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ON THE OSCILLATION OF CERTAIN DIFFERENCE EQUATIONS
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Abstract. In this paper we study the oscillation of the difference equations of the form
A’z + pplan + f(n, Tn—g, Azp_p) =0,

in comparison with certain difference equations of order one whose oscillatory character is
known. The results can be applied to the difference equation

A2y + pnlan + qn|ﬂcn_g|)‘\Axn,h|“ sgnzn_g =0,

where )\ and p are real constants, A > 0 and p > 0.
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1. INTRODUCTION
Consider the difference equation
(E) Aan + pnAz, + f(na Tn—g, Axn—h) =0,

where {p,} is a nonnegative real sequence, 0 < p,, < 1, f: Nx R? — R is continuous
for each fixed n, N = {0,1,2,...}; g and h are in N, A is the first order forward
difference operator, Az, = T,11 — Tp.-

We assume that there exist an eventually positive real sequence {g,} and real
numbers A > 0 and p > 0 such that

(1) f(n, z,y) sgnx > qulz|y|" for n>0 and zy#O0.
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By a solution of Eq. (E), we mean a non-constant sequence {z, } satisfying (E) for
n > 0. A solution {x,} is said to be oscillatory if it is neither eventually positive nor
eventually negative, and nonoscillatory otherwise.

In recent years there has been an increasing interest in studying the oscillatory
behavior of difference equations of special cases of type (E) when p, = 0 and con-
dition (1) holds with p = 0. For recent contributions to this study we refer to the
papers [4]-[9] and the references cited therein. It seems that very little is known
regarding the oscillation of Eq. (E) when f satisfies condition (1) with u # 0 and
pn # 0. Therefore, the purpose of this paper is to present some new criteria for the
oscillation of Eq. (E). Theorems 1 and 2 are concerned with the oscillation of Eq. (E)
via its comparison with the oscillatory character of first order difference equations.
Theorem 3 deals with the oscillation of a special case of Eq. (E) when condition (1)
holds with A = 1 and p = 0 and the condition on {p,} introduced in Theorems 1
and 2 is not required or else violated, and Theorems 4 and 5 are concerned with
the oscillatory behavior of the difference of two eventually positive solutions of the
difference equation

(Le) A%z, + po Az, + ng(Tn—g) = €n,

where g(z)z > 0 for x # 0, ¢'(z) > k and {e,} is a sequence of real numbers.
Finally, we remark that this paper is motivated by the analogy between functional
differential equations of the form

d?z(t)
de?

dx(t)
Cdt

dz(t — h)) o,

(Ee) dt

+ ()= + f(talt — ),

where p: [tg,o0) — [0,00) and f: [tg,o0) x R? — R are continuous and g and h are
real constants, and difference equations of type (E). In fact, discrete versions of some
of the results in [1]-[3] for second order equations have been developed.

2. PRELIMINARIES

We need the following two lemmas. The first is extracted from Lemma 5 in [§]
and the other is Theorem 7.5.1 in [6].

Lemma 1. Assumeh: R — R is continuous, zh(x) > 0 and h(z) is nondecreasing
for x # 0. Let {gn} be a sequence of nonnegative real numbers and k a positive
integer. If the difference inequality

Az, + th(xnfk) <0

422



has an eventually positive solution, then the difference equation
Az, + qnh(xn,k) =0
has an eventually positive solution.

Lemma 2. Suppose that {a,} is a nonnegative sequence of real numbers and let

k be a positive integer. Then
-1
T B k"
it [ 3 o] > e
i=n—k
is a sufficient condition for every solution of the equation

Az, +anTp_p =0

to be oscillatory.

3. MAIN RESULTS
Now, we are ready to establish the following criterion for the oscillation of Eq. (E):

Theorem 1. Let condition (1) hold, let

n—1

(2) lim Y- ( kl:[l (1 —pi)) = 00

k=no=0 “i=ng

and
n+h

(3) Z g >0 for sufficiently large n.
1=n+1

If for every v > 0 the equation
(4) Awy, + vy |wp—p|* sgnw,—p = 0,

is oscillatory, then Eq. (E) is oscillatory.

