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Methodology of an optical pump-terahertz probe experiment:
An analytical frequency-domain approach

H. Němec, F. Kadlec, and P. Kužel
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and Biomolecules, Na Slovance 2, 182 21 Prague 8, Czech Republic

~Received 19 March 2002; accepted 15 August 2002!

Time-resolved optical pump-terahertz~THz! probe experiments are currently used to obtain
information about the ultrafast dynamics of photoexcited carriers in semiconductors and about the
far-infrared nonlinear response during solvation in liquids. The THz dynamics in such photoexcited
systems is fully characterized by a two-dimensional nonlinear susceptibility. We have developed a
frequency-domain analytical method for the direct extraction of this susceptibility from the
experimental data. Following effects are taken into account: dispersive propagation of radiation in
a photoexcited medium, refraction on its surfaces, THz sensor responsivity, and spatio-temporal
transformations of the THz pulses. Strategies for possible experiments are discussed. ©2002
American Institute of Physics.@DOI: 10.1063/1.1512648#
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I. INTRODUCTION

Recent technological developments have made it p
sible to optimize methods of emission and detection of
trashort THz pulses and thus to obtain an experimental
namic range of the order of up to about 80 dB for t
transmission measurements of steady equilibrium sta1

This increased performance of THz experiments along w
the possibility of a coherent phase-sensitive detection
ables this technique to supplement and, in many case
improve information obtained by classical far-infrared sp
troscopy. The THz spectroscopy is based on analysis
recorded temporal profile of the electric field of a broadba
THz pulse transmitted through the investigated sample
yields its complex transmission spectrum in the submillim
ter spectral range~typically 2–80 cm21). The technique in-
volves optically gated emission and detection of the T
pulses, and consequently, it is well suited for time-resolv
transmission experiments of nonequilibrium states~with sub-
picosecond resolution!, for which the classical spectroscop
techniques cannot be used. This feature has lead to the
velopment of the optical pump-THz probe~OPTP! experi-
ments in which the broadband THz pulses are used to p
far-infrared changes of the susceptibility spectrum initia
by an optical excitation event. Unlike the usual optic
pump-optical probe experiments, the OPTP technique all
observation of the evolution of the entire THz probe wav
form as a function of the negative delay of the optical pu
pulse.2 Thus, as long as the optically induced changes in
far-infrared spectrum are sufficiently strong, tw
dimensional~2D! temporal scans can be carried out in ord
to provide complete information about the system dynam
A number of papers have been devoted to the study
photocarrier dynamics in semiconductors3–11 and
superconductors12 by the OPTP technique. In these previo
experiments, the free carrier absorption represents the p
cipal interaction of the THz radiation with the sample. The
fore the transmitted intensity of the THz probe is sensit
8450021-9606/2002/117(18)/8454/13/$19.00
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mainly to the time-dependent free-carrier concentration
2D temporal scans can be performed with sufficient sens
ity because adequate photocarrier concentrations can be
ily generated by a high-intensity pump pulse.9 However, it
still remains a challenge to study the photochemical p
cesses, namely, solvation dynamics and photo-induced e
ronmental relaxation,13–15because here the optically induce
changes are very small.

In the OPTP experiments, the THz pulse directly prob
picosecond or subpicosecond dynamics, i.e., the nonequ
rium temporal evolution of the studied system involves f
quency components falling into~or overlapping with! the
THz range. This may produce a frequency mixing which c
lead to interesting changes in the THz waveform. This
quires an appropriate and a very careful analysis of the
perimental data in order to avoid artifacts.12

Recently, an analytical theory was developed to desc
the time-dependent response function for OP
experiments.2 An appropriate methodology of the experime
was proposed, one of its major points being a proper defi
tion of the times involved in the experimental scans. T
theory describes a weak secondary THz waveform relate
the nonequilibrium part of the dielectric susceptibilityDx
and allows extraction ofDx from the experiment without any
a priori model of nonequilibrium behavior. However, th
theory does not take into account the contribution of
interfaces between the nonequilibrium medium and the s
rounding space; this contribution becomes significant
samples which are thin or which absorb strongly in the o
tical or THz range. On the other hand, this theory can
also for thick samples since it implicitly assumes a perf
velocity matching of the pump and probe pulse. Also, it do
not take into account waveform transformations due to
free-space propagation nor the detection process and th
cannot be used directly to interpret the experimental data

An alternative way of the OPTP data treatment uses
numerical method of finite-difference time-domain~FDTD!
calculations11,15 which simulates the propagation of the TH
4 © 2002 American Institute of Physics
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pulse through the nonequilibrium medium with a known
electric response. The advantage of this method is that it
take into account all nonequilibrium effects; in particular
can model situations when the modifications of the THz fi
are strong and cannot be described using a perturbative
proach. On the other hand, the FDTD method was not
signed for the solution of the inverse problem, i.e., the
traction ofDx is not straightforward. It requires ana priori
explicit model for nonequilibrium behavior, the paramete
of which are to be adjusted using FDTD calculations.

The authors of both of the above theories work in t
time domain and conclude that it is not possible to use F
rier transform~FT! methods for the description of OPTP e
periments: the principal difficulty arises from the fact that t
properties of the studied photoexcited medium cha
quickly compared to the frequency of the probing radiatio
On the other hand, FT methods are an excellent tool wid
used for the interpretation of steady-state THz transmiss
experiments;1,16,17they avoid a large number of experiment
errors that arise if the time-domain approach is applied~see
Sec. II!. Thus, taking into account the experimental difficu
of the OPTP experiments, it would be very convenient
have a methodology that would enable applying FT form
ism at least partially. The aim of this paper is to propose s
a formalism and to discuss its application. Using 2D FT
have developed an analytical model which handles to
first order all nonequilibrium effects, including the refractio
on the surfaces of a photoexcited medium, dispersion, T
optical velocity mismatch and pump intensity extinction. W
have obtained an explicit formula for the nonequilibrium p
of the susceptibility which can be applied to free-carrier d
namics in semiconductors as well as to solvation dynamic
liquids. The best strategies for the experiment can be t
proposed. The paper is structured as follows: in Sec. II
will compare the FT approach to that of the time-domain;
Sec. III we will develop the FT formalism applicable to th
OPTP experiments; Sec. IV is then devoted to the solution
the electromagnetic propagation in a photoexcited medi
and finally, in Sec. V we will discuss how to perform th
experiment and how to deal with the data within these
proaches.

