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Abstract
The paper deals with integral equations in a Banach space X of the form

x(t):m/ d[A]z + f(t) — f(a), tela,b], (0.1)

where —co<a<b<oo,z€ X, f:[a,b] — X is regulated on [a,b], and A(t) is for
each t € [a, b] a linear bounded operator on X, while the mapping A: [a,b]—L(X)
has a bounded variation on [a,b]. Such equations are called generalized linear
differential equations. Our aim is to present new results on the continuous depen-
dence of solutions of such equations on a parameter. In particular, in Sections 3
and 4 we give sufficient conditions ensuring that the sequence {z,} of the solu-
tions of generalized linear differential equations

Eat) = T + / QA 20+ fult) — fula), telab], neN,

tends to the solution z of (0.1). Crucial assumptions of Section 3 are the uniform
boundedness of the variations VargAn of A, and uniform convergence of A, to
A. In Section 4, we present the extension of the classical result by Opial to the
case X #R", i.e. we do not require the uniform boundedness of var? A, while
the uniform convergence is replaced by a properly stronger concept. Finally in
Section 5 we present a partial result for the case when the uniform convergence
of A, to A is violated.
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1 Introduction

The theory of generalized differential equations enables the investigation of contin-
uous and discrete systems, including the equations on time scales, from the common
standpoint. This fact can be observed in several papers related to special kinds of equa-
tions, such as e.g. those by Imaz and Vorel [I1], Oliva and Vorel [22], Federson and
Schwabik [1], Schwabik [24] or Slavik [30].

This paper is devoted to generalized linear differential equations of the form ((0.1))
in a Banach space X. A complete theory in case of X =R" can be found, for instance,
in the monographs by Schwabik [21] or Schwabik, Tvrdy and Vejvoda [29]. See also the
pioneering paper by Hildebrandt [9]. As concerns integral equations in a general Banach
space, it is worth to highlight the monograph by Honig [10] having as a background
the interior (Dushnik) integral. On the other hand, dealing with the Kurzweil-Stieltjes
integral, the contributions by Schwabik in [26] and [27] represent the base of this paper.

In the case X =R", for ordinary differential equations, fundamental results on the
continuous dependence of solutions on a parameter based on the averaging princi-
ple have been delivered by Krasnoselskii and Krejn [13], Kurzweil and Vorel [15],
Kurzweil[16], Opial [23] and Kiguradze [12]. In particular, the problem of continuous
dependence gave an inspiration to Kurzweil to introduce the notion of generalized dif-
ferential equation in the papers [10] and [17]. For linear ordinary differential equations,
the most general result seems to be that given by Opial. An interesting observation is
contained in the fundamental paper by Artstein [I]. A different approach can be found
in the papers [18]-[20] by Meng Gang and Zhang Meirong dealing also with measure
differential analogues of Sturm-Liouville equations and, in particular, describing the
weak and weak*continuous dependence of related Dirichlet or Neumann eigenvalues on
a potential.

After Kurzweil, problem of the continuous dependence for generalized differential
equations has been treated by several authors, see e.g. Schwabik [21], Ashordia [2],
Frankova [5], Tvrdy [33], Halas [0], Halas and Tvrdy [7]. Up to now, to our knowledge,
only Federson and Schwabik [1] dealt with the case of a general Banach space X. Our
aim is to prove new results valid also for X # R" and such that, on the contrary to all
the above mentioned papers, they cover also the Opial’s result.

2 Preliminaries

Throughout these notes X is a Banach space and L(X) is the Banach space of bounded
linear operators on X. By || - || x we denote the norm in X. Similarly, || - ||(x) denotes
the usual operator norm in L(X).

Assume that —oco < a < b < 400 and [a, b] denotes the corresponding closed interval.



Preliminaries 3

A set D={ap,aq,...,a,,} C[a,b] is said to be a division of [a, b] if
a=op<o;< ... <au,=b.

The set of all divisions of [a,b] is denoted by Dla, b].

A function f:[a,b] — X is called a finite step function on [a,b] if there exists

a division D = {ag, a1, ..., q,} of [a,b] such that f is constant on every open interval
(ozj,l,ozj), j: 1,2, oo,
For an arbitrary function f:[a,b] — X we set
[fllee = sup [[f(t)llx
t € [a,b]
and

var f = sup ZH]‘ ;) — faj-1)llx

DGD[ab

is the variation of f over [a,b]. If var’f < oo we say that f is a function of bounded
variation on [a,b]. BV (|a,b], X) denotes the Banach space of functions f:[a,b] — X
of bounded variation on [a,b] equipped with the norm || f||zv = || f(a)|/x + var’f.

