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DUAL SPACES OF LOCAL MORREY-TYPE SPACES
A. GOGATISHVILI, R. MUSTAFAYEV

ABSTRACT. In this paper we have shown that associated and dual spaces of
local Morrey-type spaces are ”so called” complementary local Morrey-type
spaces. Our method is based on characterization of multidimensional reverse
Hardy inequalities.

1. INTRODUCTION

If F is a nonempty measurable subset on R™ and f is a measurable function
on F, then we put

9l = ( / |f(y)|”dy) 0<p<oo,
FE

[l () := supfa: {y € E - |f(y)| = a}| > 0}.

If I a nonempty measurable subset on (0, +00) and ¢ is a measurable function
on I, then we define ||g||z, ) and ||g||z. (1) correspondingly.

By A < B we mean that A < ¢B with some positive constant ¢ independent
of appropriate quantities. If A < B and B < A, we write A &~ B and say that A
and B are equivalent.

We put
1%) if 0<p<l,
;) too it p=1,
b= B if 1< p < +oo,
1 it p=+o0,

and 1/(4+00) =0, 0/0 =0, 0 (£oo) = 0.

For x € R™ and r > 0, let B(x,r) be the open ball centered at x of radius r
and EB(:ic,r) = R"\B(z,r).

We recall definitions of local Morrey-type space and complementary local Morrey-
type space.
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Definition 1.1. ([1]) Let 0 < p,0 < oo and let w be a non-negative measurable
function on (0, 00). We denote by LM, the local Morrey-type spaces, the spaces
of all functions f € L}DOC(R”) with finite quasinorm

HfHLMng = Hf”LMpgyw(R") = Hw<7")”fHLp(B(0,r))HLQ(Om) .

Definition 1.2. ([2]) Let 0 < p,0 < oo and let w be a non-negative measurable
function on (0,00). We denote by lELZ\/IP(;,W the complementary local Morrey-

type spaces, the spaces of all functions [ € Lp(EB(O, t)) for all ¢ > 0 with finite
quasinorm

170, = 17001 iy = [N 0,

Definition 1.3. Let 0 < p,0 < co. We denote by €2y the set all non-negative
measurable functions w on (0, c0) such that

W]l g (t00) < 00, >0,
and by BQQ the set all non-negative measurable functions w on (0, 00) such that
||w||L9(o,t) < oo, t>0.

We calculated the associated spaces of local Morrey-type spaces. More pre-
cisely, we show that associated spaces of local Morrey-type spaces are comple-
mentary local Morrey-type spaces. Moreover, for some values of parameters these
associated spaces are dual of local Morrey-type spaces.

2. COMPLETENESS OF LOCAL MORREY-TYPE SPACES
The following Theorem is true.

Theorem 2.1. Let 1 <p, § < 0o, w € Q. Suppose f, € LMyp,,, (n=1,2,...)
and

D Ml < oo (2.1)
n=1

Then Y " | fn converges in LMy, to a function f in LMy, and

”fHLMpG,w S Z ||fn||LMp9,u' (22)
n=1

In particular, LM, is complete.
Proof. 1t is easy to see that for any R > 0

wllzoroo) | fll Ly BO.RY) < 1 fllLrye., -
Thus

S fallnosomy <>l
n=1 n=1
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Since L,(B(0, R)) is complete, then >~ | f, converges a.e. to some f € L°(R")

n=1
and
£l Lpsomr) < D 1 fallLys0.0)- (2.3)
n=1

But then

1Al 2atye = I o080 | Lo0.00) < N0(r) D I fall LpB0.m) Lo (0.00)
n=1

<Y N fall oy loos) = D Il
n=1 n=1

The following Theorem can be proved in analogous way.