II. COMPARISON OF THE TIME-DOMAIN
AND FREQUENCY-DOMAIN METHODS

The THz photoconductive18 or electro-optic19 sampling
is a phase-sensitive detection method which makes it p
sible to measure and evaluate the THz electric field a
function of time. Strictly speaking, ifEE(t) is the true near-
field THz waveform emitted by an emitter~see Fig. 1!, then,
within the linear electromagnetic theory, the experimen
signalED(t) delivered by the sensor is equal to:

ED~ t !5EE~ t !* c~ t !, ~1!

where the asterisk represents a convolution. The resp
functionc~t! describes the detection process and the chan
of the THz pulse shape due to the propagation. Namely,
function accounts for:
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~1! A distortion of the THz waveform due to the propagatio
through dispersive media, e.g., a sample for transmiss
measurements17,20 or water vapor present in th
atmosphere;21

~2! A substantial reshaping of the THz pulse owing to t
free-space propagation of a spatially limited broadba
beam,22 and due to the focusing optics and its fini
aperture;23,24

~3! A detection process itself. It should include the chara
teristics of the optical sampling pulse and, e.g., in t
case of electro-optic sampling, the dispersion proper
of the Pockels crystal both in optical and in THz spect
range.25,26

All these points should be taken into account for the T
emission experiments,27 where the exact shape of the emitte
waveform has to be recovered from the measured one
should be emphasized that reshaping due to propagation
significant effect which can be hardly accounted for precis
by calculation, except when no focusing optics is used.

The usual THz transmission experiments use the FT
eliminate an unknown response function and emitted wa
form EE(t) through the convolution theorem. The spectr
scopic method consists in a measurement of a refere
waveform Er(t) with an empty diaphragm and a sign
waveformEs(t) with the sample attached to the diaphrag
and filling the whole aperture. Let the response functio
c0(t), c1(t), andc2(t) describe the evolution of the wave
form before the sample (c0), its evolution after the sample
(c1), and the detector response (c2) ~see Fig. 1!. Let Ts(t)
describe the transmission through the sample of a thickn
d, andT0(t)5d(t2d/c) ~Dirac d-function! be the transmis-
sion through the air slab of an equal thickness~empty dia-
phragm!. One can then write in the Fourier space,

Es
D~v!

Er
D~v!

5
c2~v!•c1~v!•Ts~v!•c0~v!•EE~v!

c2~v!•c1~v!•T0~v!•c0~v!•EE~v!

5
Ts~v!

T0~v!
. ~2!

The unknown response functions are thus eliminated and
measured signal is related only to the properties of
sample. We now emphasize that the sample properties
obtained only within a well defined frequency range whe
bothEs

D ~v! andEr
D ~v! significantly exceed the noise leve

This range is narrower than the bandwidth initially transm
ted by the THz fieldEE~v! due to a possible high absorptio

FIG. 1. Propagation of a THz pulse from the emitter to the detector; sc
matic definitions of instrumental functions.
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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of the sample and due to the frequency dependence ofc0 ,
c1 , and c2 . The time-domain response functionTs(t) ob-
tained from the measuredTs~v! through the inverse FT is
then always distorted since some parts of the spectra
inaccessible.

The authors of Ref. 2 carefully described the OPTP
periment, however the direct application of their theory lea
to an emissionlike experiment; the sample which is rep
sented here by dissolved chromophores in a cuvette beco
the source of a secondary THz radiation due to the polar
tion induced by the incident THz pulse. Within this treatme
the evaluation of the polarization motion in the sample a
consequently, of the near THz field is direct, however,
waveform which can be obtained experimentally has a sh
completely different from the true waveform in the near fie
due to c1 . Specifically, the measurements should be p
formed in the far field without any focusing optics,27–29 as
the reshaping due to focusing depends on the geomet
parameters of the experimental setup~distances, mirror sizes
angles, etc.!;23 these changes could hardly be taken into
count in all detail. This condition makes it more difficult t
use photoconductive antennas with a small gap betw
electrodes owing to the presence of a spherical lens w
precedes such an antenna, and which serves to collec
signal into the active area: this lens should be removed
these experiments.30 In any case, the detector responsec2

should be very carefully evaluated and taken into acco
and the true waveform of the THz pulse impinging on t
sample should be determined. Otherwise, a systematic e
will be introduced into the evaluation of the studied pheno
ena, viz., the precision of this evaluation will be limited b
uncertainties inc0 .

All these problems will be discussed further in subs
quent sections within the frame of the FT formalism whi
allows to eliminate partially the unknown response fun
tions.

III. FORMULATION OF THE PROBLEM

A. Nonlinear polarization

The propagation of the THz probe pulse through
studied sample is coupled to a THz polarization wave wh
emits a secondary THz pulse that will be detected. The p
cess under investigation is nonlinear; the THz nonequi
rium response at some point of the photoexcited medium
be described using the third order nonlinear susceptib
x̃ (3). The nonlinear contributionDP to the total polarization
P can be written using the formula,

DP~ t !5«0E E E x̃~3!~ t8,t9,t-!Eopt~ t2t-!

3Eopt~ t2t9!~ETHz~ t2t8!dt8dt9dt-, ~3!

which describes a coupling between the fieldEopt of the op-
tical pump pulse, and the total THz electric fieldETHz . Such
an expression is valid at each point of the sample, howe
the shape of the electric fields can vary due to dispersion
absorption. Nevertheless, we assume that the optical pul
much shorter than characteristic times of interactions that
Downloaded 04 Aug 2004 to 139.18.1.5. Redistribution subject to AIP 
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be studied using available THz pulses. Then Eq.~3! becomes

DP~ t,t2te!5«0E
2`

t

ETHz~ t8!Dx~ t2t8,t2te!dt8, ~4!

wherete marks the time of the optical excitation, andt is the
time when we look at the value of the polarizationDP
~through the emitted secondary THz pulse!. The generalized
susceptibilityDx depends on two time variables: the first o
is related to the dielectric response to a probe pulse, and
second one describes the influence of the optical excitat

Dx~ t8,t2te![I optE E x̃~3!~ t8,t9,t-!d~ t2t-2te!

3d~ t2t92te!dt9dt-

5I optx̃
(3)~ t8,t2te ,t2te!. ~5!

Up to now the THz probe pulse arrival was defined on
implicitly through the general form ofETHz(t8) in Eq. ~4!.
However, in the experiment, the delays of all pulses
excitation, probe, and sampling—can be independently c
trolled. For clarity, we introduce a timetp describing the THz
probe pulse arrival. When the time origin is shifted bytp, Eq.
~4! becomes

DP~ t2tp ,t2te!

5«0E
2`

t2tp
ETHz~ t8!Dx~ t2tp2t8,t2te!dt8. ~6!

After a substitution Eq.~6! takes this form,

DP~ t2tp ,t2te!5«0E
2`

t

ETHz~ t82tp!Dx~ t2t8,t2te!dt8,

~7!

which allows explicitly to delay the incident THz waveform
in time throughtp .

