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Abstract. In this paper we have shown that associated and dual spaces of
local Morrey-type spaces are ”so called” complementary local Morrey-type
spaces. Our method is based on characterization of multidimensional reverse
Hardy inequalities.

1. Introduction

If E is a nonempty measurable subset on Rn and f is a measurable function
on E, then we put

‖g‖Lp(E) :=

(∫
E

|f(y)|pdy

) 1
p

, 0 < p < +∞,

‖f‖L∞(E) := sup{α : |{y ∈ E : |f(y)| ≥ α}| > 0}.
If I a nonempty measurable subset on (0, +∞) and g is a measurable function
on I, then we define ‖g‖Lp(I) and ‖g‖L∞(I) correspondingly.

By A . B we mean that A ≤ cB with some positive constant c independent
of appropriate quantities. If A . B and B . A, we write A ≈ B and say that A
and B are equivalent.

We put

p′ :=


p

1−p
if 0 < p < 1,

+∞ if p = 1,
p

p−1
if 1 < p < +∞,

1 if p = +∞,

and 1/(+∞) = 0, 0/0 = 0, 0 · (±∞) = 0.
For x ∈ Rn and r > 0, let B(x, r) be the open ball centered at x of radius r

and
{
B(x, r) := Rn\B(x, r).

We recall definitions of local Morrey-type space and complementary local Morrey-
type space.
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Definition 1.1. ([1]) Let 0 < p, θ ≤ ∞ and let w be a non-negative measurable
function on (0,∞). We denote by LMpθ,ω the local Morrey-type spaces, the spaces
of all functions f ∈ Lloc

p (Rn) with finite quasinorm

‖f‖LMpθ,ω
≡ ‖f‖LMpθ,ω(Rn) =

∥∥w(r)‖f‖Lp(B(0,r))

∥∥
Lθ(0,∞)

.

Definition 1.2. ([2]) Let 0 < p, θ ≤ ∞ and let w be a non-negative measurable

function on (0,∞). We denote by
{
LMpθ,ω the complementary local Morrey-

type spaces, the spaces of all functions f ∈ Lp(
{
B(0, t)) for all t > 0 with finite

quasinorm

‖f‖ {LMpθ,ω
≡ ‖f‖ {LMpθ,ω(Rn)

=
∥∥∥w(r)‖f‖

Lp( {B(0,r))

∥∥∥
Lθ(0,∞)

.

Definition 1.3. Let 0 < p, θ ≤ ∞. We denote by Ωθ the set all non-negative
measurable functions ω on (0,∞) such that

‖ω‖Lθ(t,∞) < ∞, t > 0,

and by
{
Ωθ the set all non-negative measurable functions ω on (0,∞) such that

‖ω‖Lθ(0,t) < ∞, t > 0.

We calculated the associated spaces of local Morrey-type spaces. More pre-
cisely, we show that associated spaces of local Morrey-type spaces are comple-
mentary local Morrey-type spaces. Moreover, for some values of parameters these
associated spaces are dual of local Morrey-type spaces.

2. Completeness of local Morrey-type spaces

The following Theorem is true.

Theorem 2.1. Let 1 ≤ p, θ < ∞, ω ∈ Ωθ. Suppose fn ∈ LMpθ,ω, (n = 1, 2, . . .)
and

∞∑
n=1

‖fn‖LMpθ,ω
< ∞. (2.1)

Then
∑∞

n=1 fn converges in LMpθ,ω to a function f in LMpθ,ω and

‖f‖LMpθ,ω
≤

∞∑
n=1

‖fn‖LMpθ,ω
. (2.2)

In particular, LMpθ,ω is complete.

Proof. It is easy to see that for any R > 0

‖ω‖Lθ(R,∞)‖f‖Lp(B(0,R)) ≤ ‖f‖LMpθ,ω
.

