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BOUNDEDNESS OF THE FRACTIONAL MAXIMAL
OPERATOR IN LOCAL MORREY-TYPE SPACES

A. BURENKOV, A. GOGATISHVILI, V.S. GULIYEV AND R. MUSTAFAYEV

ABSTRACT. The problem of the boundedness of the fractional maximal oper-
ator M,, 0 < a < n in local Morrey-type spaces is reduced to the problem of
the boundedness of the Hardy operator in weighted L,-spaces on the cone of
non-negative non-increasing functions. This allows obtaining sharp sufficient
conditions for the boundedness for all admissible values of the parameters.

1. INTRODUCTION

If £ is a nonempty measurable subset on R™ and f is a measurable function
on F, then we put

1
Hw%ww=</Lﬂwﬁw),0<p<+m,
F

[ F | ocimy := supie: {y € B [f(y)] = a}| > 0}
If I a nonempty measurable subset on (0,+00) and ¢ is a measurable function
on I, then we define ||g||z, ) and ||g||z. () correspondingly.
For z € R™ and r > 0, let B(z,r) denote the open ball centered at x of radius
r and GB(JL’, r) denote the set R\ B(z,r).
Let f € LP¢(R™). The fractional maximal operator M, and the Riesz potential
I, is defined by

A@ﬂ@ZﬂWW@JWﬂﬁ/(Jﬂ@@hoéa<m
B(x,t

t>0
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I,.f(x) :/R &dy, 0<a<mn,

n |z =y
where 0 < o < n and |B(z,t)] is the Lebesgue measure of the ball B(z,t). If
a =0, then M = M, is the Hardy-Littlewood maximal operator.

The operators M = My, M, and I, play an important role in real and harmonic
analysis. (see, for example [15] and [16])

In the theory of partial differential equations, together with weighted L, ,,
spaces, Morrey spaces M,, \ play an important role. They were introduced by C.
Morrey in 1938 [19] and defined as follows: For A >0, 1 <p < oo, f € M, if
f e Ly<(R") and

1 la, 3 = 1, ey = 50D 7 fl ey < 00

z€R™, r>0
holds .
These spaces appeared to be quite useful in the study of local behavior of the
solutions of elliptic partial differential equations.
Also by WM, » we denote the weak Morrey space of all functions f € WL}DOC(]R")
for which
||fHW/\/tp,A = ”fHWMp,A(Rn) = Sup T_A/p”fHWLp(B(x,r)) < 00,

zeR™ r>0

where WL,, denotes the weak L,-space.

Spanne (see [22]) and Adams [1] studied the boundedness of the fractional
maximal operator M, for 0 < o < n in Morrey spaces M,, . Later on Chiarenza
and Frasca [11] studied the boundedness of the maximal operator M in these
spaces. Their results can be summarized as follows:

Theorem 1.1. (1) Let 0 < a < n, 1 < p; < nfa, 0 < X < n—ap, and
1/p1 —1/ps = a/n— A. Then M, is bounded from My, x to My, \.

(2) Let 0 <a<n, 0<A<n—aandl—1/ps = a/(n—N). Then M, is
bounded from M\ to WM, .

If in the place of the power function r—*/? in the definition of M,, , we consider
any positive weight function w defined on (0,00), then it becomes the Morrey-
type space M, ,,. T. Mizuhara [17] and E. Nakai [20] extended the above results
to these spaces and obtained the following sufficient conditions on a weight w
ensuring the boundedness of the maximal operator M and the fractional maximal
operator M,.

Theorem 1.2. Let w be a positive decreasing function satisfying the following
condition: there exists 1 < ¢ < 2”/p, such that
w(r) < ciw(2r)

for all r > 0.
For1 < p < oo M is bounded from M, ., to My, ,,, and for p =1 M is bounded
from My, to WMy,
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Theorem 1.3. Let w be a positive decreasing function satisfying the following
condition: there exists co > 0, such that

0<r<t<2r=wr)<c'wlt) <w(r) < cuwd). (1.1)
Moreover, let o =n(1/py — 1/p2) and let for some c3 > 0 for all r > 0
e dt C3
< . 1.2
/r wpl(t)tn+1_ap1 — wPb1 (T)rnpl/pQ ( )

(1) For 1 < p; = py < 00 M, is bounded from My, ., to M, ., and for p =1
M is bounded from My, to WM, ,,.

(2) For 1 < p; < py < 00 M, is bounded from M,, , to M, ., and for p; =1
M, is bounded from My ,, to WM,, .

Theorem 1.2 was proved by Mizuhara [17] and Theorem 1.3 by Nakai. Note
that Theorem 3 implies Theorem 2.