Proof. Let {z,} be a nonoscillatory solution of Eq. (E), say z, > 0 for n >
ng > 1. First, we claim that {Ax,} is eventually of one sign. To this end, we assume
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that {Ax,} is oscillatory. There exists N > ng + max{h, g} such that Azy < 0. Let
n = N in Eq. (E) and then multiply the resulting equation by Azy to obtain

AQxNAxN = —pN(AJ,‘N)Q — f(N, J,‘N_g, AJ:N_h)AJJN

> —pn(Azy)?

or
Azyi1Ary > (1 - pn)(Azy)? >0,

which implies that
A$N+1 <0

By induction, we obtain Az, < 0 for n > N, contradicting the assumption that
{Ax,} is oscillatory.

Next, suppose there exists N1 > ng+max{h, g} such that Azy, = 0. Then setting
n = Np in Eq. (E) leads to

AQZ‘Nl = —f(Nl, TNy—g, Ale_h) <0,

which implies that
Azn, +1 < Azy, =0.

As in the above case, we have seen that this contradicts the assumption that {Az,}
is oscillatory.
Now, we consider the following two cases:
(I) Az, < 0 eventually, (II) Az, > 0 eventually.
(I) Suppose that Az, <0 for n > ny > max{N, N;}. From Eq. (E) it follows that

A2z, +pplAx, <0 for n>=ny.
Set z,, = —Axz,, for n > ny. Then
Az, + Pnzn 20

or
n—1

Zng1 = (1= pn)zn 2 H (1 _pi)znu

i:nl
where z,, is an arbitrary constant. Thus,

k—1

—Azxy, > H (1 —pi)zn, -

i:nl
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Summing this inequality from n; to n — 1, we get

n—1 k—1
Ty — Ty =2 Zny Z (H(l—pi))ﬁoo as n — oo,

k>n1 i=nq

which is a contradiction. Next, we consider the other case
(IT) Suppose that Az, > 0 for n > n; > max{N, N;}. There exist ns > n; and
a > 0 such that

(5) Tp—g = for n>mns.
Using conditions (1) and (5) in Eq. (E) we obtain
(6) A%z, + o/\qn(Axn,h)“ <0 for n>=no.
Set z, = Ay, n > ny. Then (6) assumes the form
Az, + a/\qn(zn,h)“ <0, n = no.
Therefore, by Lemma 1, Eq. (4) has an eventually positive solution, which is a con-

tradiction. This completes the proof. O

Next, we present an oscillation theorem for Eq. (E).

Theorem 2. Let conditions (1) and (2) hold and let

n+T1
(7) Z g >0 for all sufficiently large n,
1=n+1

where T = min{g, h}. If the equation
n—g A Ap
®8) AV, + (T) Gl Vior P sgn Vi s = 0

is oscillatory, then Eq. (E) is oscillatory.

Proof. Let {z,} be a nonoscillatory solution of Eq. (E), say z, > 0 for n >
ng > 1. As in the proof of Theorem 1, we see that {Az,} is eventually of one sign
and case (I) is impossible. Next, we consider
Case (II). Suppose that Az, > 0 for n > ny > ng. From the fact that Az, is
nonincreasing, we see that

n—1

Tp — Ty = Z Azg = (n—nq1)Ax,—1,

k:nl
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which implies that

Ty = §Axn for n>ng>2n1+1.
Then
(9) Tn—g = (n;g>Axn_g > (n;g>Axn_T for n>ns+g.

Using conditions (1) and (9) in Eq. (E) yields

n — A
Ayy + (Tg> Gnlyn—~[*" <O for n>nstg,

where y, = Axz,, n > ng + g. The rest of the proof is similar to that of Theorem 1
(IT) and hence is omitted. U

As an application, we apply Lemma 2 to the equations (4) and (8) appearing in
Theorems 1 and 2 respectively and obtain the following immediate corollaries:

Corollary 1. Let conditions (1)—(3) hold. If
(i) for every constants v > 0, h > 1 we have

n—1 h
o v Z h

(i)
Zqizoo when 0<pu<1 and A>0,

then Eq. (E) is oscillatory.

Corollary 2. Let conditions (1), (2) and (7) hold. If
(i) 7 =min{g, h} > 1, and

T

. 1 i—g\* T
it 23 (50 '] > i e Avue

or

(i)

i(i_g>qu‘=oo when 0<A+pu<l1,

then Eq. (E) is oscillatory.
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The following theorem is concerned with the oscillation of a special case of the

equation
A%z, + pp Az, + qn|xn_g|A|Aacn_h|” sgnxy_g =0

when = 0 and A = 1, namely, the linear difference equation
(L) Aan + pnAxn + qnTpn—g = 0,
provided condition (2) is not required.