Theorem 2.2. Let1 < p, 0 <oo,w € CQ@. Suppose f, € ULMp97w, n=1,2,...)

and
D Mallegy,, < oo (2.4)
n=1
Then > 7 | fn converges in ULMpg#, to a function f in lzl'/Z\/l'pg,w and
oy, <D allegyy, (2.5)
n=1

In particular, BLMPQM 1s complete.

3. THE MULTIDIMENSIONAL REVERSE HARDY INEQUALITY
Let us recall some results from [5].

Theorem 3.1. Assume that 0 < ¢ < p < 1. Let w and u be a weight functions
on R™ and (0, 00) respectively. Let |lu||r, . < +oo for allt € (0,00). Then the

inequality
Jgwl e < clfut®) [, gtu)dy 3.)
B(0,t) Lq(0,00)
holds for all non-negative measurable g if and only if
Ay = sup Hw’|Lp/(B(07t))Hu”qu(o,t) < +00.

te(0,00)

The best possible constant c in (3.1) satisfies ¢ = A;.
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Consider now the inequality (3.1) in the case when 0 < p <1, p < ¢ < +o0
and define r by
1 1 1
—=—-— - (3.2)
r p g
In such a case we shall write a condition characterizing the validity of inequality
(3.1) in a compact form involving f(o sy f dh, where f(t) = [lwl[}, (e, and
b P b
h(t) = —HuHZZ(&H), t € (0,00). (|lullp,04+) = lims_q |||z 05)) (Hence, the
Lebesgue-Stieltjes integral f(o 00) f dh is defined by the non-decreasing and right-

continuous function h on (0,00)). However, it can happen that ||u||z, o) = 0
for all t € (0,¢) with a convenient ¢ € (0, 00) (provided that we omit the trivial
case when v = 0 a.e. on (0,00)). Then we have to explain what is the meaning
of the Lebesgue-Stieltjes integral since in such a case the function h = —oo on
(0,¢). To this end, we adopt the following convention.

Convention 3.2. Let [ = (a,b) C R, f: I — [0,+0c0] and h : [ — [—00,0].
Assume that A is non-decreasing and right-continuous on I. If h: [ — (—o0, 0],
then the symbol f ; [ dh means the usual Lebesgue-Stieltjes integral. However,
if h = —oo on some subinterval (a,c) with ¢ € I, then we define [, f dh only if
f=0on (a,c] and we put

/ fdh= [ fdn
I (e,b)

Theorem 3.3. Assume that 0 < p < 1, p < q¢ < +oo and r is given by (3.2).
Let w and u be a weight functions on R™ and (0,00) respectively. Let u satisfy
||| 2,0,y < 00 for allt € (0,00) and u # 0 a.e. on (0,00). Then the inequality
(3.1) holds for all non-negative measurable g on R™ if and only if

1
w lwllz, e
Ay = (/ [ d <—||u||—7" )) + ) 0
om0 L, (B(0,t)) Lq(0,t+) HuHLq(O,OO)

The best possible constant ¢ in (3.1) satisfies ¢ = A,.
Remark 3.4. Let ¢ < +00 in Theorem 3.3. Then
ullL,0,4) = l|ull, 04 forall e (0,00),

which implies that

1
- |wllz, @
to= ([ Mol o d (<10l00) )+ o
) | NE (BOD) Lq(0.) [l 2g(0,00)

Our next assertion is a counterpart of Theorem 3.1.

Theorem 3.5. Assume that 0 < ¢ < p < 1. Let w and u be a weight functions
on R™ and (0, 00) respectively. Let |ul|r,¢00) < +00 for allt € (0,00). Then the



imequality
Jowl e < fu) [ glwdy (33
B(0,t) Lg(0,00)
holds for all non-negative measurable g on R™ if and only if
By:= sup [jw], /(EB(O,t))”u”qu(t,OO) < 400. (3.4)

te(0,00) P
The best possible constant c in (3.3) satisfies ¢ = By.

Let us denote by |lull 7, ), = lim,; ||u||z:[s,oo)’ t € (0,00). The following
Theorem is true.