In [2] D.R.Adams introduced a variant of Morrey-type spaces as follows: For
0<A<n, 1<pd<o0, feMpy,if fe LLOC(R") and

A
1 llatyon = 1Fllatgormry = SUD =2 1 f a0y < 00
(If @ = oo, then My = M, ».)

In [5)-[8] the boundedness of maximal and fractional maximal operators from
LM, 0, w, to LM,,0, 4, and from GM,, g, w, to GMp,g, +, have been investigated.
Moreover, for some values of the parameters necessary and sufficient conditions
for the operators M f and M, f to be bounded from LM, ¢, v, to LMy, ., were
obtained.

Theorem 1.4. Let 1 < p; < 00, 0 < py < 00, n(l/p1 — 1/p2)y < a < n,
0<02§OO;U}2€QQQ.
1. For o < n/py, let wy € Qy, and
HWZ (?“)Tn/p2 lefl(t)ta—n/prl/ min{p1,61} HLs(r,oo) HL92(0’OO) < 00, (13)

where s = p101/(01 — p1)+. (If 01 < p1, then s = o0) Then M, is bounded from
LMPlﬁLwl to LMP2,927w2'
2. For ao=n/py, let

ws (r)r@(/m=1/) ¢ 1o (0, 00). (1.4)
Then M, is bounded from L,, to LM,,p,.,-
Theorem 1.5. 1. If0 < p; <00, 0<py <00, 0<a<n,0<6,0, <oo,
w1 € Qy, and wy € Qy,, then the condition
T”/F?

goow/prsminio-on/p:) < el oo (15)

L92 (0700)

wa(r) (

t+ T) min{n—a,n/p2}

for allt > 0, where ¢ > 0 is independent of t, is necessary for the boundedness of
M, from LMy, g, w, to LMy, g, o, .
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2. [f1<p1<00,0<p2<00, 0<01§92§OO, 0, <p n(l/pl—l/p2)+§
a < n/p, wy € Qg and wy € Qy,, then the condition

,,,.TL/pQ

W2<T)W

< cllwill Ly, (t,00) (1.6)
L92 (0,00)

for allt > 0, where ¢ > 0 is independent of t, is sufficient for the boundedness of
M, from LM, g, o, to LMy, , s, and from GMy e, w, to GMy,0, o, (In the latter
case we assume that wy € 0y, 9., wa € Qp, 9,)

3. In particular, if 1 < p1 < ps < 00, 0 <0 <y, <00, 0 <p, a=
n(1/p1 — 1/p2), w1 € Qy, and wy € Qy,, then the condition

o) (t—:r>n/p2

for allt > 0, where ¢ > 0 is independent of t, is necessary and sufficient for the
boundedness of M, from LM, g, ., to LMy, 0, .-

< cllwil Ly, (t,00) (1.7)
L, (0,00)

Theorem 1.4 and Theorem 1.5 were proved in [§].

In this paper we improve the estimate of L, norm of the farctional maximal
operator over balls obtained in [8], and find sufficient conditions for the bound-
edness of M, from LMy, g, w, to LM,,p, ., for all admissible values of parameters.
It is evident that these conditions are sufficient for the boundedness of M, from
GMy, 0, w, 10 GMp,0, 1, £00.

2. DEFINITIONS AND BASIC PROPERTIES OF MORREY-TYPE SPACES

Definition 2.1. Let 0 < p,6 < oo and let w be a non-negative measurable
function on (0,00). We denote by LM,, 9, w, GM,g., the local Morrey-type
spaces, the global Morrey-type spaces respectively, the spaces of all functions
f e L°(R") with finite quasinorms

Hf”LMmﬂpm = ”fHLMpl,Ol,wl(]Rn) = Hw(T)HfHLp(B(Oar))HL@(O,OO)’
1 leag, o, = 5;1]15 If(z + ')|‘LMP1791,W1
respectively.
Note that
1 2oty = W llgasye, = 111z,
Furthermore, GM,,, ,-x/» = M, 5, 0 < A < n. The interpolation properties of the

spaces G My Were studied by S. Spanne in [22]. The spaces G M, were used
by G. Lu [21] for studying the embedding theorems for vector fields of Hormander
type. The boundedness of various integral operators in the spaces G M, Was
studied by T. Mizuhara [17] and E. Nakai [20]. In [5, 6] the boundedness of
the maximal operator M from LM, g, w, to LMy, ., and from GM,y g, ., to
G My,0, v, Was investigated.



In [6] the following statement was proved.