B. Definition of representations following
experimental schemes

Experimentally, one can control the position of the thr
delay lines as shown in Fig. 2. The delay line 1~D1! deter-

FIG. 2. Scheme of the experimental setup of OPTP experiments; D1,
D3: delay lines.
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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mines the pump pulse arrival~i.e., timete), line 2 ~D2! con-
trols the delay of the THz probe pulse, i.e., its position
related to timetp , and line 3~D3! allows to scan the shap
of the freely propagating THz waveform~i.e., timet!. As the
probe-pulse profile is not ad-function, the timetp can be
more or less arbitrarily chosen; however, during the exp
ment,tp is connected to a definite position of D2.

It is convenient to define relative delay times: pump
probe delaytp5tp2te , pump–sampling~5measurement!
delay te5t2te , and probe–measurement delayt5t2tp .
During a 2D scan two delay lines are mobile and the rema
ing one is held in a fixed position. Following their choic
two of the above defined delays can be treated as inde
dent variables:

~i! D3 is fixed: D1 scanste and D2 scanst ~both in a
negative direction!;

~ii ! D2 is fixed: D1 changestp ~in a negative direction!
and D3 corresponds tot ;

~iii ! D1 is fixed: D2 corresponds totp and D3 tote .

The natural choice of the reference waveform is a sig
obtained as a transmission through a non-excited samp
equilibrium ~i.e., the pump beam is suppressed!. For this
measurement only the delay timet has a physical sense; it
change can be achieved through the shift of either D2 or
Consequently, the 2D scan denoted above as~III ! would not
be a suitable choice since it has no connection to this re
ence: for the sake of simplicity, it will be omitted in th
following analysis. We are thus left with two possibilitie
how to select the pair of independent delays for 2D sca
Following the choice of the proper variables we can defi
two representations for polarization and susceptibility.
denote by the superscript~I! the representation wheret and
te are chosen as proper variables, and by~II ! the represen-
tation with proper variablest andtp . These representation
are simply related by the expression,

A(I )~t,te!5A(II) ~t,tp5te2t!, ~8!

i.e., the quantityA has the same value in both representatio
given the position of the three delay lines; on the other ha
the mathematical form of the functionsA(I) and A(II) is in
general different. We obtain then for the polarization chan

DP(I)~t,te!5«0E
2`

t

ETHz~ t8!Dx (I)~t2t8,te!dt8, ~9a!

DP(I)~t,te!5«0E
2`

t

ETHz~ t8!Dx (II) ~t2t8,te2t1t8!dt8,

~9b!

DP(II) ~t,tp!5«0E
2`

t

ETHz~ t8!Dx (I)~t2t8,tp1t!dt8, ~9c!

DP(II) ~t,tp!5«0E
2`

t

ETHz~ t8!Dx (II) ~t2t8,tp1t8!dt8.

~9d!
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It should be emphasized thatDx (I) and Dx (II) describe the
same physical process and bear the same information a
it; however, their mathematical form is different as they a
expressed using different proper variables.

C. Transformation into the frequency space

As will be shown in the next section, the application
the FT to a single variable, whether it bet, tp or te , always
leads to an integral relation between the measured THz e
tric field ED andDx. However, the application of the 2D FT
leads to simpler results in all cases. We use the follow
definition of the FT,

A~V!5E
2`

`

A~ t !exp~2 iVt !dt,

which implies that the refractive indices in the media w
losses will have a negative imaginary part:N5n2 ik. Let us
denote the angular frequencies conjugated to delayst, te ,
and tp as v, ve , andvp , respectively. Then, a 2D FT ap
plied for example to a quantityA(t,te) in the representation
~I! is defined as

A~v,ve!5E
2`

` E
2`

`

A~t,te!exp~2 ivt!

3exp~2 ivete!dtdte .

The application of the 2D FT to Eqs.~9a!, ~9b!, ~9c!, ~9d!
leads after a straightforward calculation to

DP(I)~v,ve!5«0ETHz~v!Dx (I)~v,ve!, ~10a!

DP(I)~v,ve!5«0ETHz~v!Dx (II) ~v1ve ,ve!, ~10b!

DP(II) ~v,vp!5«0ETHz~v2vp!Dx (I)~v2vp ,vp!,
~10c!

DP(II) ~v,vp!5«0ETHz~v2vp!Dx (II) ~v,vp!. ~10d!

Note the frequency mixing appearing in some terms of E
~10b!, ~10c!, ~10d!; mathematically, this is a direct conse
quence of the fact that, while the relation~9a! represents a
convolution in the variablet, the relations~9b!–~9d! are not
true convolutions. Physically, this is related to the absenc
the translational symmetry in time by reason of the exc
tion. In other words, the end of the terahertz pulse~which
arrives after the excitation! experiences a different respons
than its beginning: new spectral components can be ge
ated as a consequence of the dynamics ofDx.

We will also need to know the 2D FTs of time convolu
tions of some functionc~t! with DP ~or with THz electric
field! in both representations@cf. Eq. ~1!#. Since the convo-
lution involves variablet we can write it in the form,

DP(I)~t,te!* c~ t !

5E
2`

`

DP(I)~ t2t82tp ,t2t82te!c~ t8!dt8

5E
2`

`

DP(I)~t2t8,te2t8!c~ t8!dt8, ~11a!
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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DP(II) ~t,tp!* c~ t !5E
2`

`

DP(II) ~ t2t82tp ,tp2te!c~ t8!dt8

5E
2`

`

DP(II) ~t2t8,tp!c~ t8!dt8. ~11b!

The 2D FTs of these expressions then lead to

FT~DP(I)~t,te!* c~ t !!5c~v1ve!DP(I)~v,ve!, ~12a!

FT~DP(II) ~t,tp!* c~ t !!5c~v!DP(II) ~v,vp!. ~12b!

