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A simplez S in RY,d € {1,2,3,...}, is the convex hull of d+1 vertices Ay, Ay, ..., Agi1
that do not belong to the same (d — 1)-dimensional hyperplane. We denote by hg the
length of the longest edge of S. Let F; be the facet of S opposite to A; fori € {1,...,d+1}.
Assume that Q C R? is a closed domain (i.e. the closure of a domain). If its boundary
09 is contained in a finite number of (d — 1)-dimensional hyperplanes, we say that € is
polytopic.

Next we define a simplicial partition T;, over a bounded closed domain Q@ C R? as
follows. We subdivide Q into a finite number of simplices (called elements), so that their
union is €, any two simplices have disjoint interiors and any facet of any simplex is a
facet of another simplex from the partition or belongs to the boundary 9. The maximal
diameter of all elements S € 7}, is the so-called discretization parameter h.

* The second author was supported by the Academy Research Fellowship no. 208628 and project no.
124619 from the Academy of Finland.

T The third author was supported by the Grant IAA 100190803 of the Grant Agency of the Academy
of Sciences of the Czech Republic and the Institutional Research Plan AV0Z 10190503.



The set F = {7}n_o is called a family of partitions if for any ¢ > 0 there exists
T, € F with h < ¢.

In this paper we generalize recent results for triangular and tetrahedral elements (see
[4]) to simplicial elements of arbitrary dimension. We were inspired by the paper [7],
where the ball conditions were actually replaced by a simpler condition on the measure
of every element to guarantee convergence of the finite element method. By meas,; we
denote the d-dimensional measure. In what follows, all constants C; are independent of
S and h, but can depend on the dimension d.

Condition 1: There exists C; > 0 such that for any 7, € F and any S € 7, we have

meas 4 S > C1hs . (1)
Condition 2: There exists Cy > 0 such that for any 7, € F and any S € 7, we have

meas 4 b > Coh% (2)

where b C S is the inscribed ball of S.
Condition 3: There exists C's > 0 such that for any 7, € F and any S € 7, we have

meas 4.5 > Cymeas g B, (3)

where B D S is the circumscribed ball about S.
Throughout the paper, we denote by r and R the radii of the inscribed and circum-
scribed ball of S, respectively.

Lemma: For any simplex S and any i € {1,...,d + 1} we have
meas 4 S < hé, meas 41 F; < h& L. (4)

P r o o f: Relations (4) follow from the fact that the distance between any two points of
S is not larger than hg. Thus, S and any of its facets F; are contained in a hypercube of
the corresponding dimension d or d — 1 with edges of length hg. O

Theorem: Conditions 1, 2, and 3 are equivalent.

Proof: (1) = (2): Let o be the center of the inscribed ball b of S. We decompose
into d + 1 subsimplices S; = conv {o, F;}, i € {1,...,d+ 1}. All of them have the same
altitude r with respect to the facet F;. Using the formula

1
meas 4 S; = 7 rmeas 4_1 F;

for the volume of each subsimplex S;, we find that

d+1
r Z meas 41 F; = dmeasy S.

i=1
Hence, by (4) and (1) we obtain
r(d+ l)hg{_l > dmeasy S > Cid hé,

which implies that
Chd

>
RN

hs.
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From this and the formula for the volume of a d-dimensional ball, we finally get
meas ;b = Cyr?d > Cghds,

where

/2

_. )
r'¢+1) )
(2) = (3): By [2], [6], or [8, p. 125], the volume of S can be computed in terms of
lengths of its edges using the so-called Cayley-Menger determinant of size (d+2) x (d+2)

Cy =

0 1 1 e 1 1
1 (; ar, - aid aidﬂ

Dy = (=124 (d)?(meas 4 S)? = det | 1 ax 0 Tt Gy Gy | (6)
1 a§+1,1 a§+1,2 e @?z+1,d 0

where a;; is the length of the edge A;A; for i # j.
The radius of the circumscribed ball satisfies (see [1])

1A
R =50 (7)
where
(2) a%z T aid a;,d-i-l
A, = det as 0 T Gy Q94
a?l—i—l,l a?l+1,2 a?l-i—l,d 0
From this, (7), (6), and (2) we find that
I e |Adl - | Ad] __ Cshgt?
2|Dg| 24t1(d))2(measyS)?  24+1(d!)2(meas 4 b)2 — 2¢+1(d!)2C3hE
Thus, there exists Cg > 0 such that for any S from any 7;, € F we have
R < Cshs . (8)
Using (2) once again, (8), and (5), we immediately see that
meas 4 S > meas b > Cghflq > C’2R—d = imeasdB. 9)
c¢  cécy
(3) = (1): Since B D S, we obtain 2R > hg. Hence, in view of (3) and (5) we observe
that
meas ;S > Cymeas s B = C3C,R* > C;dal hflg, (10)
which implies Condition 1. O

Definition: A family of simplicial partitions is called regular if Condition 1 or 2 or 3
holds.

Remark 1: From (4) and (3) it follows that
meas g B < 03‘1h§.
This condition is equivalent to (3) if (1) holds.

Remark 2: Formula (1) seems to be simpler than the ball conditions (2) and (3) from
[5, 3] and therefore, it may be preferred in theoretical finite element analysis and also in
computer implementations.
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