Lemma 2.2. Let 0 < p,0 < oo and let w be a non-negative measurable function
on (0,00).
1. If for allt > 0
[0 (r) | g (t.00) = 00, (2.1)
then LMy, 9,0, = GM, 9., = O, where © is the set of all functions equivalent to
0 on R™.
2. If for allt >0
()P ||y 0, = o (2.2)
then, for all functions f € LM,, g, w,, continuous at 0, f(0) =0, and for 0 <p <
o GMp,gyw = 0.

Definition 2.3. Let 0 < p, 0 < oo. We denote by 2y the set of all functions w
which are non-negative, measurable on (0, 00), not equivalent to 0 and such that
for some t > 0

[w(r) |2y (t,00) < 00 (2.3)
Moreover, we denote by €2, the set of all functions w which are non-negative,
measurable on (0, 00), not equivalent to 0 and such that for some ¢1,t3 > 0

() ooy < 00, w)r™?|lzy00) < 0. (2.4)

In the sequel, keeping in mind Lemma 2.2, we always assume that either w € {2
orw € (4.
In [9] the following statements were proved.

Lemma 2.4. Let 1 < p; < 00,0 < p < 00,0 < a<n,0<b,0 < o0,
w1 € Qy,, and wy € Qy,. Then the condition

n
a< —
b1

is necessary for the boundedness of M, from LMy, g, o, to LMy, g, u,-

Lemma 2.5. Let 1 < p; < 00,0 < ps < 00,0 < a<n, 0<60,0, < oo,
w1 € Qp,, and wy € Qy,. Moreover, let wy € Lg, (0,00). Then the condition *

a>n (ﬁ - ﬁ) (2.5)
b P2/

is necessary for the boundedness of My from LMy, g, o, to LMy, g, w, .

Remark 2.6. If wy € Qp, but wy & Ly, (0,00), then condition (2.5) is not neces-
sary for the boundedness of M, from LM, g, ., to LM,, g, w,-

Throughout this paper a < b, (b 2 a), means that a < Ab, where A > 0 depends
on inessential parameters. If b < a < b, then we write a =~ b.

'Here and in the sequel t, =t ift >0 and t;, =0ift <Oandt_ = —tift <Oandt_ =0
ift > 0.
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3. Lp—ESTIMATES OF FRACTIONAL MAXIMAL FUNCTION OVER BALLS

The following Theorem is true.

Theorem 3.1. Let 1 < p < oo, and f € LY(R"). Then for any ball B = B(x,r)
in R™

1 1
1Mol < IMal Fres) o, +|B|p(sup— / |f|) (3.1)
t>2r ’B(l‘ t)‘ B(x,t)

Proof. Tt is obvious that for any ball B = B(z, )

Mo fllL, ) < IMa(fXe)lL,3) + Ma(fXrm\@28))||L,(B)-

Let y be an arbitrary point from B. If B(y, t)N{R"\(2B)} # (), then ¢ > r. Indeed,
if z € B(y,t) N{R"\(2B)}, then t > [z —y| > |z —z| — |z —y| > 2r —r =1.
On the other hand B(y,t) N {R"\(2B)} C B(z,2t). Indeed, z € B(y,t) N
{R"\(2B)}, then we get |z —z| < |z —y| + |y — x| <t +r < 2t.
Hence

Ma(f X o) (y) = sup ——— £

N S
>0 |B(y,t)|' "= /B<y7t>m{Rn\<2B>}

1 1
Ssup—a/ f—Sup—/ f
t>r | Bz, 2)[' B(m,Qt)| | iz [B(x, )" m)’ |
Thus
1
10 ey S Il + 151 (sup e [ 171)
22r | B(z, )] S

O

Theorem 3.2. Let 1 < p < oo, and f € LY(R"). Then for any ball B = B(x,r)
in R™

1 1
Mot e = |BJS (sup e | |f|) (3.2)
) > | B, )% o
Proof. Since B(z, %) C B(y,t), t > 2r, then
1

1
Maf(y) 2 sup—/ ZSUP—a/ |f1,
>2r | B( %)’ " JB(z,5) > |B(l‘,t)|1 " JB(zt)
thus
1 1
1Mo flle,m) 2 |BlP <SUP—_«1/ |f|> : (33)
(B) t>r |B(x,t)|1 " JB(x,t)
[

The following Lemma is true
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Lemma 3.3. Let 0 < a < n, 0 < py < 0o. Moreover, let 1 < -2 < p; < o0,

n+apz
_pan _p2n
T S iam < 1<p <oo, or - =1<p <oo. Then

| Mo fXB(0,2r) )||Lp2 BOs) ST - n(”l ”2)||f||Lp1 B(0,2r))s (3.4)
for allr >0 and f € Lp°(R™).