IV. SOLUTION OF THE WAVE EQUATION
FOR A PHOTOEXCITED SAMPLE

A. General considerations

We consider a sample of thicknessL surrounded by me-
dia with refractive indicesn1 ~before the sample! and n2

~after the sample!. It can be, e.g., air or cuvette material; w
consider the most general case where the two media ca
different. In equilibrium, the sample is assumed to be a
mogeneous slab with two flat and parallel surfaces an
refractive indexN; in the time domain it is characterized b
the dielectric response function«. All the indicesn1 , n2 , and
N may be complex and frequency-dependent. Let us de
E0(t, z! the THz pulse coming into the sample under norm
incidence. To be precise,E0(t, z501) is the THz wave
which has just been transmitted through the input interf
~air/sample or cuvette/sample! according to equilibrium
Fresnel equations. It is assumed to be a plane wave. In
following we also suppose that it is possible to proceed to
temporal windowing of the THz signal in order to cut th
internal Fresnel reflections in the sample: these are not
sidered in the main part of this paper, however, they
treated in the Appendix. In the photoexcited state the to
THz field ETHz(t, z! in the sample is equal to

ETHz~ t,z!5E0~ t,z!1DE1~ t,z!, ~13!

whereDE1 is a secondary THz wave induced by the nonl
ear polarizationDP(t, t2te , z!. From now on, we assum
that the secondary fieldDE1 is small compared to the pri
mary one,E0 . This is the most important assumption of o
model which allows to linearize it. It is justified in man
practical cases;Dx scales linearly with the incoming optica
fluenceI opt @cf. Eq. ~5!#, and consequently the magnitude
DE1 can be limited in the experiment. However, if intera
tions at a very high excitation density are to be studied~e.g.,
investigation of the carrier screening in semiconductors
high photocarrier densities! this model cannot be applied
Within the above approximation,DP can be written in the
following form:

DP~ t,t2te ,z!5«0E
2`

t

E0~ t8,z!exp~2az!

3Dx~ t2t8,t2~ te2z/vg!!dt8, ~14!

where we replaced the total THz field by the primary one,
propagation of which is well known. In addition, we expli
itly accounted for the absorption of the optical beam throu
the coefficienta, and for its group velocity of propagation i
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the wave equation forDE1 can be written as

]2DE1

]z2
2

1

c2

]2

]t2
~«* DE1!5m0

]2DP

]t2
. ~15!

The dispersion of the secondary waveform is accounted
by the linear~equilibrium! time domain response function«.

B. Input interface

We may now pass to the variablest andte or t andtp ,
and transform the wave equation into frequency space.
apply the 2D FT to both sides of Eq.~15! and using Eqs.
~10a!, ~10d! and ~12a!, ~12b! we get

d2DE

dz2
1k1

2DE52k0
2e0exp~2 iK Fz!, ~16!

whereDE(v,ve) in representation~I! or DE(v,vp) in rep-
resentation~II ! are the 2D FTs ofDE1(t,te) or DE1(t,tp),
respectively. The other symbols used in expression~16! have
the following definitions for the two representations:

Representation I:

k15
~v1ve!N~v1ve!

c
, k05

v1ve

c
,

KF5
vN~v!

c
1

ve

vg
2 ia,

e05E0~v,z501!Dx (I)~v,ve!,

Representation II:

k15
vN~v!

c
, k05

v

c
,

KF5
~v2vp!N~v2vp!

c
1

vp

vg
2 ia,

e05E0~v2vp ,z501!Dx (II) ~v,vp!.

As all the equations are analogous for the two represe
tions, we will pursue the calculation for representation
only and we will present the results for representation I at
end of this section. We would like to emphasize that in re
resentation II,v –vp has the meaning of the frequency of th
primary THz waveE0 : this wave drives the componentDE
of the secondary wave which oscillates at the frequencv
and it is parametrized byvp . Equation~16! is analogous to
equations of nonlinear optics which are governed by a ph
matching condition. The phase matching condition for E
~16! is

Dk[KF2k150. ~17!

The secondary magnetic fieldDH is related to the elec-
tric field DE through Maxwell’s equation,

DH5
i

m0v

dDE

dz
. ~18!

The solution of wave equation~16! describing the propaga
tion in the forward direction can be written as follows:
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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DE5d exp~2 ik1z!2
k0

2e0

k1
22KF

2
exp~2 iK Fz!, ~19a!

DH5
k1d

m0v
exp~2 ik1z!2

K

m0v

k0
2e0

k1
22KF

2
exp~2 iK Fz!.

~19b!

The constantd can be determined from the continuity of th
electric and magnetic fields at the input interface~z50!,

Ei01Er01DEr05E01DE,
~20!

Hi01Hr01DHr05H01DH.

The meaning of all fields is explained in Fig. 3. The equil
rium componentsEi0 , Er0 , E0 , andHi0 , Hr0 , H0 fulfill the
equilibrium Fresnel equations. The ratio ofDEr0 andDHr0

is given by the impedance of the surrounding~equilibrium!
medium. Thus we are left with the following equations:

DEr05DE, 2n1A«0

m0
DEr05DH, ~21!

which allow us to express the coefficientd. Its substitution
back to Eq.~19a! yields

DE5
e0exp~2 ik1z!

N~v!1KF /k0
F2

1

n1~v!1N~v!

1
12exp~2 iDkz!

N~v!2KF /k0
G . ~22!

This formula describes the field induced due to the transm
sion of the THz wave into the nonequilibrium medium~z50!
and for the field induced due to propagation in this mediu
It is interesting to look what happens in the phase-matc
case. In the phase-matching limit Eq.~22! yields

DE5F2
1

2N~n11N!
e02

z

2Nc
~ ive0!Gexp~2 ik1z!.

~23!

The first term in the square bracket can be interpreted
first order correction to the equilibrium Fresnel formula

FIG. 3. Notation of electric and magnetic fields at the input and output fa
of the sample. In the main part of the paper we assume that the sam
thick enough to allow the temporal windowing of the signal; the backwa
propagating wave depicted with a dotted line is not taken into account in
equations for the input interface. However, this wave is taken into accou
the Appendix.
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Indeed, if one assumes a time-independent change of
refractive indexDN of the medium, then the changeDt of the
Fresnel transmission coefficientt is equal to

Dt5
dt

dN
DN5S 2

1

2N~n11N! D S 2n1

n11ND ~2NDN!.

~24!

The product of the second and third term in Eq.~24! is as-
sociated withe0 in expression~23!: the second term yields
E0(z501) from E0(z502), and the third terms stands fo
the change of the susceptibilityDx.

The second term in the square bracket in Eq.~23! de-
scribes the generation ofDE during the propagation in the
medium. It is linear inz as expected for the phase-matchi
case. This term, considered in Ref. 2, states that the fi
emitted by the time-dependent polarization during the pro
gation in the sample, in the near field, is proportional to

DE1}2
]DP

]t
. ~25!

The second term becomes dominant for thick samples.
the other hand, for cases not phase-matched the relative
portance of the first term grows. In semiconductors, wh
the pump pulse is usually absorbed within a few microns,
first ~‘‘surface’’! term is clearly the leading one.

C. Output interface

The primary wave reflected on the output interface f
lowing the Fresnel formulas reads:

Er1~V,z!5E0~V,z501!exp~2 iVNVL/c!r V,2

3exp~2 iVNV~L2z!/c!,

where

r V,25
N~V!2n2~V!