Given f:[a,b] — X, the function f is called regulated on [a, b] if, for each t € [a, b)
there is f(t+) € X such that

lim |[f(s) = f(i+)]x =0,

s—t+

and for each t € (a,b] there is f(t—) € X such that

L [1£(s) — £(t=)llx = 0.
By G([a,b], X) we denote the set of all regulated functions f:[a,b] — X. For t € [a, b),
s€ (a,b] we put AT f(t)=f(t+)—f(t) and A~ f(s)=f(s)—f(s—). Recall that

BV ([a,b],X) C G([a,b], X)

cf. e.g. [26, 1.5]. Moreover, it is known that regulated function are uniform limits of
finite step functions (see [10, Theorem 1.3.1]).

In what follows, by an integral we mean the Kurzweil-Stieltjes integral. Let us
recall its definition.

As usual, a partition of [a,b] is a tagged system, i.e., a couple P = (D, &) where
DeDla,b], D ={ag, a1,..., an}, and £ = (&, ..., &n) € la, b]™ with

a]—lgfjgaja j:1727"'7m
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The set of all partitions of [a,b] is denoted by Pla,b]|. Furthermore, any function
d:[a,b]—(0,00) is called a gauge on [a,b]. Given a gauge J, the partition P is called
0-fine

o1, 5] € (& = 6(85), &5 +0(85))

We remark that for an arbitrary gauge 0 on [a, b] there always exists a d-fine partition
of [a,b]. It is stated by the Cousin lemma (see [2, Lemma 1.4]).

For given functions F': [a,b] — L(X) and ¢:[a,b] — X and a partition P = (D, ¢)
of [a,b], where D = {ag,a1,...,an}, £ = (&1, ..., &), we define

S(dF.g,P) =) [F( Fej-1)]9(&5) -

Jj=1

We say that I € X is the Kurzweil-Stieltjes integral (or shortly KS-integral) of g with
respect to F' on [a,b] and denote
b
I / d[F] g

if for every ¢ > 0 there exists a gauge ¢ on [a,b] such that

HS(dF,g,P)—IH < ¢ forall §— fine partitions P of [a,b].
X

b
Analogously, we define the integral / F d[g] using sums of the form

m

S(F,dg, P) =Y F(&) [9(a;) — g(;1)]

Jj=1

For the reader’s convenience some of the further results needed later are summarized
in the following assertions:

2.1.Proposition. Let F:[a,b] — L(X) and g:[a,b] — X.

(i) [25, Proposition 10]
b
Let F € BV (la,b], L(X)) and g:[a,b] — X be such that/ d[F] g exists. Then

b
| [ airv] < wark) gl
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(ii) [21, Lemma 2.2

b
Let F € G([a,b], L(X)) and g € BV ([a,b], X) be such that/ d[F] g exists. Then

| [ a1a] <217 ol

(iii) [28, Corollary 14]

b
If FeBV([a,b],L(X)) and g€ BV ([a,b],X) then both the mtegmls/ Fd[g]

b
and/ d[F] g exist, the sum
> ATF(r — Y AF(r)Ag(r)
a<t<b a<t<b

converges in X and the equality

[ ra+ [ iy

= F(b) g(b) — F(a) gla)= Y AYF(t )+ > ATF(t) A g(t)

a<lt<b a<t<b

18 true.

[21, Theorem 2.11]
Let F € BV([a,b], L(X)) and let g: [a,b] — X be bounded and such that the in-
b

tegral / d[F] g exists. Then both the integrals

/abH(s)ds[/asd[F]g] and /abHd[F]g

exist and the equality
b t b
/H(s)d[/ d[F]g] :/ Hd[F]g

holds for each H € G([a,b], L(X)).

In addition, we need the following convergence result.
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2.2 . Theorem. Let g, g, € G([a,b], X), F, F, € BV([a,b], L(X)) for n€N. Assume
that
lim [|lgn — gllec =0,  lim [|F, = Fllc =0

and
©* = sup{var’F,, ;n € N} < oo.

lim (sup{H/atd[Fn]gn—/atd[F]gHX;te[a,b]}) ~0. (2.1)

PROOF. Let € >0 be given. By [10, Theorem 1.3.1], we can choose a finite step function
g:la,b] — X such that

Then,

lg =9l <&

Furthermore, let ng € N be such that
llgn — glloc <€ and | F, — Flloc <& for n > ng.

For a fixed t € [a,b], by Proposition 2.1 (i) and (ii), we obtain for n > ng

’/atd[Fn]gn_/atd[F]gHX
/atd[Fn] (o~ +] /:d[Fn—F1§HX+( /:dm G-9)|,

< (vargF) lgn = Glloo + 21 Fn — Flloo [Gllsv + (vara F) |7 — glloo

<|

<" (I9n = glloo + llg — Glloo) + 211l BV € + (variF) e

< (2(,0*—1—2H§HBV—|—VarZF)€:K5,

where K = (2¢* + 2||g||pv + var} F') € (0, 00) does not depend on n. This proves (2.1). [

2.3. Remark. In the case that X is a Hilbert space, Theorem 2.2 has been already given by
Krejci and Laurencot [, Proposition 3.1] or Brokate and Krejéi [3, Proposition 1.10].

