4 1.00 229 101 0.67 - - - - - - - -

EXAMPLE 1: In asquare domain  := (—0.5,0.5) x (—0.5,0.5), the exact solution to (pS) was given
by v(x) := |x|*'(*2) and 7(x) := |x[’x\x, for a,b € R. Problem (pS;) was then solved** for f :=
—divS(Dv) + Vr. The parameters a and b were chosen so that F(Dv) € Wh?(Q2)9*¢ and r € W!2(Q);
this requirement amounts to the conditions ¢ > 1 and b > —2. Since ||Vv||. is bounded for a > 1,
according to Corollary 5.2 the requirement 7 € W'-?(Q) is sufficient to ensure the optimal rate of
convergence (note that Corollary 5.1 would require 7 € Wl*”/(Q) with p’ > 2). We set a = 1.01 and
b= —1.99. Hence, as soon as (3.4) is satisfied, we expect EF = &'(h), E2 = (h), and E,’;/ = Oo(h*"),
for finite elements satisfying Assumption 5.1.

The parameters of the model (6.1) were set to §; := 1078, g:=2/(2—p)and o =& =& =85 := 1
in this example. Then, Remark 6.1 gives the estimate Y < Ot51(27p /4 and hence, (3.4) is ensured at
least for (using 8; < 1) o < 3(2)51(27")/(17 —1), i.e. for @ < 1. In this particular example, we have
numerically observed the expected convergence rates (see below) for o € [0,8]. For o > 8, Newton’s

“*Both I'» = 0 (with {, wdx prescribed) or I'» chosen as one of the square edges were tested as the boundary conditions.
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FIG. 1. Pressure drop problem, p = 1.5.

(a) Velocity v;.

(c) Velocity v;. (d) Viscosity 1.

method did not converge any more. One may ask, whether the assumption (3.4) could be relaxed’";
in particular, whether the estimates (5.11) and (5.14) remain valid in the degenerate case € N\, 0. Here it
is worth noting that in case of Carreau-type models (i.e., Jp = 0), the error estimates similar to (5.11) and
(5.14) actually hold true and are numerically validated also for € = 0 (see (Belenki et al., 2010; Hirn,
2010)). For fluids whose viscosity highly depends on the pressure, though, the behaviour for € \, 0
remains an open question. In what follows, we set o := 1.

For the Q,/Qp elements, which are stable and of the first-order, the convergence rates for different
values of p € (1,2) are presented in Tables 1(a)-1(c). We realize that the numerical results agree with
the presented theory very well. In particular, the example reflects that the rate of convergence for the
pressure in L’ () depends on the choice of p as predicted by the estimate (5.11). Apart from that, we
observed that the experimental order of convergence declines as soon as a < 1 or b < —2. This indicates
that the derived a priori error estimates are optimal with respect to the regularity of the solution. We also
observe that the error E} behaves like &(h?). This raises hope that a duality argument (see (Brenner &
Scott, 1994)) may be applicable here. In Tables 1(d)-1(i), we present the observed convergence rates
for the element pairs Q;/Q1, Q2/Q1, and Q,/P_;. In this example, they basically coincide with those
obtained for Q/Qyp.

EXAMPLE 2: PRESSURE DROP PROBLEM. In order to confirm the results in a realistic flow configu-
ration, we consider a planar flow between two steady parallel plates, driven by the difference of pressure
between inlet and outlet. Here, 2 = (0,1.64) x (0,0.41) and the homogeneous Dirichlet boundary con-
dition is prescribed on the upper and lower edge, while we set b := 0.8 n on the inflow (left) boundary,

T However, this observation does not allow us to claim that (3.4) could be relaxed. The solution to Example 1 is given a priori
while f is defined accordingly. In particular, the solution always exists, whatever large & and 7 is. Moreover, the above estimate
for 7y takes into account all @ € R, |[Dv| > 0, and may be far from describing the behaviour of viscosity in a neighbourhood of
the given solution.
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Table 2. Pressure drop problem, p = 1.5.
(@) Q2/Qo (b Q2/Qi (©) Q/P, (d) Q1/Q; stabilized

#eels EN”  EP  EX EV E!  E2 EM E)  EX EM E} E2

44 099 195 1.00 229 344 219 216 3.19 192 - - -
4 099 198 1.01 251 378 224 219 315 196 1.00 197 194

46 1.02 196 1.03 246 3.69 208 214 3.04 199 1.00 2.00 2.04

47 1.08 202 1.16 225 326 206 * * *1.01 201 1.98

48 _ - - - - - - - - 102 206 1.89
expected 1 - 1

*) In this case we were not able to solve the algebraic problem to the accuracy sufficient to improve the discrete solution on finer
meshes. Note that £} /||v||,, ~ 1077 at this level of refinement.

and b := 0 on the outflow (right) boundary. Moreover, we additionally require** there that v = (v-n)n,
i.e., the stream lines are orthogonal to the inflow and outflow boundary (cf. (Heywood et al., 1996)).
Note that if the viscosity did not vary with the pressure, this setting would lead to a unidirectional flow
(Poiseuille flow) of the form v = (v1(x;),0) and 7 = 7(x; ). Since the viscosity depends on the pressure,
however, this needs not be the case; e.g., there is no such unidirectional solution for the Barus model
1N = Noexp(an), as was shown in (Hron et al., 2001). Here we consider the model (6.1), provided with
Mo :=0.005, p=1.5, q:= ﬁ, 8 :=5%10"°% 8 =8 :=1, 8 := 1077, and & := 10. The resulting
velocity, pressure and viscosity fields are shown in Figure 1. For moderate and low pressures (in the
middle-length and the right-hand part of the domain) this model approximates the Barus model, while
for higher pressures (in the domain left-hand part) the behaviour is that of Carreau model. In Table 2,
we present the observed convergence rates for the different finite element pairs. Since the exact solution
is unknown, we have used the finite element approximation computed on a grid of 4!° cells as the ref-
erence solution. In view of Table 2, we observe good agreement with the derived estimates. While E,%
behaves as ¢'(h) in the case of Q,/Qy discretization, the higher order element pairs, including @ /Q;
discretization, leads to better convergence rates.

Conclusion

We have shown the convergence of the finite element method in the context of fluids with shear rate
and pressure dependent viscosity. The convergence of the method has been quantified by the a priori
error estimates of Corollary 5.1. These error estimates have been demonstrated practically by numerical
experiments. All results of the present paper also cover the case of Carreau-type models. In this case,
the error estimates of Corollary 5.1 coincide with the optimal error estimates for Carreau-type models
which have been established in (Hirn, 2010) and (Belenki et al., 2010).
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