N~V!1n2~V!
,

andV5v2vp ~in representation II!. The wave equation for
the back-propagating secondary waveDEr then takes the
form,

d2DEr

dz2
1k1

2DEr52k0
2e0Bexp~2 iK Bz!, ~26!

where representation II,

KB52
~v2vp!N~v2vp!

c
1

vp

vg
2 ia,

e0B5E0~v2vp ,z501!Dx (II) ~v,vp!

3exp@22i ~v2vp!N~v2vp!L/c#r v2vp,2 .

Reflection of the optical excitation pulse on the output face
weak in usual cases of interest and it is neglected. Note
in this case the pump pulse and the reflected terahertz w
Er0 andDEr are counterpropagating, and the phase match
can never be achieved. This is expressed by the first nega
term in the definition ofKB . The majority of the energy of
the secondary wave generated by the backpropagating w
coming into the detector is delayed by an additional tim

s
is

-
e
in
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2NL/c. Taking into account the nonresonant character
this backpropagating term and given the time window
condition, we omit in the following the right-hand side o
Eq. ~26!. A complete solution of the problem is given in th
Appendix and the short discussion there also validates
approach. We are thus left with a very simple wave equat

d2DEr

dz2
1k1

2DEr50. ~27!

The continuity conditions at the output interface,z5L, read
~see Fig. 3!,

Ei11DEi1Er11DEr5Et11DEt ,
~28!

Hi11DHi1Hr11DHr5Ht11DHt ,

where the equilibrium componentsEi1 , Er1 , Et1 , andHi1 ,
Hr1 , Ht1 fulfill the equilibrium Fresnel equations;DEi and
DHi are given by Eqs.~22! and ~18! with z5L; DEt and
DHt are the total transmitted secondary waves,

DHt5n2A«0

m0
DEt ,

and DEr and DHr are solutions of the wave equation~27!
describing the waves propagating backwards,

DEr5g exp~ ik1z!, ~29a!

DHr52
k1g

m0v
exp~ ik1z!. ~29b!

The interface conditions allow to eliminate the constang
and determineDEt . One finds

DEt5
exp~2 ik1L !

n21N F2
2N

~N1KF /k0!~n11N!

1
12exp~2 iDkL!

~N2KF /k0!
1

1

N1KF /k0
Ge0 , ~30!

where the argument of the parametersN, n1 , andn2 which
appear explicitly in this expression is the frequencyv. Simi-
larly, in representation I,N and n0 which appear explicitly
have the argumentv 1 ve . For use later we will formally
define a filter functionJ5DEt /e0 which represents the re
lation between the transmitted secondary waveDEt , inci-
dent waveE0 and nonlinear susceptibilityDx,

DEt~v,ve!5J~v1ve ,v!E0~v,z501!Dx (I)~v,ve!
~31a!

in representation I, or

DEt~v,vp!5J~v,v2vp!E0~v2vp ,z501!

3Dx (II) ~v,vp! ~31b!

in representation II.

D. Discussion

The first term in Eq.~30! corresponds to the first term i
expression~22!, i.e., to the pulse generated at the input
terface which has next passed through the output inter
without photoexciting perturbation. The second term is
Downloaded 04 Aug 2004 to 139.18.1.5. Redistribution subject to AIP 
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bulk contribution which strongly depends on the pha
matching condition. Finally, the third term in Eq.~30! has no
equivalent in Eq.~22! and it can be identified with a contri
bution coming from the second interface.

Assuming thatN varies only little with frequency, one
can define the pulse walk-off,

Dw5
N

c
2

1

vg
~32!

as a characteristic parameter describing how closely
phase-matching condition is satisfied. The generated am
tude of the secondary wave is plotted in Fig. 4 as a funct
of the sample lengthL for different values of the absorptio
coefficienta and of the walk-offDw. These plots correspon
to experimental situations that are encountered in the st
of solvation dynamics in solutions: for a given solvent~char-
acterized byDw! one looks for a suitable cuvette length an
chromophore concentration which linearly scalesa. As the
magnitude of the nonlinear susceptibility is also expected

FIG. 4. Amplitude of the secondary waveDEt represented by the quantity
auJu ~see text! as a function of the sample lengthL for different optical
absorption coefficientsa and for different walk-offsDw. Parameters:
v/vp52, N51.5, n15n252. The curves which are shown were calculat
at 1 THz, but asJ scales practically linearly with frequency under the
conditions, the same curves are obtained for other frequencies.
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be approximately proportional to the chromophore conc
tration, Fig. 4 in fact shows the productauJu as a represen
tative function for the measured signal amplitude. If t
phase-matching condition is fulfilled~andN is frequency in-
dependent!, one obtains,

DEt5F2
e0

~n11N!~n21N!
2

L

c~N1n2!
~ ive0!

1
e0

2N~n21N!Gexp~2 ik1L !. ~33!

In the case of a solution in cuvette,n1'N; then, the first and
the third ~‘‘surface’’! terms partially compensate for eac
other and the bulk~phase-matched! contribution is thus the
leading one as it can be seen in Fig. 4; the amplitude pra
cally vanishes forL50.

In contrast, only the first term of Eq.~30! will contribute
in semiconductors where the pump beam is usually abso
within a few microns near the input interface because
parametersKF andDk have very high imaginary parts,

DEt'2
2N exp~2 ik1L !e0

~n21N!~N1KF /k0!~n11N!
. ~34!

This is illustrated in Fig. 5, where the signal amplitudeuaJu
is plotted versus the absorption coefficient. Here the mu
plication of J by the absorption coefficient over several d
cades is not completely justified as in the previous case:
take it as the simplest approximation and, consequently,
curves show the expected behavior only schematically.
situation encountered in solutions corresponds to the in
increase of the signal amplitude where the bulk term is do

FIG. 5. ~a! Amplitude of the secondary waveDEt at 1 THz~represented by
the quantityauJu! vs optical absorption coefficientsa. Parameters:v/vp

52, N53.5, n15n251, Dw50.2 ps/mm.~b! Decomposition of the signa
amplitude into three contributions which given by the three terms of
~30! and discussed in the text.
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nant and the surface terms counterbalance each other.
semiconductors or other highly absorbing materials are r
resented by the second increase of the signal amplit
which is independent of the sample thickness and where
term coming from the first surface becomes dominant wh
the sum of the remaining terms vanish@Fig. 5~b!#.

V. EXPERIMENTAL SCHEMES

In Sec. III we introduced two possibilities of 2D tempo
ral scanning in OPTP experiments which lead to two rep
sentations of the THz secondary wave emitted by the sam
due to the photoexcitation@Eqs.~30! and ~31a!, ~31b!#.