3 Continuous dependence on a parameter in the
case of uniformly bounded variations

Given A€ BV ([a,b], L(X)), f € G([a,b], X) and z € X, consider the integral equation

a:(t):f—l—/ d[A]z + f(t) — f(a), te€ |a,b]. (3.1)
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b
A function x:[a,b] — X is called a solution of (3.1) on [a,b] if the integral / d[A] = exists
and z satisfies the equality (3.1) for each ¢ € [a,b]. ‘

For our purposes the following property is crucial

-1

[I—ATA(t)] " € L(X) forall te(a,b]. (3.2)

In particular, taking into account the closing remark in [26] we can see that the following
result is a particular case of [26, Proposition 2.10].

3.1.Proposition. Let A€ BV ([a,b], L(X)) satisfy (3.2) Then, for every x € X and every
f€G([a,b], X), the equation (3.1) possesses a unique solution x on [a,b] and x € G([a,b], X).

Moreover, if A and f are left-continuous on (a,b], then x is also left-continuous on (a,b].
In addition, the following two important auxiliary assertions are true:

3.2.Lemma. Let A€ BV ([a,b], L(X)) satisfy (3.2), f € G([a,b],X) and T € X and let x be
the corresponding solution of (3.1) on [a,b]. Then

var’ (z — f) < (var’ A) ||z]|oo < 00 (3.3)

ca:=sup{||[] — AT A(t IHL t € (a,b]} €(0,00), (3.4)
and

lz®)llx < ca(1Zlx + [f(@)llx + [ flloo) exp (cavargA)  for t € [a,b]. (3.5)
PrRooOF. i) Let D={ap,1,...,q,} be an arbitrary division of [a,b]. Then

> Hx(a» = flag) = w(aj-1) + flag)|
j=1
a:H i [(var% | A) [[]|oo] = (var’A) ||z]ls < o0,

ie. (3.3) is true.
ii) For ¢ € (a,b] such that [[ATA(t)||Lx) < 3 we have

1

! < <2
HL L—[[A=A®) |l Lcx)

|1 — A~ A(t

(cf. e.g. [31, Lemma 4.1-C]). Therefore, 0 < ¢4 < oo due to the fact that the set

—_

{tela, bl 1A7 AWM Lx) = 5}

\)

has at most finitely many elements. As the case c4 = 0 is impossible, this proves (3.4).
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iii) Now, let = be a solution of (3.1). Put B(a) = A(a) and B(t) = A(t—) for t € (a,b]. Then,
by [26, Corollary 2.6] and [26, Proposition 2.7], we get

A—BeBV([a,b],L(X)), var’B<var’A

and

A(t)— B(t)=A" A(t), /t d[A—BJx=A"A(t)z(t) forte (a,b].
Consequently

[ —ATAt)]z(t) =2+ /t d[Blxz + f(t) — f(a) forte(a,b]
and (cf. Proposition 2.1 (i))
|lz(t)|x < K1+ K> /t dh] ||z||x for tea,b],

where
Ky = ca([7lx + 1 £@lx + [ fl), Kz=ca and h(t) = var,B.

The function h is nondecreasing and, since B is left-continuous on (a,b], h is also left-
continuous on (a,b]. Therefore we can use the generalized Gronwall inequality (see e.g. [29,
Lemma 1.4.30] or [24, Corollary 1.43]) to get the estimate (3.5). O

3.3.Lemma. Let A, A, € BV([a,b],L(X)),n€N, be such that (3.2) and
lim [|A, — Aljec =0 (3.6)

are satisfied. Then
(1A A,)] " € L(X) (3.7)

for allt € (a,b] and all n €N sufficiently large. Moreover, there is p* € (0,00) such that
ca, = sup{||[] — AfAn(t)rlHL(X) it € (a,b]} < p* (3.8)
for all n € N sufficiently large.
PRrROOF. First, notice that, since A € BV ([a,b], L(X)), the set
D= {te (a,b;[IATA®rx) = 3}

has at most a finite number of elements.
Let cyq be defined as in (3.4). Then, as by (3.6) lim ||[AT A, — A™ Al = 0, there is
n—oo
ng € N such that

[A~An(t) = A™A(t) || 1(x) < § min{l, é} for t€a,b] and n>mny. (3.9)
Thus,

JA™Au(®) ) < IATAWD50x) + 1A An(O)~A~A@) [ x) < - for t€[a,b]\ D, n>ng.
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By [31, Lemma 4.1-C], this implies that
[I — A™ A, (t)] is invertible and ||[I — A™ Ay (t)] || f(x) <2 for t € [a,b]\ D and n > ny.
Notice that, due to (3.2), the relation
I-ATA,(t) = [I-A7A@W)] [I-[I-A"A®)] 1 (A7 A, (t)—AT A(t))] (3.10)
holds for all ¢ € [a,b] and n € N. Denote
T (t) := [[-A7A@M)] 7 (A" A, (t)-A"A(t)) for neNand t€a,b].