Thus
∞∑

n=1

‖fn‖Lp(B(0,R)) ≤ c
∞∑

n=1

‖fn‖LMpθ,ω
.
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Since Lp(B(0, R)) is complete, then
∑∞

n=1 fn converges a.e. to some f ∈ Lloc
p (Rn)

∞∑
n=1

fn = f

and

‖f‖Lp(B(0,R)) ≤
∞∑

n=1

‖fn‖Lp(B(0,R)). (2.3)

But then

‖f‖LMpθ,ω
= ‖ω(r)‖f‖Lp(B(0,R))‖Lθ(0,∞) ≤ ‖ω(r)

∞∑
n=1

‖fn‖Lp(B(0,R))‖Lθ(0,∞)

≤
∞∑

n=1

‖ω(r)‖fn‖Lp(B(0,R))‖Lθ(0,∞) =
∞∑

n=1

‖fn‖LMpθ,ω
.

�

The following Theorem can be proved in analogous way.

Theorem 2.2. Let 1 ≤ p, θ < ∞, ω ∈ {
Ωθ. Suppose fn ∈

{
LMpθ,ω, (n = 1, 2, . . .)

and
∞∑

n=1

‖fn‖ {LMpθ,ω
< ∞. (2.4)

Then
∑∞

n=1 fn converges in
{
LMpθ,ω to a function f in

{
LMpθ,ω and

‖f‖ {LMpθ,ω
≤

∞∑
n=1

‖fn‖ {LMpθ,ω
. (2.5)

In particular,
{
LMpθ,ω is complete.

3. The multidimensional reverse Hardy inequality

Let us recall some results from [5].

Theorem 3.1. Assume that 0 < q ≤ p ≤ 1. Let ω and u be a weight functions
on Rn and (0,∞) respectively. Let ‖u‖Lq(0,t) < +∞ for all t ∈ (0,∞). Then the
inequality

‖gw‖Lp(Rn) ≤ c

∥∥∥∥u(t)

∫
{B(0,t)

g(y) dy

∥∥∥∥
Lq(0,∞)

. (3.1)

holds for all non-negative measurable g if and only if

A1 := sup
t∈(0,∞)

‖w‖Lp′ (B(0,t))‖u‖−1
Lq(0,t) < +∞.

The best possible constant c in (3.1) satisfies c ≈ A1.
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Consider now the inequality (3.1) in the case when 0 < p ≤ 1, p < q ≤ +∞
and define r by

1

r
=

1

p
− 1

q
. (3.2)

In such a case we shall write a condition characterizing the validity of inequality
(3.1) in a compact form involving

∫
(0,∞)

f dh, where f(t) = ‖w‖r
Lp′ (B(0,t)) and

h(t) = −‖u‖−r
Lq(0,t+), t ∈ (0,∞). (‖u‖Lq(0,t+) := lims→t+ ‖u‖Lq(0,s)) (Hence, the

Lebesgue-Stieltjes integral
∫

(0,∞)
f dh is defined by the non-decreasing and right-

continuous function h on (0,∞)). However, it can happen that ‖u‖Lq(0,t+) = 0
for all t ∈ (0, c) with a convenient c ∈ (0,∞) (provided that we omit the trivial
case when u = 0 a.e. on (0,∞)). Then we have to explain what is the meaning
of the Lebesgue-Stieltjes integral since in such a case the function h = −∞ on
(0, c). To this end, we adopt the following convention.

Convention 3.2. Let I = (a, b) ⊆ R, f : I → [0, +∞] and h : I → [−∞, 0].
Assume that h is non-decreasing and right-continuous on I. If h : I → (−∞, 0],
then the symbol

∫
I
f dh means the usual Lebesgue-Stieltjes integral. However,

if h = −∞ on some subinterval (a, c) with c ∈ I, then we define
∫

I
f dh only if

f = 0 on (a, c] and we put ∫
I

f dh =

∫
(c,b)

f dh.

Theorem 3.3. Assume that 0 < p ≤ 1, p < q ≤ +∞ and r is given by (3.2).
Let ω and u be a weight functions on Rn and (0,∞) respectively. Let u satisfy
‖u‖Lq(0,t) < +∞ for all t ∈ (0,∞) and u 6= 0 a.e. on (0,∞). Then the inequality
(3.1) holds for all non-negative measurable g on Rn if and only if

A2 :=

(∫
(0,∞)

‖w‖r
Lp′ (B(0,t)) d

(
−‖u‖−r

Lq(0,t+)

)) 1
r

+
‖w‖Lp′ (Rn)

‖u‖Lq(0,∞)

< +∞.