Proof. Since
Mo f(x) S La(|f)(2), (3.5)

then statement immediately follows from Lemma 3.1 in [4]. U
From Theorem 3.1 and Lemma 3.3 follows next statement.

Lemma 3.4. Let 0 < o < n, 0 < py < oo, f € Lp°(R™). Moreover, let
1< 20 <p <oo, or 222 <1< p <oo, or 222 =1<p, <oo. Then for

n4aps — n+apa n—+apz
any ball B = B(xz,r) C R"
| Mo fllL,,B)
a1 1 g_(i_ ) (3.6)
<clBl® (sup e [ 111) + el
2 |B(x,t)[* B(z,t) 128)

where constant ¢ does not depend on |B|.
The following Lemma is true.

Lemma 3.5. Let 0 < a < n, 0 < po < o0, f € LIOC(]R") Moreover, let

_pa2n _ba2n p2n
1< mrapy = D1 <00, or 2 < 1 <p1 <o0, or P =1<p <oo. Then for

any ball B = B(x,r) C R"

1
1 1 p1
| Maflle,, iy < €l Bl [ sup——— (/ If\“) 37
t>r |B(;I;’t)‘m n B(z,t)

where constant ¢ does not depend on | B).

Proof. Denote by

# (e )
= B P2 su o B P P2
- (t>%3|B< O /< 'f') =18l 11z, 8-

Applying Holder’s inequality, we get

a1 1 ﬁ
My < 1BJ% sup ——— ( / |f|’“> .
t>2r |B(I t)|H_H Bl(z,t)

On the other hand

S 1 Pl
Bl (sup———— ( / |f|p1)
t>2r |B(l’, t) | p1 7 B(x,t)
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1 a 1
> B (sup Bla b))’ ) 1l oy ~ Mo,
t>2r

Since by Lemma 3.4
HMafHLpQ(B) < M + My,

we arrive at (3.7). O

Remark 3.6. Inequality (3.7) improves the inequality (22) in [§]

1
w ([ dt \ 7
Maf Ly (B(O,r <cre (/ (/ f € pldl’) —) .
| Mo fllL,,B0m) i B(O,t)| (2)] PR

This follows since

1 1

1 p1 > dt p1

sup—la(/ |f|’”) s(/ (/ If(x)|’”dx)m>l
t>r |B(07t)|ﬁfﬁ B(0,t) T B(0,t) t P1

Indeed, by easy calculation and the Fubini theorem, we get
1

1 PL
swp ([ )
r 1B, O[5 \ron
1 1 1 %
<sup—5— </ |f|p1) +Sup —————= (/ ’f|p1>
t>r |B(0,t)’ﬁl " B(0,r) t2r |B(0,t)|’71 n B(0,H)\B(0,r)
1 1
1 p1 1
() (f )
|B(0, 7)1 " \JB(On) R\ B(0,r) | TP
1
([ () r)es=)"
~ r B(0,r) gn-apitl
o0 At \
+ / (/ fx)pldx> —)
( r B(O,t)\B(O,r)’ (@) tn—opitl
00 dt \ 71
< ) )
(/r </B(0,t) tn—apitl

The following Theorem is true.

Theorem 3.7. Let 0 <a <n, 0 <p<oo, ;2 <1 and f € LY“(R™). Then
for any ball B = B(x,r) CR"

n 1
Mo fllL,B)y = r? (sup—a/ f). 3.8
e G = T 3:5)

Proof. In view of the Theorem 3.2 we need only to prove that

n 1
\Maofllo,8) Sr7 (Sup—a/ |f|) :
o e | B, )% Jog

-

3|~




By Lemma 3.4, we have

a (1.1 1
Mol < |BIE 0 >||f|rleB>+|B|p<sup— / \fl)-
W JBan

|B(z,t
But
o L1
B sy = 1B e [ 17wy
(28) 2B|'"" Jap
1 1
< |B|» sup—/ f)
Bl (t>2r |B(z,t)|' B(x,t)| |
Hence

n 1
1Mo fll o 5w( poie | |f|)
(B) a0 | B, )% Jpe

v o)
Ssrp Sup—i .
>r |B(@, )" By

4. FRACTIONAL MAXIMAL OPERATOR AND HARDY-TYPE OPERATOR
INVOLVING SUPREMA

Let 9Mt(0,00) be the set of all Lebesgue-measurable functions on (0,00) and
M+ (0, 00) its subset consisting of all nonnegative functions on (0, 00). We denote

by 9MM*(0, 00;T) the cone of all functions in 9 (0, 0o) which are non-decreasing
n (0,00) and

= {f € M (0,005 1) : tlir&f(t) = 0} .
Let u be a continous weight on (0,00). We define the Hardy-type operator
involving suprema H,, on g € MM (0, 00) by
(Hug)(t);= sup u(r)g(r), t € (0,00).

t<r<oo

The following Lemma is true.