Then (3.10) means that, I—A~A,(¢) is invertible if and only if I — T},(¢) is invertible.

Now, let t € D and n > ng be given. Then, due to (3.4) and (3.9), we have || T,,(?)|| 1 (x) < 1.
Consequently, by [31, Lemma 4.1-C|, I —T,,(t) and therefore also [[—A~ A, (t)] are invertible.
Moreover, taking into account (3.4) and (3.10), we can see that

I — A Ap(t)] Mlpx) < 3 ca <2ca

is true.

To summarize, there exists ng € N such that
[[—A™A,(t)] is invertible and H[I—A*An(t)]*lHL(X) <p* =2max{l,ca}

for all ¢t € (a,b] and n >ng. This completes the proof. O

The main result of this section is the following Theorem, which generalizes in a linear case
the recent results by Federson and Schwabik [1]) and covers the results for generalized linear
differential equations known for the case X =R". Unlike [2], to prove it we do not utilize
the variation-of-constants formula. Therefore it is not necessary to assume the additional
condition

[I—ATA®) P e L(X), te€la,b].

3.4. Theorem. Let A, A, € BV ([a,b], L(X)), f, fn€G([a,b],X), Z, T, € X for neN. Fur-
thermore, let A satisfy (3.2), (3.6),

o = sup{var’ 4, ;n e N} < oo (3.11)
and

lim |[Zp - F|x =0 and lim ||fp — fllec = O. (3.12)
n—oo n—oo

Then equation (3.1) has a unique solution x on [a,b]. Furthermore, for each n € N large
enough there is a unique solution x,, on [a,b] to the equation

Tp(t) = Ty +/ d[An) zn + fu(t) — fula), t€]a,b] (3.13)

and lim ||z, — z|lec = 0.
n—oo
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PROOF. Due to (3.2) equation (3.1) has a unique solution z on [a,b]. Furthermore, by
Lemma 3.2, there is ng € N such that (3.7) is true for n > ng. Hence, for each n > ng, equation

(3.13) possesses a unique solution z,, on [a,b]. Set
wn:(xn*fn)*($*f)

Then .
wp(t) = wy, +/ d[A,] wy + hp(t) — hp(a) for n€N and te€[a,b],

where w, = (z,, — fn(a)) — (z — f(a)) and

t t t
alt) = [ dltn =)o~ )+ ([ i o [ alary).
First, notice that according to (3.12) we have
lim |lw,|x =0.

Furthermore, in view of Theorem 2.2, we have

t t
Jm || [atad s - [ aag] o
Moreover, since (z — f) € BV ([a,b], X) by (3.3), we get by Proposition 2.1 (ii)

H/;d[An—fu @1, <2040 Al 2= flv foral telab]

Having in mind (3.6), we can see that the relation

lim H/t a4~ A - )| =0

n—oo

holds. To summarize,
lim ||Ay]|eo = 0.
n—oo

By (3.11) and by Lemmas 3.2 and 3.3 we have
lwa(®)llx < #* ([@nllx + [halloc) exp (u* vargAy) for all ¢ € [a,b].
Consequently, using (3.15) and (3.16) we deduce that

lim |wy|x = 0.
n—oo

Now, by (3.12) and (3.14) we conclude finally that lim ||z, — 2| = 0.

(3.14)

(3.15)

(3.16)

g

We will close this section by a comparison of Theorem 3.4 with two similar results pre-
sented for dim X < oo by Schwabik in [24]. First, when restricted to the linear case, Theorem

8.2 from [24] modifies to
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3.5.Theorem. Let A, A, € BV ([a,b], L(X) and fn(t)—fn(a)=f(t)—f(a)=0 for neN and
t€la,b]. Further, let a nondecreasing function h:[a,b] — R be given such that

lim A,(t) = A(t) on [a,b], (3.17)

n—oo

{ [An(t2)—An ()l Lx) < [h(t2)—h(t1)], [[A(t2)— A1) Lx) < |h(t2)—h(t1)]

(3.18)
forti,ta €la,b] and neN.
Let z,,, n €N, be solutions of (3.13) and let
lim ||z, (t) —z(t)[|x fortela,b].

Then x € BV ([a,b], X) is a solution of (3.1) on [a,b].

