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A TREE AS A FINITE NONEMPTY SET
WITH A BINARY OPERATION

LADISLAV NEBESKY, Praha
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Abstract. A (finite) acyclic connected graph is called a tree. Let W be a finite nonempty
set, and let H(WW) be the set of all trees T' with the property that W is the vertex set
of T. We will find a one-to-one correspondence between H(W) and the set of all binary
operations on W which satisfy a certain set of three axioms (stated in this note).
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By a graph we mean a finite undirected graph with no loops or multiple edges
(i.e. a graph in the sense of [1], for example). If G is a graph, then V(G) and E(Q)
denote its vertex set and its edge set, respectively.

Let G be a connected graph. We denote by dg the distance function of G. For
every ordered pair of distinct u,v € V(G) we denote

Ac(u,v) ={w € V(G); dg(u,w) =1 and dg(w,v) =dg(u,v) —1}.

A graph G is said to be geodetic if it is connected and there exists exactly one
shortest « — v path in G for every ordered pair of u,v € V(G). It is not difficult to
show that

a connected graph H is geodetic if and only if

1
M) |Ag(xz,y)] =1 for all distinct z,y € V(H).

A graph is called a tree if it is connected and acyclic. It is well-known that a graph
G is a tree if and only if there exists exactly one = — y path in G for every ordered
pair of x,y € V(G). Thus, every tree is a geodetic graph.
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In [2], the present author proved that a connected graph G is geodetic if and only
if there exists a binary operation which “defines” G (in a certain sense) and satisfies a
certain set of (four) axioms; the assumption that G is connected cannot be omitted.
In the present note we will prove that a graph G is a tree if and only if there exists a
binary operation which “defines” G (in the same sense) and satisfies a certain set of
(three) axioms. The assumption that G is connected is not needed. Thus our result
obtained for trees is stronger than that obtained for geodetic graphs in [2].

Let G be a geodetic graph, and let + be a binary operation on V(G). Following
[2] we say that + is the proper operation of G if for every ordered pair of u,v € V(G)
we have

ut+v=u, if u=wv,

u + v is the second vertex of the shortest u — v path provided u # v.

This means that if x and y are distinct vertices of G, then x + y is the only element
of Ag(z,y).

Lemma 1. Let T be a tree, and let + be the proper operation of T. Put W =
V(G). Then + satisfies the following three Axioms (A), (B), and (C):
(A) (w+v)+u=u (forallu,veW);
(B) if(u+v)+v=u, thenu=v (forallu,veW);
(C) fuzu+v=v#u+w, thenv+w=u (forallu,v,weW).
Proof. That is very easy. O

Note that the proper operation of any geodetic graph satisfies Axioms (A) and
(B).

Let + be a binary operation on a finite nonempty set W, and let 4 satisfy Axioms
(A), (B) and (C). Then we will say that an ordered pair (W, +) is a tree groupoid.
IfT' = (W, +) is a tree groupoid, then we write V(I') = W.

In this note we will show that—roughly speaking—every tree can be considered a
tree groupoid, and every tree grupoid can be considered a tree.

Lemma 2. Let (W, +) be a tree groupoid. Then

(2) u+v=v ifandonly if v+u=u forall u,ve W,

(3) u+v=uwu ifand only if w=wv forall u,v € W.

Proof. (2) follows from Axiom (A).

Let u,v € W. By Axiom (A), ((u 4+ u) + u) + u = u + u; and, by Axiom (B),
u+u = u. Thus, if v = v, then u + v = u. Conversely, if ©u + v = u, then
(u+v)+v=u+v=u; and, by Axiom (B), u = v. Hence (3) holds. O
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Let I' = (W, +) be a tree groupoid, and let G be a graph. We will say that G is
associated with ' if V(G) = W and

E(GQ) = {{u,v}; u,v € V(G) such that u+v=wv # u}.

As follows from (2), for every tree groupoid I' there exists exactly one graph
associated with I

Lemma 3. Let I' = (W,+) be a tree groupoid, let G be the graph associated
with T, and let H be a component of G. Then

(4) Ap(z,y) = {z +y} for all distinct z,y € V(H).

Proof. If H is trivial, then (4) holds. Let H be nontrivial. Consider arbitrary
distinct z,y € V(H). We will prove that Ay (z,y) = {z + y}. Put n = dy(z,y).
Then n > 1. We proceed by induction on n. The case when n = 1 is obvious. Let
n > 2. Assume that

(5) Apg(u,v) ={u+wv} forall u,v € V(H) such that d(u,v) =n—1.

Obviously, Ay (x,y) # 0. Consider an arbitrary z € Ay (z,y). Then {z, 2z} € E(H).
Since dy(z,y) = n—1, (5) implies that  # z+y. By virtue of Axiom (C), z = x+y.
Hence Ay (z,y) = {z + y}. O

Lemma 4. Let I' = (W, +) be a tree groupoid, and let G be the graph associated
with T'. Then G is a tree and + is the proper operation of G.

Proof. Consider an arbitrary component H of G. Combining (1) with
Lemma 3, we get that H is a geodetic graph. Assume that H contains a cycle
of odd length. It is routine to prove that there exist w,v,w € V(H) such that
dg(u,v) = dg(u,w) > 1 and dg(v,w) = 1. By Axiom (C), either v + u = w or
w + u = v, which contradicts (4). Thus H contains no cycle of odd length. Since H
is a geodetic graph, we get that H is a tree.

Assume that G has at least two components. Then there exists y € W — V(H).
Consider an arbitrary « € V(H). We construct an infinite sequence (21, z2, zs3,...)
of vertices in G as follows: x1 = z and

Tpy1 =xn+y forall n=1,2,3...
Since G is associated with I', we get
{w1, 22}, {w2, 23}, {23, 24}, ... € E(G).
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Hence x1, 22, x3,... € V(H). Note that y € V(H). Axiom (B) implies that

I #{E;),,LEQ 75554,%3 75%5,...

Since V(H) is finite, we conclude that H contains a cycle, which is a contradiction.
Thus H is the only component of G. We get that G is a tree.
By virtue of (3) and Lemma 3, + is the proper operation of G. O

Let W be a finite nonempty set. We denote by H(W) the set of all trees T such
that V(T') = W. Moreover, we denote by D(WW) the set of all tree groupoids I" such
that V(I') = W.

We will now present the main result of this note.

Theorem. Let W be a finite nonempty set. Then there exists a one-to-one
mapping ¢ of H(W') onto D(W) such that

o(T) = (W,+), where + is the proper operation of T,

for each T € H(W).

Proof. Combining Lemmas 1 and 4, we get the theorem. O
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