A. Representation I

In the case of representation I, one performs a 2D s
using D2 ~t! and D1 (te) delay lines. The reference mea
surement is done with the pump beam suppressed and u
the D2 delay line. D3 is fixed in both experiments in th
same position. Taking into account Eqs.~2!, ~12a!, and~31a!
one finds for the measured signal~see Fig. 1!,

DED~v,ve!

Eref
D ~v!

5
c2~ve1v!

c2~v!

c1~ve1v!

c1~v!

3
J~ve1v,v!Dx~v,ve!

Tref~v!

E0~v!

E0~v!
, ~35!

where Tref~v! is the reference transmission function of th
nonexcited samplec1 accounts for the spatiotemporal tran
formations of the THz pulse between the sample and
detector, and, in the case of a sample in a cuvette, also fo
propagation through the output window of the cuvette. T
last contribution is simple to describe if the characteristics
the cuvette material are known, namely, it simplifies owi
to the reference measurement into a pure phase factor i
dispersion of the cuvette in the THz range is negligible,

ccuv~ve1v!

ccuv~v!
'exp~2 iven2d/c!, ~36!

whered is the cuvette output window thickness. Concerni
the spatiotemporal transformations, it is necessary to av
them after the sample by following the protocol for the em
sion experiment described in Ref. 27, i.e., the transmit
on-axis THz waveformED~t, te) is measured in the far field
without any additional focusing optics. The relevant part
the instrumental functionc1 accounts for the near field–fa
field transformation and it is proportional to frequency,

cair~ve1v!

cair~v!
'

ve1v

v
exp~2 iveD/c!, ~37!

whereD is the distance between the output face of the
vette ~sample! and the sensor. The sum of the two large li
ear phase factors from Eqs.~36! and~37! corresponds to the
time shift of the resulting susceptibility byt85(n2d1D)/c
in the variablete . This follows from the definition ofte

5t2te , wheret is the time of the measurement andte is the
time of the pump pulse arrival into the sample. No signal
interest can be measured forte,t8. One can thus cance

.
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these phase factors provided that the origin ofte is defined in
the experiment as the time delay when the first signal rela
to the optical excitation has been detected.

Although the termsE0~v! in Eq. ~35! cancel out, they
are formally written here, since the finite extent of the TH
spectrum limits the experimentally accessible range. Thi
discussed in more detail in Sec. V C.

Finally, c2 is the spectral responsivity of the sensor. T
relation between the true THz waveform incident on the
tector and the detected waveform has already been desc
in the case of the electro-optic sampling; in the most gen
case, the detection spectral response function is given by
~57! in Ref. 26. Under usual experimental conditions whe
the bandwidthDvL of the sampling optical pulse is muc
smaller than its carrier frequencyvL the response function
c2(V) of the detection system writes

c2~V!5F E
2`

`

EL* ~v8!EL~v82V!dv8G
3xeff

(2)~vL ;V,vL2V!

3

expS i
V

c
lDn~V,vL! D

i
V

c
Dn~V,vL!

2n

n11
, ~38!

whereV is a general frequency variable. The first term in E
~38! is the frequency domain autocorrelation of the opti
electric field EL , which describes how the measured TH
waveform is broadened due to finite temporal length of
optical sampling pulse. The second term corresponds to
Pockels coefficient dispersion in the THz frequency ran
The third term describes the waveform distortion due to
dispersion of the sensor~l is the sensor thickness! and due to
the velocity mismatch, which is incorporated in the diffe
ence between the group refractive indexng of the sampling
pulse, and the THz refractive indexn,

Dn~V,vL!5n~V!2ng~vL!5n~V!2n~vL!2vL

dn~vL!

dvL
.

~39!

Finally, the fourth term of Eq.~38! accounts for the Fresne
losses on the input face of the sensor.

All the required quantities can be experimentally det
mined for a given Pockels crystal, thusc2 can be calculated
However, asc2 contains a sum frequency in its argument
is necessary to measurec2~V! in a spectral range exceedin
the available THz bandwidth in order not to reduce the
cessible frequency range ofDx(ve , v!.

The nonequilibrium susceptibility can be directly calc
lated from Eq.~35!,

Dx~v,ve!5
Tref~v!

J~ve1v,v!

DED~v,ve!

Eref
D ~v!

3
vc2~v!

~ve1v!c2~ve1v!
. ~40!
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The presence of the sum frequency factor in the argumen
the sensor response functionc2(ve 1 v! is closely related to
the experimental protocol associated to representation I.
a given position of D1~scan ofte) and D2~scan oftp) one
point of the nonequilibrium THz waveform is measured. W
now fix the pump pulse arrival~D1! and move the delay line
D2; this corresponds to a waveform measurement as
probe–sampling distance (t – tp) is scanned. However, by
moving D2, the pump–probe distance (tp2te) is changed at
the same time. Consequently, each point of the wavefo
obtained using this experimental protocol is influenced d
ferently by the pump pulse. The factorc2(ve1v) takes this
fact into account. Similar arguments can be drawn for E
~35! to justify the termc1(ve1v) describing the spatiotem
poral transformations.

The main advantages of this representation are tha~i!
the shape of the incident waveform is completely cance
out thanks to the reference measurement, and that~ii ! once
the sensor is properly characterized, the evaluation of
nonequilibrium susceptibility is straightforward for all sub
sequent measurements. On the other hand, it should be
fully checked that the measurements are really performe
the far field. The major disadvantage of this method is t
the detected THz beam is not focused, thus the S/N rati
significantly decreased. In order to improve the signal
would be necessary to use focusing optics~paraboloidal or
ellipsoidal mirrors or FIR spherical lenses!. However, this
would complicate very significantly the form of the respon
function c1 . It can still be evaluated analytically within
Gaussian-beam approximation,23 but this approximation is
not always valid within the required precision; the spheri
aberration significantly broadens the THz pulses and para
loidal and ellipsoidal profiles can lead to departures fro
Gaussian-type propagation characteristics. On the o
hand, numerical calculations within the scalar diffracti
theory31 always require assumptions about the transve
profile of the THz beam and do not allow a simple analytic
treatment based on Eq.~1! using a temporal convolution with
a response function; the response function will in fact dep
on the spatial profile. Moreover, the calculations are v
sensitive to the geometrical arrangement~all distances and
apertures of used optics!.

B. Representation II

Let us turn now our attention to the second possibil
~representation II! for which one needs to perform the 2
scan using D3~t! and D1 (tp) delay lines. The reference
measurement is done with the pump beam suppressed
using the D3 delay line. D2 is fixed in both experiments
the same position. Taking into account Eqs.~2!, ~12b!, and
~31b! one finds for the measured signal,

ED~v,vp!

Eref
D ~v!