3.6. Proposition. Under the assumptions of Theorem 3.5 the relations (3.6) and (3.11) are
satisfied.

PrROOF. i) The relation (3.11) follows immediately from (3.18).
ii) Notice that (3.17) and (3.18) imply that

[An(t=)=An(s)llLix) < [R(E=)=h(s)], [[A(E=)=A(s)l|lL(x) < [h(t=)—=R(s)] (3.10)
for t€(a,b], s€la,b], neN, '
and
[An(t+)=An(s)llix) < |h(t+)=h(s)], [[AGt+)=A(s)]|L(x) < [B(t4)—=h(s)] (3.20)
for tela,b), s€la,b], neN. '
iii) Let € >0 and t € (a,b] be given and let us choose sp € (a,t) and ng € N so that
€ €
‘h(t—) — h(So)’ < § and ||An(80) — A(SO)HL(X) < § for n > ny. (3.21)
Then, by (3.19) and (3.21),
[An(t=)= At =)l Lix) < [[An(t=)=An(s0)ll(x) + [Anls0)—A(s0) | L(x)
+ [ A(s0) = A(t=)llLix)
€
< |h(t—)—h(so)| + 3T |h(t—)—h(so)| < e.
This means that
lim A,(t—) = A(t—) holds for ¢ € (a,b]. (3.22)
Similarly, using (3.20) we get
lim A, (t4+) = A(t+) holds for ¢ € [a,b). (3.23)

n—oo
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iv) Now, suppose that (3.6) is not valid. Then there is & > 0 such that for any ¢ € N there
exist my > ¢ and ty € [a,b] such that

[ A, (te) — A(to)llLx) > €. (3.24)

We may assume that my1 > my for any ¢ € N and
elirgotg =ty € [a,b]. (3.25)
Let to € (a,b] and assume that the set of those ¢ € N for which ¢, € (a,ty) has infinitely

many elements, i.e. there is a sequence {{;} C N such that ¢;,, € (a,tg) for all k€N and
limy,_,0 t¢, = to. Denote s, =ty and By, = Amek for k € N. Then, in view of (3.24), we have

sk € (a,ty) for keN, klggo sp = to (3.26)
and
| Br(sk) — A(si)llr(x) > € for keN. (3.27)
By (3.19), we have

[A(to—) — A(sk)llLx) < h(to—) — h(kn)
and
| Br(to—) — Br(sk)ll(x) < h(to—) — hiky)

for k € N. Therefore, by (3.22) and since klirn (h(to—) — h(sk)) = 0 due to (3.26), we can

—00

choose kg € N so that

w | m

| Bro (to—) — Alto—)llz(x) <

[A(to—) — A(sko)ll(x) < hlto—) — h(sk,) <

Ll m

and

HBko(tO_) - Bko(SkO)HL(X) <

ol

As a consequence, we get finally by (3.27)
e< ”Bko (Sko) - A(Sko)HL(X)
< || Bro (Sko) — Bro (to—=)l(x) + | Bro (to—) — Alto—) lx) + [Ato—) — A(sko) |l (x) <6,

a contradiction.

If ty € [a,b) and the set of those ¢ € N for which t, € (a,tp) has only finitely many
elements, then there is a sequence {{;} C N such that ¢, € (to,b) for all k€N and
limy_,o0 tg, = to. As before, let s, =y, and B, = Amek for k£ € N and notice that

Sk € (to,b) for k€N, lim s, = tg

k—oo
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and (3.27) are true. Arguing similarly as before we get that there is kg € N such that
e< HB/CO (Sko) - A(Sko)HL(X)
<||Bro (8ko) — Bro (to+) | (x) + | Bro (to+) — Alto+) | L(x) + [[A(to+) — Alske) l Lix) <&
a contradiction. 4

Similarly, when restricted to the linear case, Theorem 8.8 from [24] modifies to

3.7. Theorem. Let A, A,eBV (|a,b],X), fn(t)—fu(a)=f(t)—f(a)=0 forneN and te [a,b].
Furthermore, let (3.2) hold and let x be the corresponding solution of (3.1). Finally, let scalar
nondecreasing and left-continuous on (a,b] functions hy,, n €N, and h be given such that h
is continuous on [a,b] and

lim A,(t) = A(t) on [a,b], (3.28)

n—oo

{ [An(t2) = An(t)llix) < hn(t2)=hn(t)], [[A(t2)—A(t)] Lx) < [h(t2)—h(t1)] (3.29)

for all ty,te € [a,b] and neN,

n—oc (3.30)

limsup [h (ta) — hn(t1)] < h(t2) — h(t1)
whenever a < t] <ty <b.

Then, for any n € N sufficiently large, equation (3.13) has a unique solution x, on [a,b]
and

lim z,(t) = x(t) uniformly on |a,b].