Theorem 3. Let Ap, <0 forn >ng>0,g > 1, and

n+g n+g
(10) Z Q; >0 and Z (i—g)gi >0  for all large n,
i=n+1 i=n+1

n—1
where Q,, = ( > Qi) — Pn—g. If the equation

i=n—g
(11) Az + cpzn—g =0,
where
(12) €p = min {Qna TL2;QQn}a

is oscillatory, then Eq. (L) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of Eq. (L), say =, > 0 for n >

ng > 1. As in the proof of Theorem 1, we see that {Ax,} is eventually of one sign.

Next we consider the two cases (I) and (II) as in Theorem 1.

(I) Suppose that Az, < 0 for n > n; > ng. Summing both sides of Eq. (L) from

n — g ton — 1, we obtain

n—1 n—1

Axy — Azp_g + Z pilAz; + Z qixi—g = 0,

i=n—g i=n—g

or

n—1 n—1
Az, + [pnxn — Pn—gTn—g — Z xi+1Apl} + Xp—yg Z ¢ <0 for

i=n—g i=n—g

Since Ap, < 0, we have

n—1
Axn + |:< Z Qz> - png:| Tn—g < 07 n = ni,
i= g

n—
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and hence, by (12), we get
Az, + cpn—g <0, n>=n.

The rest of the proof is similar to that of Theorem 1 Case II, and hence will be
omitted.
(IT) Suppose that Ax,, > 0 for n > ny > ng. Then Eq. (L) assumes the form

(13) A%z, + GnTn—g < 0, n>=ni.

As in the proof of Theorem 2 Case II, there exists an ny > n1 such that (9) holds
for n > ngy. Using (9) in (13), we have

Ayp + cpYn—g < Ay, + (%)qnynfg <0 for n=ng

where y, = Axz,, n > na. The rest of the proof is similar to the proof of the above
case and hence is omitted. This completes the proof. O

Finally, we present results for the forced difference equations of the form (L).

Theorem 4. Let the conditions of Theorem 3 hold with g, being replaced by
kqn. If {un} and {v,} are eventually positive solutions of Eq. (L.), then {u, — v, }
is oscillatory.

Proof. Let {u,} and {v,} be two positive solutions of Eq. (L) for n > ng > 1,
and let w,, = u, — v, for n > ng. From Eq. (L.) we can obtain

A2wn + pnAwn + dn [Q(Un—g) - g(vn—g)] = O

To show that {w,} is oscillatory we will assume that {w,} is eventually positive.
The negative case follows analogously.
So, let us suppose that w,, > 0 for n > ng > 1. The Mean Value Theorem implies
that
Aw, 4+ prAw, + k gnAwy,_g < 0.

The rest of the proof is similar to that of Theorem 3 and hence we omit the details.
O

In the case when condition (2) is satisfied, we have the following immediate result.
Theorem 5. Let condition (2) hold and assume that Eq.(8) is oscillatory for

A=1,u=0,g9=r7 and g, is replaced by k q,. If {u,} and {v,} are two eventually
positive solutions of Eq. (L.), then {u, — v,} is oscillatory.

Proof. The proof of this theorem follows the lines of proofs of Theorems 4, 3
and 1, and hence is omitted. O
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Remark 1. The results of this paper remain valid when p,, = 0. On the other
hand, if p, = p is a positive constant, the series in condition (2) is a convergent
geometric series and hence condition (2) is violated. In this case we are (only) able
to describe the oscillatory behavior of the linear difference equation (L) which is a
special case of Eq. (E).

As an application, we present the following criteria for the oscillation of Eq. (L)
when {p,} and {g,} are constant sequences, i.e., for the difference equation

(Le) A%z, + pAz,, + qTy—g =0
where p > 0 and ¢ > 0 are real constants, p < 1 and g is a positive integer, g > 1.

Corollary 3. If

gg
14 —p>
(14) 99-P> G gyTra

then Eq. (L.) is oscillatory.
Corollary 4. If condition (14) holds, {u,} and {v,} are two eventually positive
solutions of Eq. (L.), then {u, — v,} is oscillatory.

Remark 2. From Corollary 3 we see that the characteristic equation associated
with Eq. (L.), namely

(15) (m—-1>2+p(m—-1)+qgm9=0

has no positive roots provided that condition (14) holds.

Remark 3. It would be interesting to obtain results similar to Theorems 1 and
2 without imposing condition (2). Also, to extend Theorems 3-5 to more general
equations of type (E).
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