5
c2~v!

c2~v!

c1~v!

c1~v!

J~v,v2vp!Dx~v,vp!

Tref~v!

3
E0~v2vp!

E0~v!
. ~41!
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The meaning of the symbols is analogous to that in Eq.~35!.
The response functionsc1 andc2 describing the propagatio
after the sample are eliminated. Their absence in this exp
sion allows one to choose any experimental arrangemen
hind the sample, and, consequently to focus the THz po
into the sensor. On the other hand, it is necessary to de
mine precisely the waveform incident on the sample. It i
plies replacing the sample by the sensor, to measure
waveform~denoted asEM), and subtract the influence of th
sensor using the functionc2 . Then Eq.~41! yields for the
nonequilibrium susceptibility the following formula:

Dx~v,vp!5
Tref~v!

J~v,v2vp!

ED~v,vp!

Eref
D ~v!

EM~v!c2~v2vp!

EM~v2vp!c2~v!
.

~42!

Similarly as in expression~40! we canceled the phase fa
tors,

exp~2 ivp~n1d1DD !/c!,

whered is the thickness of the input window of the cuvet
and DD is a possible distance between the position of
input face of the sensor and of the sample. Here the ph
factor can be determined if the experimental setup allow
minimize the uncertainty in the determination ofDD.

If the experimental THz setup is sufficiently stable
time, it is possible to determine the complex spectrum of
waveformE0 only once for a whole set of nonequilibrium
measurements. It is obvious that the precision of this de
mination is crucial. In order to minimize the influence of th
sensor, it is possible to use a very thin Pockels crystal for
detection, e.g., a thin̂110& ZnTe crystal25 in an optical con-
tact with a thicker one in̂100& orientation so as to avoid
multiple Fabry–Pe´rot reflections. Then the spectrumc2~v! is
much flatter32 and the evaluation is less sensitive to expe
mental errors.

Note that in usual optical pump–probe experimen
where relatively slow changes are measured compared to
carrier frequency of the optical probe pulse~i.e., vp!v),
the influence of the incident pulse shape is canceled ou
Eq. ~41!, one-dimensional FT can be performed, and
slowly-varying time-dependent susceptibilityDx(tp , v! can
be introduced. It should be noted that this is also the case
OPTP experiments if one measures only slow dynam
compared to the THz pulsewidth (vp!v).

C. Accessible data

In both presented experimental protocols, one part of
instrumental functions is eliminated. For D1–D2 scans
need not take care about the propagation before the sam
however we do have to account for the propagation after
sample. The opposite is true for D1–D3 scans; the wavef
before the sample has to be determined, while the prop
tion after the sample is absent in the formulas. The sen
characteristics have to be elucidated for both experimen

Both possibilities of 2D scans are schematically rep
sented in Fig. 6. Figures 6~a! and 6~b! represent the ranges o
time delays which need to be scanned.
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For representation I@Fig. 6~a!#, t andte are connected to
the displacement of D2 and D1, respectively; the area
interest containing the complete information is rectangular.
is limited in t owing to the temporal windowing; on the other
hand, sufficiently long scans inte should be performed~until
the signal related to the pump pulse vanishes!. The origin of
te was chosen as the time delay when the first signal relat
to the optical excitation has been detected.

The rectangle transforms into a parallelogram in repre
sentation II @Fig. 6~b!#; the pump pulse approaches the
sample atte5tp1t50 @cf. Eq. ~8!#, i.e., the data below the
diagonal linetp52t cannot be influenced by the pump and
their value is zero by definition. For large values oftp1t the
signal due to the excitation is supposed to vanish. Thus,
shown in Fig. 6~b!, the parallelogram can be completed by
two triangles filled by zeroes to obtain a rectangle suitab
for 2D FT.

Figures 6~c! and 6~d! show schematically the frequency
ranges where nonequilibrium susceptibilityDx can be calcu-
lated. The susceptibility at negative frequencies is calculate
using the propertiesDx(v,ve)5Dx* (2v,2ve) and
Dx(v,vp)5Dx* (2v,2vp). The experimentally acces-

FIG. 6. Upper part: 2D time-domain scans to be performed;~a! representa-
tion I; ~b! representation II. Lower part: accessible ranges in the correspon
ing 2D Fourier spaces for representation I~c! and representation II~d!. Gray
shadowing represents areas whereDx can be experimentally obtained~see
text!. Delimiting lines are related to the temporal windowing~1!, spectrum
of incident pulse~2!, sensor~3!, sample in equilibrium state~4!, sampling
rates int, te , andtp ~5!, ~6!, and~7!, scan lengths inte andtp ~8! and~9!,
filter function J ~10!, diffraction ~11!, and pump pulse length~12!.
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sible areas are defined as frequency ranges where bot
signal spectrumED and the reference spectrumEref

D exceed
the noise level. They are delimited by a set of lines plotted
Figs. 6~c! and 6~d! which are characteristic for the exper
mental setup or its parts and which are obtained from E
~35! and ~40! for representation I, and from Eqs.~41! and
~42! for representation II.

With representation I@Fig. 6~c!#, the accessible range i
in principle defined by the sampling rates int andte ~high-
frequency limit! and by the scan lengths int and te ~low-
frequency limit!. It can be reduced further by all the facto
which appear at the right-hand side of Eq.~35!; e.g., the
spectrum of the incident THz pulseE0~v! cancels out in this
expression, however, it can still diminish the spectral ran
where ED(v,ve) and Eref

D (v) can be experimentally ob
tained. The principal factors that can decrease the low-
high-frequency limits of the measurement inv @vertical lines
in Fig. 6~c!# are the spectrum of the incident pulseE0~v!, the
sensitivity of the sensorc2~v!, and the equilibrium proper
ties of the sampleTref(v); in addition, the low-frequency
part of the spectrum can be limited by the temporal windo
ing. The terms which contain the sum argumentv1ve are
then at the origin of diagonal delimiting lines in Fig. 6~c!.
The most important factor here is the upper limit of the sp
tral sensitivity of the sensor which, due to its diagonal ch
acter, reduces the accessible area very drastically—by m
then one half. The filter functionJ and the propagatorc1 are
approximately linear inv1ve , so that they can in principle
influence the low-frequency diagonal limit shown in Fi
6~c!.

Similar discussion can be drawn for representation
the accessible spectral area is plotted in Fig. 6~d!. While the
experimenter can influence the positions of short-das
lines plotted in Figs. 6~c! and 6~d! ~e.g., lengths of scans an
sampling rate!, those of long-dashed lines are given by ch
acteristics of the experimental setup~sensor, emitter, opacity
of the sample, etc.! and the reduction of the accessible ar
due to these lines cannot in principle be avoided.