3.8. Proposition. Under the assumptions of Theorem 3.7 the relations (3.6) and (3.11) are
satisfied.

Proof (taken from [33]). 1) By (3.30) there is ng € N such that
hn(b) — hyp(a) < h(b) — h(a) +1 for all n>mny.
Hence for any n € N we have
varA, < oy = max ({varAn;n < ng} U{h(b) — h(a) + 1}) < 0.

Thus we conclude that (3.11) is true.

ii) Suppose that (3.6) does not hold. Then there is € > 0 such that for any ¢ € N there
exist my > ¢ and t; € [a,b] such that

[ A, (te) — A(to)llLx) > & (3.31)
We may assume that myg11 > my for any ¢ € N and

lim t, =t € [CL, b] (332)

l—00
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Let to € (a,b) and let an arbitrary € > 0 be given. Since h is continuous, we may choose
17> 0 in such a way that ty — n,to +n € [a,b] and

h(to +mn) — h(to —n) < e. (3.33)
Furthermore, by (3.28) there is 1 € N such that
[ Am, (to) — A(to)llnx) <e forall £>4 (3.34)
and by (3.29), (3.30) and (3.33) there is o € N, ¢35 > {7, such that

[ Am, (72) = Am, (1)l L(x) < h(to +1) — h(to —n) + € < 2¢ (3.35)
whenever 71,79 € (tg —n,to + 1) and £ > ls.

The relations (3.28) and (3.35) imply immediately that

1A(r2) = A(r) o) = Hm [ Am, (72) = Am, (1) L0x) < 2¢ (3.36)
whenever 71,79 € (tg —n,to + 7). '
Finally, let ¢35 € N be such that ¢3 > {5 and
|te — to| <m for all £> {3, (3.37)

then in virtue of the relations (3.32)—(3.37) we have

[ Am, (te) — A(te)llLcx)
<[ Am,(te) = Am, o)l Lx) + 1 Am, (t0) — Alto)llLx) + [[A(t0) — Aol Lix)
<b5e.

Hence, choosing e < %5, we obtain by (3.31) that
€> || Am, (te) — A(to)llLcx) = €

This being impossible, the relation (3.6) has to be true. The modification of the proof in the
cases tyg = a or ty = b is obvious. [l

4 Continuous dependence on a parameter in the
case of variations bounded with a weight

In this section we restrict ourselves to homogeneous generalized linear differential equations
¢

(1) :55+/ diA]z, telabl, (4.1)
a

where, as before, A€ BV ([a,b], L(X)) and z € X. As in the previous section we will assume
that the fundamental existence assumption (3.2) is satisfied.

The main result of this section extends that obtained by Z. Opial for the case dim X < oo
in [23]. To this aim, we recall an estimate presented in [21].
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4.1.Lemma. If F € G([a,b],L(X)) and G € BV ([a,b], L(X)) then

ST IATFOATCH) I+ Y IATFOACB)|x) 2| FlloovarlG.  (4.2)
tela,b) te(a,b]

4.2. Theorem. Let A, A,, € BV ([a,b],L(X)) and Z, T,, € X for n€N. Assume (3.2) and

lim [|A, — Al (1 —I—VarZAn) =0 (4.3)
n—oo

and
lim ||Z, —Z||x = 0. (4.4)
n—oo

Then (4.1) has a unique solution x on [a,b]. Moreover, for each n €N sufficiently large, the
equation

o (t) = T + /t Az, telab] (4.5)
a
has a unique solution x, on [a,b] and nlLH;o |zn — x]|co = 0.
PRrOOF. First, notice that, since
| An — Alloo < |An — Al (1 +vargAn) for all neN,

(4.3) implies (3.6). Therefore, by Lemma 3.3, there is ng € N such that (3.7) holds for each
t € (a,b] and each n > ny.

Assume n >ng. Let x and x,, be the solutions on [a,b] of (4.1) and (4.5), respectively.
Then

(2 (t) — (1)) = (T — F) + / A[A] (zn—2) + hn(t) for te]a,b], (4.6)

where
hn(t):/ d[4, — A]z, for t€]a,b]. (4.7)

By Lemma 3.2 we have

0 = 2o < ca (1Zn—2llx + [lhnlloc) exp (ca vargA). (4.8)

(Notice that hy(a) = 0 for all k.) Thus, in view of the assumption (4.4), to prove the assertion
of the theorem, we have to show that lim, e ||n|lcc = 0.