Theorem 3.6. Assume that 0 < p < 1, p < ¢ < +oo and r is given by (3.2).
Let w and u be a weight functions on R™ and (0,00) respectively. Let u satisfy
]| 2y (t,00) < 400 for allt € (0,00) andu # 0 a.e. on (0,00). Then the inequality
(3.3) holds for all non-negative measurable if and only if

1
r |l e
By = / w||” d(u*r >> +—F——= < 40
2 ( (0,00) H HLp/(CB(O,t)) ” HLq(t—,oo) HUHLq(O,oo)

The best possible constant c in (3.3) satisfies ¢ = Bs.
Remark 3.7. Let ¢ < +o0 in Theorem 3.6. Then
||u||Lq(t_7oo) = ||U||Lq(t,oo) for all t € (0, OO),

which implies that

1
mJwllz, @y
By = w||” d( ul|;" ) +
2 (/(;hb) || ||Lp/(CB(O,t)) || ||Lq(t,oo) ) ||U||Lq(07oo)

4. ASSOCIATED SPACES OF LOCAL MORREY-TYPE AND COMPLEMENTARY
LOCAL MORREY-TYPE SPACES

In this section by using results of previous section we calculate the associated
spaces of local Morrey-type and complementary local Morrey-type spaces.

Corollary 4.1. Assume 1 <p < oo, 8 <1. Letw € cQg. Then
fRn f(x)g(x)dx ||f||Lp/(B(0,t))
A~ sup ———

sup
i Nallogy,  rctom Tollzoon
Proof. Since g < % < 1, then by Theorem 3.1 the inequality

(4.1)

||9pfp||L%(Rn) <c

w?(t) ﬁ 9"(y) dy
B(Ovt) LQ (0,00)
p
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holds for all non-negative measurable g on R" if and only if

Cy:= sup | f*[lL
t€(0,00) (%)

The best possible constant ¢ in (4.1) satisfies ¢ ~ Cf. O

B(0.1) Ipr||L9 (04 < +00

Corollary 4.2. Assume 1 <p < oo, 1 <0 <oo. Letw € BQQ. Then
L flx)g(x)dx
e F@)0()

g€ LM, gl CLMyp..,

1
g

, 112, e
([ U1 ot (el )+ o
(o 11 00t (et} )+ e

From Theorem 3.5 and Theorem 3.6 we conclude next statements

Corollary 4.3. Assume 1 <p < oo, 0 <1. Let w € Qy. Then

sup fRn f(ﬂﬁ)g(fc)dfcz HfHLP/(CB(O,t)).
gelMyoe  9llLat, te(0.00) Wl Lo(t,00)

Corollary 4.4. Assume 1 <p < oo, 1 <0 < oo. Letw € Q. Then
Jgn f(@)g(z)dx

gELMpg ., ||g||LMp€,w

1
| N Il
~ fll° d||lwl|7 _OO) + —F— < 400
( /(0700) A1, eyl ) o

Let X be Banach space. Denote by X' its associated space, that is,

HfHXf—sup{ / F(t)g(t)dt ugux<1}

Now we can characterize the associated spaces of local Morrey-type and com-
plementary local Morrey-type spaces.

Theorem 4.5. Assume 1 <p <o0,0< 0 <oo. Letw € CQ@. Set X = ULMPQM
(i) Let 0 < 6 < 1. Then

Ifllx = sup [[fllr, @onlwlz,on-
te(0,00)

(ii) Let 1 < @ < oco. Then

1
N
e~ (1% o (Welionn))” + o
(0.00) B(0,t)) Lg(0,t+) ||w || Lo(0.00)

Proof. This is just a simple application of Corollary 4.1 and 4.2. 0J



Theorem 4.6. Assume 1 <p < oo, 0 <0 <oo. Letw € Qy. Set X = LM,p,,.
(i) Let 0 < @ < 1. Then

fllx: =~ sup ||f c Wil -
H ” te(om)” HLP/( B(o,t))” ”Le(t, )