The best possible constant c in (3.1) satisfies c ≈ A2.

Remark 3.4. Let q < +∞ in Theorem 3.3. Then

‖u‖Lq(0,t+) = ‖u‖Lq(0,t) for all t ∈ (0,∞),

which implies that

A2 =

(∫
(0,∞)

‖w‖r
Lp′ (B(0,t)) d

(
−‖u‖−r

Lq(0,t)

)) 1
r

+
‖w‖Lp′ (Rn)

‖u‖Lq(0,∞)

.

Our next assertion is a counterpart of Theorem 3.1.

Theorem 3.5. Assume that 0 < q ≤ p ≤ 1. Let ω and u be a weight functions
on Rn and (0,∞) respectively. Let ‖u‖Lq(t,∞) < +∞ for all t ∈ (0,∞). Then the
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inequality

‖gw‖Lp(Rn) ≤ c

∥∥∥∥u(t)

∫
B(0,t)

g(y) dy

∥∥∥∥
Lq(0,∞)

(3.3)

holds for all non-negative measurable g on Rn if and only if

B1 := sup
t∈(0,∞)

‖w‖
Lp′ (

{B(0,t))
‖u‖−1

Lq(t,∞) < +∞. (3.4)

The best possible constant c in (3.3) satisfies c ≈ B1.

Let us denote by ‖u‖−r
q,(t−,b),ν := lims→t− ‖u‖−r

Lq [s,∞), t ∈ (0,∞). The following

Theorem is true.

Theorem 3.6. Assume that 0 < p ≤ 1, p < q ≤ +∞ and r is given by (3.2).
Let ω and u be a weight functions on Rn and (0,∞) respectively. Let u satisfy
‖u‖Lq(t,∞) < +∞ for all t ∈ (0,∞) and u 6= 0 a.e. on (0,∞). Then the inequality
(3.3) holds for all non-negative measurable if and only if

B2 :=

(∫
(0,∞)

‖w‖r

Lp′ (
{B(0,t))

d
(
‖u‖−r

Lq(t−,∞)

)) 1
r

+
‖w‖Lp′ (Rn)

‖u‖Lq(0,∞)

< +∞.

The best possible constant c in (3.3) satisfies c ≈ B2.

Remark 3.7. Let q < +∞ in Theorem 3.6. Then

‖u‖Lq(t−,∞) = ‖u‖Lq(t,∞) for all t ∈ (0,∞),

which implies that

B2 =

(∫
(a,b)

‖w‖r

Lp′ (
{B(0,t))

d
(
‖u‖−r

Lq(t,∞)

)) 1
r

+
‖w‖Lp′ (Rn)

‖u‖Lq(0,∞)

.

4. Associated spaces of local Morrey-type and complementary
local Morrey-type spaces

In this section by using results of previous section we calculate the associated
spaces of local Morrey-type and complementary local Morrey-type spaces.

Corollary 4.1. Assume 1 ≤ p < ∞, θ ≤ 1. Let ω ∈ {
Ωθ. Then

sup
g∈ {LMpθ,ω

∫
Rn f(x)g(x)dx

‖g‖ {LMpθ,ω

≈ sup
t∈(0,∞)

‖f‖Lp′ (B(0,t))

‖ω‖Lθ(0,t)

Proof. Since θ
p
≤ 1

p
≤ 1, then by Theorem 3.1 the inequality

‖gpfp‖L 1
p
(Rn) ≤ c

∥∥∥∥ωp(t)

∫
{B(0,t)

gp(y) dy

∥∥∥∥
L θ

p
(0,∞)

(4.1)
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holds for all non-negative measurable g on Rn if and only if

C1 := sup
t∈(0,∞)

‖fp‖L
( 1

p)
′ (B(0,t))‖ωp‖−1

L θ
p
(0,t) < +∞

The best possible constant c in (4.1) satisfies c ≈ C1. �

Corollary 4.2. Assume 1 ≤ p < ∞, 1 < θ ≤ ∞. Let ω ∈ {
Ωθ. Then

sup
g∈ {LMpθ,ω

∫
Rn f(x)g(x)dx

‖g‖ {LMpθ,ω

≈
(∫

(0,∞)

‖f‖θ′

Lp′ (B(0,t))d
(
−‖ω‖−θ′

Lθ(0,t+)

)) 1
θ′

+
‖f‖Lp′ (Rn)

‖ω‖Lθ(0,∞)

.