To this aim, we integrate by parts (cf. Proposition 2.1 (iii)) in the right-hand side of (4.7)
and use Substitution Formula (cf. Proposition 2.1 (iv)). Then we get

h(t) =[An(t)— A(t)] zn(t) — [An(a)—A(a)] Ty, —/ (Ap—A)d[An] 2 — AL (A=A, z,) (4.9)

for t € [a,b], where

AL(An—A,2n) =) (AT (An(s)—A()) ATz (s)] =Y [A™(An(s)—A(s)) A"y (s)] . (4.10)

a<s<t a<s<t
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Inserting the relations (cf. [26, Proposition 2.3])
Atz (t) = ATA,(t) z,(t) forte€a,b) and A z,(t) = A" A, (t) z,(t) for t€(a,b]
into the right-hand side of (4.10) and using Lemma 4.1, we obtain the estimates
1A% (An—A, 20) [ x < 2[|An—Alloo (vargAn) [|znloe for ¢ € [a,b].
Hence

1 (8)]lx < [[An — Alloo (243 (varg An)) [|2n]|o,

that is,
[hnlloo < amn [|2nlloo, (4.11)

where oy, = ||An—Allx (2+3 vargAn). Note that, due to (4.3), we have

lim o, =0. (4.12)

n—oo
We can see that to show that lim,,_,o ||An]|lcoc = 0, it is sufficient to prove that the sequence

{l|zn]|co} is bounded. By (4.8) and (4.11) we have

%0 lloo < 120 — #(loo + |2]loo < ca (|0 — Z||x + oanxnlloo) exp (ca varg A) + ||| -
Hence

(1 — caan exp (cavarlA)) ||zl < cal|Tn — 7| x exp (cavarbA) + |7 for n>mny.

By (4.4) and (4.12), there is nj > ng such that
|Zn —T|x <1 and caay, exp(cavarlA) < 3 for n>ny.

In particular,

|Zn]|co < 2 (CA exp (ca VarZA) + ||l‘“oo) for n>ny,

i.e. the sequence {||z,| o} is bounded and this completes the proof. O

4.3. Remark. In comparison with Theorem 3.4, the uniform boundedness of variation (3.11)
was not needed in Theorem 4.2. On the other hand, if (3.11) is assumed, Theorem 4.2 reduces
to Theorem 3.4.

Let us note that, on the contrary to the finite dimensional case, in the case of a general
Banach space X it is not possible to extend easily the convergence result Theorem 4.2 to the
the nonhomogeneous equations.
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5 Emphatic convergence

In this section we deal with the case that the uniform convergence is violated. The assump-
tions of Theorems 5.1 and 5.2 are related to the notion of emphatic convergence introduced
by Kurzweil in [17]. More precisely, together with the locally uniform convergence we infer
some control condition for points sufficiently close to the end points a, b of the interval [a,b].
These results extend the work of Halas and Tvrdy dealing with X =R" (c.f. [0], [3] and [31]).

If {f.} is a sequence of X-valued functions defined on [a,b], we say that it tends to f
locally uniformly on J Cla,b] if

Tim (sup{|fa(t) = F(1)lx;t€ T}) =0

for all closed subintervals I C J. In such a case we write f,, = f locally on J.
Of course, f, = f locally on J implies

lim || fn(t)— f(¢)]|x =0 for all interior points ¢ of .J.

5.1. Theorem. Let A, A, € BV ([a,b], L(X)), f, fn€G([a,b],X), T, T, € X forneN. As-
sume (3.2), (4.4),

A, = Alocally on (a,b] and  fn, = f locally on (a,b], (5.1)

and that there is N € N such that (3.7) is true for allt € (a,b] and all n €N such that n > N.

Then, for n € N sufficiently large, there exist unique solutions x and x,, on [a,b] to (3.1)
and (3.13), respectively.

In addition, let (3.11) and

Ve > 036 >0 such that Vt e (a,a+6) Ing €N such that

H (AJFA(CL)E—F A+f(a)) - <$n(t) _En) (5.2)

‘ <e formn>ng
X

hold. Then
lim ||z, (t) —z(t)[|[x =0 for any t€]a,b]

and xn, = x locally on (a,b].

PRrROOF. Without any loss of generality we may assume A,,(a) = A(a) =0 and f,,(a) = f(a) =0
for n € N. Due to assumptions (3.2) and (3.7), the existence and uniqueness of solutions
to (3.1) and (3.13) are guaranteed by Proposition 3.1 . Denote by z and x,, the corresponding
solutions.

Let € >0 be given. Then, as z is regulated, there is dg > 0 such that

lx(s) — z(a+)||x <e forall s€(a,a+ do).
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Furthermore, by (4.4) there is n; > N such that
|Zn, — Z||x <& forn>n;.
By (5.2) there is § € (0, dp) such that for each t € (a,a+ ) we can find ng >n; so that
(AT A(a) T+ AT f(a)) — (zn(t) — %")HX <e for n>ng.
To summarize, for any t € (a,a+ dp) and n > ng, we have
la(t) — 2n(t) 1 x
< l(t) — z(at)llx + z(at) =T+ Tn — zn(B)l|x + |7 — Zullx
= |lz(t) — z(a+)|x + [ATA(@) T+ AT f(a) + Tn — 2n(t)||lx + 1|7 = Znllx < 3e.