Our approach allows to conceive another interesting
perimental protocol. We take as a reference another 2D s
in different conditions. Different conditions can mean, e.g
different temperature or a different excitation wavelength
can be interesting especially with semiconductors to comp
the dynamics of photoexcited carriers generated just ab
or well above the band gap. It is then possible to reco
very precisely~without knowledge of any instrumental func
tion! the ratio of the spectra of nonlinear susceptibilities,

Dx1~v,vp!

Dx2~v,vp!
5

E1
D~v,vp!

E2
D~v,vp!

, ~43a!

Dx1~v,ve!

Dx2~v,ve!
5

E1
D~v,ve!

E2
D~v,ve!

, ~43b!

where indices 1 and 2 denote the different experimental c
ditions. It is then possible to follow easily the changes
nonlinear susceptibility as a function of another external
rameter. Note, however, that if the external parameter
simultaneously change the equilibrium properties of
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sample—this, for example, is the case of the temperatur
it is necessary to take it into account through a modificat
of J.

VI. CONCLUSION

We have solved the problem of the propagation of T
electromagnetic transients in photoexcited media up to
first order. We have shown that using a 2D FT approach
can derive an explicit formula for the 2D spectrum of no
linear susceptibility describing the ultrafast dynamics of t
medium after the optical excitation. The results can be
plied both to optically highly absorbing media, whe
Fresnel-type interface effects dominate, and to media w
lower optical absorption where the phase-matching condi
in the bulk becomes important.

We have proposed two experimental schemes and
cussed their advantages and drawbacks. One of the in
mental functionsc0 or c1 is canceled out from the expres
sions for Dx owing to the 2D FT approach. All the
equilibrium characteristics of the sample, cuvette, and sen
need to be preliminarily determined and spectral filteri
functions appearing in the final expressions~40! and ~42!
should be plotted and examined. It is then possible to de
mine the spectral range where susceptibility can be de
mined from the terahertz experiment. The relative variat
of nonlinear susceptibility as a function of another exter
parameter can be determined without knowledge of any
strumental function. In this respect, our approach appear
be more convenient than alternative time-domain treatme
where all the instrumental functionsc0 , c1 , andc2 have to
be experimentally determined. Moreover, unlike the nume
cal time-domain treatment~FDTD!, the proposed scheme a
lows for a direct evaluation ofDx without ana priori model.
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APPENDIX: SOLUTION OF THE WAVE EQUATION
WITHOUT TEMPORAL WINDOWING

Here we solve the problem of propagation in a photo
cited medium without the temporal windowing of the TH
signal, i.e., all the internal reflections in the sample are ta
into account. The remaining assumptions are retain
namely,DE!E0 , expressed by Eqs.~13! and~14!. The defi-
nitions of the symbols given in Eqs.~16! and ~26! are used.
The wave equation for the total secondary THz fieldDE in
the sample writes

d2DE

dz2
1k1

2DE52k0
2e0@AF exp~2 iK Fz!

1AB exp~2 iK Bz!#, ~A1!
license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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where the parameters

AF5(
j 50

`

~r 1r 2! jexp@22i ~v2vp!N~v2vp! jL /c#,

AB5
1

r 1
(
j 51

`

~r 1r 2! jexp@22i ~v2vp!N~v2vp! jL /c#,

describe the sum of internal reflections of the primary wa
in the sample. The general solution of the wave Eq.~A1!
writes,

DE5g exp~ ik1z!1d exp~2 ik1z!

2 (
m5F,B

k0
2e0Am

k1
22Km

2
exp~2 iK mz!. ~A2!

The relations between the secondary wave reflected by
structure (DEr0), transmitted by the structure (DEt) and the
constantsd andg are given through the field continuity at th
interfaces,

DEr05DE~z50!,

2k0n1DEr05m0vDH~z50!,
~A3!

DE~z5L !5DEt ,

m0vDH~z5L !5k0n2DEt .

After introducingDE given by Eq.~A2! and the correspond
ing magnetic fieldDH calculated using Eq.~18! into the
system of equations~A3! one finds

DEt5H (
m5F,B

F S 12
2N

n11ND 12exp~2 i ~Km1k1!L !

N1Km /k0

3
12exp~2 i ~Km2k1!L !

N2Km /k0
G Ame0exp~2 ik1L !

n21N J
3(

j 50

` S N2n1

N1n1

N2n2

N1n2
D j

exp~22ik1 jL !. ~A4!

The last sum accounts for the multiple internal reflections
the generated secondary pulses. The internal reflection
the primary wave are encoded intoAm coefficients. The re-
maining terms thus describe the generation in various or
of these reflections.

The exponential term containing the sumKm1k1 can
never become phase matched for either forward~m5F! or
backward wave~m5B!; this exponential thus only describe
a higher order term from the point of view of temporal wi
dowing. The first-order terms~direct pass of the beam! con-
tain only contributions given in Eq.~30!,

DEt,1,F5F S 12
2N

n11ND 1

N1KF /k0

1
12exp~2 i ~KF2k1!L !

N2KF /k0
G e0 exp~2 ik1L !

n21N
.

~A5!

The lowest-order terms coming from the backward propa
tion read,
Downloaded 04 Aug 2004 to 139.18.1.5. Redistribution subject to AIP 
e

he

f
of

rs

-

DEt,1,B5F S 12
2N

n11ND 1

N1KB /k0

1
12exp~2 i ~KB2k1!L !

N2KB /k0
G e0r 2 exp~2 ik1L !

n21N

3exp@22i ~v2vp!N~v2vp!L/c#. ~A6!

In principle, these terms are delayed in time with respec
those of Eq.~A5! as the propagator term in Eq.~A6! is
roughly equal to23ik1L. This validates for the majority of
cases our approximation expressed by Eq.~27!. The second
term in the square bracket of Eq.~A6! can become resonan
only in a hypothetical case when the phase-matching co
tion ~17! is satisfied and, simultaneously, the primary fie
has a nonvanishing static component (v5vp). On the other
hand, if we are far from the phase matching condition,
generated signal based on this term will be small. At
same time the nonvanishing positive argument of the ex
nential term exp(2i(KB2k1)L) will decrease the effective
time delay of this contribution. The interpretation of this co
tribution is the following: out of the phase-matching th
back-propagating primary wave generates in the bulk a sm
part of the secondary wave with an opposite propaga
direction ~i.e., this secondary wave propagates directly f
ward after generation!. This secondary wave then comes in
the detector at intermediate times~with a delay betweenNL/c
and 3NL/c!, thus the temporal windowing procedure cann
be strictly defined. Consequently, a small systematic erro
introduced into the treated data if Eq.~30! and the time-
windowing are applied in this case.
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