Lemma 4.1. Let 0 < a<n, 0 <py <00, 0 <y <00 andws € y,. Moreover,
let 1 < 22" < p; <00, or 2% <1 <p <oo, or 22 =1 < p < o0.

ntapz — n+apz n-+ap2
Then
[ MafllErty, oy S N1HuGll Lo, ., 0,00 (4.1)
for all f € LY(R™), where
9@) = [[fll2,, Bow), (4.2)
u(r) =" (4.3)

and
va(r) = wh? (r)r* . (4.4)
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Proof. By Lemma 3.5 we have

[ Mafllery, o0 <

wy(t)tr2 sup w1 || fllL, (B0r)
t<r<oo

LOQ (0,00) (45)
:”Hug”Leg,ug (0,00)
L]

pa2n p2n pan
wo € Qg,. Moreover, let 1 < o < p, or mrap < 1 <pq, or i 1 < p;.

Assume that the operator H, is bounded from Ly, ,,(0,00) to L, .,(0,00) on
A, that is,

Theorem 4.2. Let 0 < a < n, 0 < py < 00, 0 < 0y, 6 < 00, wy € Qy, and

[ Hugl L4y 00000 S N9l 2g, 0, (0,00 (4.6)
where
vi(r) = wi'(r) (4.7)
and
va(r) = Wi (r)rPes (4.8)

Then M, is bounded from LM,, o, ., to LMp, g, w.,-

Proof. Since g is non-negative and non-decreasing function on (0, 00) and H, is
bounded from Ly, ,, to Lg, ., on the cone of functions containing g, by Lemma

4.1 we have
1

00 %
WMoy e < Nl o 0y = ( / v1<r><g<r>>91dr) .

Hence
1Mo fllLatyy o0 S lr(fllz,, BornllLe, 0000 = I lLagy, 4.0, -
([l
5. WEIGHTED INEQUALITIES FOR HARDY-TYPE OPERATORS INVOLVING
SUPREMA
Note that the inequality
[Hupl Lo,y S 1€NL0y 0> 0 € A, (5.1)

that is

(/Ooo w(t) (eésésrilif u(r)@(r))92 dt) g < (/OOO wi (1) (o)™ dt) z (5.2)

is equivalent to the inequality

(/OOO wa(t) (esssup(u(T)%gp(r))Z? dt) ; < /Ooo wy(t)p(t)dt, p € A (5.3)

t<r<oo
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Given ¢ € A, there is a sequence {h,} of positive functions such that

/Ot hn(s)ds /" o, t € (0,00). (5.4)

By the Fatou lemma, we see that (5.1) holds if and only if the inequality

01
2

( [t (s ) [ s ) ; dt) s
g[fwﬂw<4%@mgdt

are satisfied for all h € 9™ (0, 00). Summarizing, By Fubini theorem, we obtain
that (5.1) holds if and only if the inequality

1

([ w0 o [oa) )
Sémmg(me@des

are satisfied for all h € 9T (0, 00).
Let us recall the following Theorem. (see Theorem 4.1 and Theorem 4.4 in [3]

Theorem 5.1. Let 0 < g < 0o and let u be a continuous weight. Let v and
w be weights such that 0 < [ v(t)dt < co and 0 < [ w(t)dt < oo for every
x € (0,00).

(i) Let 1 < g. Then the inequality

(/Ooo L;}fw @ /Osg(y)dyrw(t)dt) o < /Ooo g(t)v(t)dt (5.7)

holds on 9™ (0, c0) if and only if

ap ((52)" [T [ () o) s < 09

where
u(t) =t sup M, t € (0,00).
t<r<oco T
(ii) Let ¢ < 1. Then the inequality (5.7) holds on 97 (0, 00) if and only if

1—gq

ST () qw(s)ds (A ess sup —— quw(t)dt <
0 t s t o<r<t U(T)

(5.9)
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and

1—¢q
q

</000 (/ot w<$)d8) B Lfllfoo @ s sup ﬁ} a w(t)dt> N < o0, (5.10)

The following Theorem is true.