This implies also that lim, o ||z, (t) — z(t)||x = 0 for all ¢t € [a,a + 0).
Now, let an arbitrary c € (a,a + §) be given. Then

7}1—{20 xn(c) = z(c).

Therefore, by Theorem 3.4 and due to the uniqueness of solutions to

Tn(t) = xp(c) + / d[An]) zp + fu(t) — fule), t€]e, b
and

¢
o) =20+ [ Ao+ 1)~ £0), teled],

Zy, tend to z uniformly on [¢,b] as n — oo. More precisely,
Tim_(sup{lan(t) — (6|3t € ¢ 1]}) =0.

Since ¢ was arbitrary, this means that x,(t) — x(t) for each t € [a,b] and z,, = z locally on
(a,b]. O

The result symmetrical to the previous theorem slightly differs. However, its proof is very
similar.

5.2. Theorem. Let A, A, € BV ([a,b],L(X)), f, fn€G([a,b],X), T, T, € X forneN. As-
sume (3.2), (4.4) and

A, = A locally on [a,b) and f, = f locally on [a,b) (5.3)

and that there is N € N such that (3.7) is true for allt € (a,b] and all n €N such that n > N.

Then for n € N sufficiently large there exist unique solutions x and x,, to (3.1) and (3.13),
respectively.
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Let, in addition, (3.11) and
Ve > 036> 0 such that Yte (b—6,b) Ing €N such that
H (A~ A@)T-A7AWB) 2 (b-)+T-A7 AB)] A F(5))~ (wa(b)—za(®)) HX <e \ (54
for n>mnyg
hold. Then x, = x locally on |a,b).

PROOF. Similarly to the previous theorem, the existence and uniqueness of solutions to (3.1)
and (3.13) are guaranteed by Proposition 3.1. Denote by = and z,, the corresponding solu-
tions. Then, due to Theorem 3.4 and due to the uniqueness of solutions to

n(t) = xp(a) + / d[An]) zn + fu(t) — fula), t€la,c]
and

t
o) =@+ [ Ao+ (0 - fa), tefac)
the sequence {z,} tends for each ¢ € [a,b) to x uniformly on [a,c] as n — co. In particular,

lim z,(t) = z(t) forall t€la,b).

n—oo
It remains to show that lim, . ||z, (b) — 2(b)||x = 0.

Let € >0 be given. By (5.4), there is 6 >0 such that for each t € (b—4,b) we can find
n1 € N such that n; > N and

H (A‘A(b) [[—A~A®D)]a(b—)+[I-A~ A(b)] " A~ f(b))— (xn(b)—xn(t)) HX <e
holds for all n>ng. As x is regulated on [a,b], we can also assume that
|z(s) —z(b—)||x <e forall se(b—4,b).

Now, choose and arbitrary 7€ (b—0d,b). Then x,(7) — x(7). Hence there is ng > n; such
that
|xn(T) —z(7)||x <e for n>nyg.

To summarize, for n.>ng we have
l2(b) — 2 (b) ]| x
< [lz(b) — (ATAD) z(b) + AT f (b)) —2(7)|lx + [|2(7) — zn(T) I x
+ [|l2n(1) + ATA®D) 2(b) + A7 f(b)— 24 (D) x
= [Jz(b=) = z(7)l|lx + |=(7) — 2a(7)[|Ix

+ | (@a(7) = 2 (b)) = ATA®) [I = ATA®)] ™ (2(b-) + A7 f(1))l1x
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= [lz(b=) —z(7)llx + +]|2(7) —2al7)lIx
+{[(@n(7) = 20 (b)) = ATAD) [I = ATAWD)) x(b—) — I = ATA®)] AT F(0))x
< 3e,
where we made use of the following well-known relations:

ATa(b) = ATADB) 2(b) + ATF(B), x(b) = [I—ATADB)] T (2(b—) + AT f(b))
and
T+ A"AD)I - A ADB)]  =[T-A"AD)

Therefore lim, . ||zn(b) — 2(b)||x =0 and this completes the proof. O

5.3. Remark. Let us notice that, due to Lemma 3.3, we can, instead of:
there is N € N such that (3.7) is true for all t € (a,b] and all n € N such that n > N
assume only

there are an N € N and A < 0 such that (3.7) is true for all t € (a,a+ A] and all neN
such that n > N.

5.4 . Remark. It is easy to combine Theorems 5.1 and 5.2 to formulate a corresponding
result for the case that the uniform convergence is violated at finitely many points in [a,b].
We leave it to the reader.
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