(ii) Let 1 < @ < oco. Then

1
N
||f||m(/ I o dlell; oo) RLELLCON
(0,00) Ly (°B(0t) Lg(t—,00) | Ly (0,00)

Proof. This is just a simple application of Corollary 4.3 and 4.4. 0]

5. DUAL SPACES OF LOCAL MORREY-TYPE AND COMPLEMENTARY LOCAL
MORREY-TYPE SPACES

In this section we calculate dual spaces of local Morrey-type and complemen-
tary local Morrey-type spaces. More precisely, we show that for some values of
parameters the dual spaces coincide with the asssociated spaces.

The following theorem is true.

Theorem 5.1. Assume 1 < p < o0, 1 <0 <oo. Let w € Qy and ||w||r,0,00) =
0o. Then .
(LMp97w)* - LMp/6/75’ (5.1)

where &(t) = w7 (t) ([, wa(s)ds)_l , under the following pairing:

< f,g>= fg.
Rn

Moreover ||f|lc,,, s = SUP | [en f| . where the supremum is taken over all

functions g € LMpew with |9l Laz,,., < 1.

Proof. If f € LMp/g/@ and g € LM, ,, then by Corollary 4.4 we have
< L= 1< [ 1< Wy, ol

In particular, every function f € ‘LM o' induces a bounded linear functional
on LMy .

Conversely, suppose L is a bounded linear functional on LM,y with the norm
|L|| < oo. If g is supported in Dy = EB(O o) for some 19 > 0, then

||g||LMp9uJ = ||w||Le(7”000 ||gH 5(0,r0))’
and
L] < M@l zotro.c0) 191l e50.40))-

Hence L induces a bounded linear functional on L ( ‘B (0, ro)) and acts with some
function f° € Lp/(BB(O,TO)) By taking D; = B(O ro/j), j =1,2,3,..., we have
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f7 = fi*1 on Dj, so we get a single function f on R" that f € Lp/(CB(O,r)) for
any r > 0, and such that L(g) = [g. fg when g € Lp(DB(O,t)) with support in
GB(O, t) for any t > 0.

For arbitrary r > 0, take g = )|f|p'f_1, then

XCp(0,r

1

/ / p

Lo AP = 1 < Il ( / |f|”) ,
B(0,r) B(O,r)

( / \fv“) < @] 2t
B(0,r)

1
4 o 1
o _ o' , Iy [e.o] _ , o7
w(t) fIP) dt | < o) dt ) NNl zoroe) < NLII-
r BB(O,t) r

Therefore, f € ‘LM por with
Fllepns,, < 1211

For g € LMy, and any n € N, denote by g,(x) = g(2)X 50,0\ p(0,1)- It is evident
that g, — g, n — oo a.e in R™. By Lebesgue’s Dominated Convergence Theorem,
we get that ||g — gnllzar,,. — 0, n — oo. Therefore

L(g,) — L(g), n — oo. (5.2)
On the other hand, by Corollary 4.4

' [ 1= [ 10 < [ 10 =0l <Wlepyy, Mo = gulliass. =0 (53)

Since g, € L,( “B(0, 1)), then

thus

e

hence

L) = | fon

Consequently, from (5.2) and (5.3) we obtain
L(g) = / fg.

In a similar manner the following theorem is proved.

Theorem 5.2. Assume 1 < p < 00, 1 < 0 < 0. Let w € Qp and Wl Ly(0,00) =
0o. Then

("LMpg,w) — LM s, (5.4)



-1
where W(t) = w71(¢) (fot we(s)ds> , under the following pairing:

< f,g>= fg.
Rn

Moreover | f||rar,,, _ = sup, | [an fg| . where the supremum is taken over all func-

tions g € CLMpg,w <1

Nolloyyy,
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