Q

Theorem 5.2. Let ¢ = oo and u be a continuous weight on (0,00). Let v and w
be weights such that 0 < esssupg.,,(v(t))™' < 0o and 0 < esssupy;, w(t) < 0o
for every x € (0,00). Then the inequality (5.7) holds on M (0, 00) if and only if

o 1
sup </ uls) <esssup w(r)) ds) esssup — < 00 (5.11)
t>0 t S 0<r<s o<r<t U(T)

Proof. When g = oo, the inequality (5.7) takes the form

esssup sup w({) (M / Sg(y)dy) S [ e Ga2)

t>0 t<s<oo

Applying the Fubini Theorem to the left hand side of (5.12), we get the inequality

sup (“Dessswpun)) [Caway < [“atoewn 51

>0 S 0<t<s

/Ooow(x) /01’ ft)dt < /OOO fl@)v(@)dz

1
< sup (/ w(:v)d:v) ess sup —— < 00

r>0 o<z<r U<37)

Since

(see Theorem 2 on p.42 in [18]), the inequality (5.13) holds on 9" (0, c0) if and
only if the condition (5.11) holds. O

The following Theorem is true.

Theorem 5.3. Let 0 < g < 0o and let u be a continuous weight. Let v and w be
weights such that 0 < esssup,<, .., v(y) < oo for any t > 0, esssup,.,v(t) = oo.
Then the inequality

(/OOO { sup @/ﬂsg(y)dyrw(t)dt) Ve < esssup v(?) /Otg(s)ds (5.14)

t<s<oco S t>0

holds on IMM* (0, 00) if and only if

1
e e} 1 q q
(/ (ess sup u(s) ) w(t)dt) < 0. (5.15)
0 t<s<oo S €sS Sups<y<oo U(y)
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Proof. Whenever F, G are non-negative functions on (0, co) and F' is non-decreasing,
then
esssup F'(t)G(t) = esssup F'(t) esssup G(s), t € (0, 00). (5.16)

te(0,00) te(0,00) SE(t,00)
Therefore

ess sup (1) / g(s)ds = esssup ( / tg(s)ds) esssupu(y).  (5.17)

>0 >0 t<y<oo

At first let us to prove sufficiency. Assume that the condition (5.15) holds. Then

([ [ 2 [ oa] i) ”

- (/OOO [ess sup 1) S NPy D) /0 S g(y)dy] q w(t)dt) v

t<s<oco S €88 Sups<y<oo U<y>

t
Ssupesssupv(y)/ g(s)dsx (5.18)
0

t>0 t<y<oo

1
[e’e) 1 q q
X (/ (ess sup us) ) w(t)dt)
0 t<s<oo S €88 Sups<y<oov(y)

t
§csupesssupv(y)/ g(s)ds.
0

t>0 t<y<oo

To prove necessity note that, for every non-decreasing function ® on (0, c0),
there is a sequence {H,}2, of smooth increasing functions such that H, " &
as n — oo. The functions H,, being smooth, can be represented as H,(t) =
f(f hn(s)ds+ H,(0) for some positive measurable functions h,, on (0, 00). Applying
this to the non-decreasing function ®(t) = (esssup,.,.., v(y))~", let {h,} be a
sequence of positive measurable functions on (0, 00), such that

/0 hn(s)ds /" ®(t), n — oo a.e. on (0,00). (5.19)

For the right hand side of the inequality

(/Ooo { sup @/05 hn(y)dyrw(t)dt> Ha < esssup v(t) /Ot ha(s)ds  (5.20)

t<s<oo S t>0
we have
t
esssupv(t)/ hn(s)ds < esssupv(t)(esssupv(y)) ™ < 1. (5.21)
t>0 0 t>0 t<y<oo

In view of the fact, that from (5.19) follows that

sup us) /sg(y)dy /" esssup @(I)(S), n — oo a.e. on (0, 00),
0

t<s<oo S t<s<oco S
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(5.20) and (5.21), by Fatou’s lemma, imply (5.15). O

Theorem 5.4. Let ¢ = oo and Let u be a continuous weight. Let v and w be
weights such that 0 < esssup,<, .., v(y) < oo for any t > 0, esssup,.,v(t) = oo.
Then the inequality (5.14) holds on 9T (0, 00) if and only if

ess su wa(t
ess sup u(r) Po<isr Wa(l) < 00. (5.22)

>0 T eSSSUP,_y o U(Y)

Proof. 1f ¢ = oo, then the inequality (5.14) takes the form

T t
esssup wy(t) sup ulr) 9(y)dy < esssup wi(t) / 9(y)dy. (5.23)
t>0 t<r<oo T 0 t>0 0

Applying the Fubini theorem to the left hand side and in view of (5.17) for right
hand side, we can write (5.23) in the following form

ess sup ulr) (ess sup wz(t)> /0 T 9(y)dy < esssup ( /0 t g(S)dS) esssup v(y).