From Theorem 3.5 and Theorem 3.6 we conclude next statements

Corollary 4.3. Assume 1 ≤ p < ∞, θ ≤ 1. Let ω ∈ Ωθ. Then

sup
g∈LMpθ,ω

∫
Rn f(x)g(x)dx

‖g‖LMpθ,ω

≈ sup
t∈(0,∞)

‖f‖
Lp′ (

{B(0,t))

‖ω‖Lθ(t,∞)

.

Corollary 4.4. Assume 1 ≤ p < ∞, 1 < θ ≤ ∞. Let ω ∈ Ωθ. Then

sup
g∈LMpθ,ω

∫
Rn f(x)g(x)dx

‖g‖LMpθ,ω

≈
(∫

(0,∞)

‖f‖θ′

Lp′ (
{B(0,t))

d‖ω‖−θ′

Lθ(t−,∞)

) 1
θ′

+
‖f‖Lp′ (Rn)

‖ω‖Lθ(0,∞)

< +∞.

Let X be Banach space. Denote by X ′ its associated space, that is,

‖f‖X′ = sup

{∫ ∞

0

f(t)g(t)dt : ‖g‖X ≤ 1

}
.

Now we can characterize the associated spaces of local Morrey-type and com-
plementary local Morrey-type spaces.

Theorem 4.5. Assume 1 ≤ p < ∞, 0 < θ ≤ ∞. Let ω ∈ {
Ωθ. Set X =

{
LMpθ,ω.

(i) Let 0 < θ ≤ 1. Then

‖f‖X′ ≈ sup
t∈(0,∞)

‖f‖Lp′ (B(0,t))‖ω‖−1
Lθ(0,t).

(ii) Let 1 < θ ≤ ∞. Then

‖f‖X′ ≈
(∫

(0,∞)

‖f‖θ′

Lp′ (B(0,t))d
(
−‖ω‖−θ′

Lθ(0,t+)

)) 1
θ′

+
‖f‖Lp′ (Rn)

‖ω‖Lθ(0,∞)

.

Proof. This is just a simple application of Corollary 4.1 and 4.2. �
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Theorem 4.6. Assume 1 ≤ p < ∞, 0 < θ ≤ ∞. Let ω ∈ Ωθ. Set X = LMpθ,ω.
(i) Let 0 < θ ≤ 1. Then

‖f‖X′ ≈ sup
t∈(0,∞)

‖f‖
Lp′ (

{B(0,t))
‖ω‖−1

Lθ(t,∞).

(ii) Let 1 < θ ≤ ∞. Then

‖f‖X′ ≈
(∫

(0,∞)

‖f‖θ′

Lp′ (
{B(0,t))

d‖ω‖−θ′

Lθ(t−,∞)

) 1
θ′

+
‖f‖Lp′ (Rn)

‖ω‖Lθ(0,∞)

.

Proof. This is just a simple application of Corollary 4.3 and 4.4. �

5. Dual spaces of local Morrey-type and complementary local
Morrey-type spaces

In this section we calculate dual spaces of local Morrey-type and complemen-
tary local Morrey-type spaces. More precisely, we show that for some values of
parameters the dual spaces coincide with the asssociated spaces.

The following theorem is true.

Theorem 5.1. Assume 1 ≤ p < ∞, 1 < θ < ∞. Let ω ∈ Ωθ and ‖ω‖Lθ(0,∞) =
∞. Then

(LMpθ,ω)∗ =
{
LMp′θ′,eω , (5.1)

where ω̃(t) = ωθ−1(t)
(∫∞

t
ωθ(s)ds

)−1
, under the following pairing:

< f, g >=

∫
Rn

fg.