t>0 r 0<t<r t>0 t<y<oo
(5.24)

esssup — | esssup wy(t g
t>0 r 0<t<r

s SUPM (ess sup ws (1 ) ess Supr<y<oov<y) / g(y)dy
0
a(t
u(y

Since

[e=]

>0 r o<t<r €SS SUPy <00 v(y)

) ess sup (/Otg(S)dS> esssup v(y),

) >0

u(r) esssupPy_ <, W
< esssup

>0 T eSSSUD, cycoo U t<y<oo

we get, that the condition (5.22) is sufficient for the inequality (5.23) to be hold.
The necessity part can be proved in similar way, as it was done in the proof of
Theorem 5.3. 0

From Theorem 5.3 immediately follows next Corollary.

Corollary 5.5. Let 0 < 07,05 < o0 and u be a continuous weight Let wy and
wy be weights such that 0 < fo ft wy(8)dsdt < oo and 0 < fo wy(t)dt < oo for
every x € (0,00).

(i) Let 61 < 6,. Then the inequality (5.6) holds on 9*(0, 0o) if and only if

s ((;ESSEEOO(U(T>>92) /j wo(t)dt + /:o (tgsllfoo(U(T))%) w2(1t)dt)92 X 525

X </:ow1(T)dT>l < 00



15

(ii) Let 62 < 61. Then the inequality (5.6) holds on 9t (0, co) if and only if

([ ([ o o) o) ™ s o)

010, (5.26)

b2 2

« (/too wl(s)ds) e m(t)dt) < o0,

and
)

([ )™ s (s o)

01-0, (5.27)

) 0o

(] m(y)dy)_l] Caa] <o

6. SUFFICIENT CONDITIONS

Theorem 6.1. Let 0 < a < n, 0 < py < 00, 0 < 0y, 6 < 00, wy € Qy, and
wy € Qy,. Moreover, let 1 < L2 < p or L2 <1 <p, or 222 =1<py.

n-+ap:
(i) Let 6y < 0. 1 :

D
n+aps — n-+apsz

H (min{t, 1)) wy(t)e (5 5)
Loy (0.00) (6.1)

< 00,

sup
>0 |Iw1|IL91 (z,00)

then M, is bounded from LM, g, », to LMy, g, .., and from G M, g, ., t0 GM, 0, 0, -
(In the latter case we assume that wy € €, 4, wo € ), 0,)

o (o 5
([ ([ o) o i),
0 t

61—02
b2 05

o0 03—01
X (/ wf%s)ds) w?? (t)dt) < 00,
¢

(6.2)
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b2
0 s rt oy
fo 1 1772 01—
/ / s"2p2 w2 (s)ds sup T (o Pl)x
0 0 t<t<00

01—69 (6-3)

0. 05

00 -1 ﬁ
X (/ W (y)dy) ] £%2 02w (t)dt < 00,

then M, is bounded from LM, g, o, to LMy, g, .., and from G M, ¢, ., t0 GM, 0, 0, -
(In the latter case we assume that wy € €, 9,, wa € 2y, 0,)
(iii) Let 0 < 6y < 00, 0 = co. Moreover, assume that

and

0< leHzgll(m,oo) <0

and 0 < essSupPg.;c, wg(t)t% < oo for every x € (0,00). If

n

P
s PLesssupwy(r)rez
0<r<s

sup
>0

lnllz,, ¢y < 00 (6.4)
Lo, (t,00)
then M, is bounded from LM, g, w, to LM, ., and from GM,, g, o, to0 GMp, o w,-
(In the latter case we assume that w; € ), ., W2 € Qp, )
(iv) Let 6; = 00, 0 < 6, < co. Moreover, assume that 0 < esssup,., ., wi(y) <
oo for any ¢t > 0, esssup,.,w(t) = co. If

n S _%
wo(t)tr2 esssup

t<s<oo €8S Sups<y<oo w1 (y>

< 00, (6.5)
Lo, (0,00)
then M, is bounded from LM, ., to LM, g, o, and from GM), « ., to GM,, 6, w,-
(In the latter case we assume that wy € ), o, W2 € 2y, 0,)
(v) Let 6; = 0 = oo. Moreover, assume that 0 < esssup,<, .., w1(y) < oo for
any t > 0, esssup,.,w(t) = oco. If

_n esssu wa ()t
esssupr® Po<r<r wa(!) < 0, (6.6)
>0 €SS SUP; <00 W1 (t)

then M, is bounded from LM, o o, t0 LM, o o, and from G M), o o, t0 GMp, o0 w, -
(In the latter case we assume that wy € ), «, wa € Oy, o)

Proof. (iii) Let 0 < #; < 00, 03 = co. Theorem 4.2 states, that if

n n oo )
esssupwy(t)tr2 sup r* mp(r) < (/ w?l (t) (c,o(t))e1 dt) ' on A, (6.7)
0

t>0 t<r<oo

then M, is bounded from LM, g, », to LM, ~ g¢,. But the inequality is equivalent
to the following inequality

ess sup wl! (t)tel% esssupr’” (Q_ﬁ)g(r) < / g(t) (/ wfl(s)ds) (6.8)
0 t

t>0 t<r<oo
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on M*(0,00) (see Section 6). By Theorem 5.2, we get, that the inequality (6.8)
holds if and only if the condition

o0 o0 —1
sup (/ s (=) (ess sup wh! (7“)7’91?’2) ds> </ wi! (T)dT) < oo, (6.9)
t>0 t 0<r<s t

that is, the condition (6.4) holds.
(iv) Let 6, = oo, 0 < 0y < oco. Theorem 4.2 and argumentations at the
beginning of Section show, that if

1

00 T 02 02 r
(/ Wi (4)t" 22 { sup ra_pl/ g(s)ds] dt) ,Sesssupwl(r)/ g(s)ds
0 t<r<oo 0 t>0 0

(6.10)

on M (0,00), then M, is bounded from LM, 9, ., t0 LM, g, By Theorem
5.3, the inequality (6.10) holds if and only if the condition

1
n 2

_n 62
oo (0%
S p1 02 02£
ess sup wy? ()t r2 dt < 00,
0 t<s<oo €8S SUPgy o0 W1 (y)

that is, the condition (6.5) holds.
(v) Let 6, = 6, = co. Theorem 4.2 and argumentations at the beginning of
Section show, that if

esssupwg(t)t% sup rapnl/ g(s)dsﬁesssupwl(r)/ g(s)ds (6.11)
0 0

t>0 t<r<oo t>0

on M*(0,00), then M, is bounded from LM, ., to LM, «p,- By Theorem
5.3, the inequality (6.10) holds if and only if the condition

n
a2 €SS SUPg <, W (T)E72

esssupr. »i < 00
r>0 CSSSUP, p <00 W1 (t)
holds. ]
Remark 6.2. Let 0 < v <n, 0 <pp <00, 1 < 22 < py, or 22 <1 < py,
or 22 — 1 < p;. Moreover, let 1 < 6; < 0y < oo, and 3 such that

n+apz

1 1 1
ﬁ+—<06+—+—>06+—+ ta— <0,
02 02 P1

then it is easy calculate that the weight functions w;(t) = Pt tes +a_ﬁ_ﬁ

wy(t) = t° satisfy the condition (i) of the Theorem 6.1. Thus M, is bounded
from LM, ¢, ., to LMy, g, .,. But no power function can satisfy the condition
(1.3).
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Remark 6.3. For 1 < p; < ps < 00, @ =n(1/p1 — p2), w1 € Dy, .00, W2 € Ly 0
Theorem 6.1 states that if

_n €esssu wo(t t%
esssupr” 1 Po<ecr wa(t) < o0, (6.12)
r>0 €SS SUP, «t< oo W1 (t)

then M, is bounded from M,, ., to M,, .,. Let w = w; = wy and (1.1) holds.
Then (6.13) takes the form

esssupw(t)trz < w(r)rin ®, (6.13)
o<t<r
Note that the condition (6.13) follows from the condition (1.2). Indeed, if the
condition (1.2) holds, then for any ¢ < r we get

r ds < 1
. WP (5)3n+1*04p1 ~ Pt (t)tnpl/pz ’
By (1.1), we have

1 < 1
wpP (r)rr—ept ™ P (¢ /p2
Hence
w(t)tz < wlr)rn®.
Therefore

esssupw(t)tiz < w(r)rim ®.
0<t<r

The weight function w(t) = 751 satisfies our condition and it is easy to see that
the condition (1.2) does not hold for w, since

& ds B
, (s

Theorem 6.4. Let 1 < p; < py <00, 0<0; <0y <00, a=n(l/pp —1/ps),
w1 € Qy, and wy € Qy,, then the condition

‘M(T) (tir>n/p2

for allt > 0, where ¢ > 0 is independent of t, is necessary and sufficient for the
boundedness of M, from LM, g, ., to LMy, g, .-

< C||w1||L91(t,oo) (614)
L, (0,00)

Proof. The necessity foolows from Theorem 1.5 item (1). The sufficiency follows
from Theorem 6.1 item (i). O

Remark 6.5. Note that, in the case §; < p; Theorem 6.4 was proved in [§].
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