Moreover ‖f‖ {LMp′θ′,eω
= supg

∣∣∫
Rn fg

∣∣ , where the supremum is taken over all

functions g ∈ LMpθ,ω with ‖g‖LMpθ,ω
≤ 1.

Proof. If f ∈ {
LMp′θ′,eω and g ∈ LMpθ,ω, then by Corollary 4.4 we have

| < f, g > | ≤
∫

Rn

|fg| ≤ ‖f‖ {LMp′θ′,eω
‖g‖LMpθ,ω

.

In particular, every function f ∈ {
LMp′θ′,eω induces a bounded linear functional

on LMpθ,ω.
Conversely, suppose L is a bounded linear functional on LMpθ,ω with the norm

‖L‖ < ∞. If g is supported in D0 =
{
B(0, r0) for some r0 > 0, then

‖g‖LMpθ,ω
≤ ‖ω‖Lθ(r0,∞)‖g‖Lp( {B(0,r0))

,

and
|L(g)| ≤ ‖L‖‖ω‖Lθ(r0,∞)‖g‖Lp(

{
B(0,r0))

.

Hence L induces a bounded linear functional on Lp(
{
B(0, r0)) and acts with some

function f 0 ∈ Lp′(
{
B(0, r0)). By taking Dj =

{
B(0, r0/j), j = 1, 2, 3, . . ., we have
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f j = f j+1 on Dj, so we get a single function f on Rn that f ∈ Lp′(
{
B(0, r)) for

any r > 0, and such that L(g) =
∫

Rn fg when g ∈ Lp(
{
B(0, t)) with support in

{
B(0, t) for any t > 0.

For arbitrary r > 0, take g = χ {B(0,r)
|f |p′f−1, then∫

{B(0,r)

|f |p′ = |L(g)| ≤ ‖L‖‖ω‖Lθ(r,∞)

(∫
{B(0,r)

|f |p′
) 1

p

,

thus (∫
{B(0,r)

|f |p′
) 1

p′

≤ ‖L‖‖ω‖Lθ(r,∞),

hence∫ ∞

r

ω̃(t)θ′
(∫

{B(0,t)

|f |p′
) θ′

p′

dt

 1
θ′

≤
(∫ ∞

r

ω̃(t)θ′dt

) 1
θ′

‖L‖‖ω‖Lθ(r,∞) ≤ ‖L‖.

Therefore, f ∈ {
LMp′θ′,eω with

‖f‖ {LMp′θ′,eω
≤ ‖L‖.

For g ∈ LMpθ,ω and any n ∈ N, denote by gn(x) = g(x)χB(0,n)\B(0, 1
n

). It is evident

that gn → g, n →∞ a.e in Rn. By Lebesgue’s Dominated Convergence Theorem,
we get that ‖g − gn‖LMpθ,ω

→ 0, n →∞. Therefore

L(gn) → L(g), n →∞. (5.2)

On the other hand, by Corollary 4.4∣∣∣∣∫ fg −
∫

fgn

∣∣∣∣ ≤ ∫
|f(g − gn)| ≤ ‖f‖ {LMpθ,ω

‖g − gn‖LMpθ,ω
→ 0. (5.3)

Since gn ∈ Lp(
{
B(0, 1

n
)), then

L(gn) =

∫
fgn.

Consequently, from (5.2) and (5.3) we obtain

L(g) =

∫
fg.

�

In a similar manner the following theorem is proved.

Theorem 5.2. Assume 1 ≤ p < ∞, 1 < θ < ∞. Let ω ∈ {
Ωθ and ‖ω‖Lθ(0,∞) =

∞. Then (
{
LMpθ,ω

)∗
= LMp′θ′,ω , (5.4)
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where ω(t) = ωθ−1(t)
(∫ t

0
ωθ(s)ds

)−1

, under the following pairing:

< f, g >=

∫
Rn

fg.

Moreover ‖f‖LMp′θ′,ω
= supg

∣∣∫
Rn fg

∣∣ , where the supremum is taken over all func-

tions g ∈ {
LMpθ,ω : ‖g‖ {LMpθ,ω

≤ 1.
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