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Abstract

We shall study a weak solution in the Sobolev space of the transmission
problem for the Laplace equation using the integral equation method.
First we use the indirect integral equation method. We look for a solution
in the form of the sum of the double layer potential corresponding to
the skip of traces on the interface and a single layer potential with an
unknown density. We get an integral equation on the boundary. We prove
that this equation has a form (I + M)y = F where M is a contractive
operator. So, we can obtain a solution of this equation using the successive
approximation method. Moreover, we are able to estimate the norm of
the operator M and control how quickly this process converges. Then we
study the direct integral equation method. We obtain the same integral
equation like for the indirect integral equation method. So, we can again
calculate a solution using the successive approximation method.

Keywords: single layer potential; double layer potential ; transmis-
sion problem; Laplace equation; boundary integral equation; successive
approximation

1 Introduction

In this paper we shall study a weak solution of the transmission problem for the
Laplace equation

Auy =0 in Gy, Au_ =0 inG_,

Uy —U_ = g, a+aau—;fa_aau—n_ =f ondGy
using the integral equation method. Here G, C R™, m > 2, is a bounded open
set with Lipschitz boundary, G_ = R™ \ G4, a; and a_ are given positive
constants. (We do not suppose that G4 or G_ is connected.)
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This problem was studied for ay = a_ =1 and G4, G_ connected in [4]. Tt
was shown that there is unique solution of this problem and u; = Dg+ Sf in
Gy,u_=Dg+ Sf in G_, where Dy is the double layer potential with density
g and Sf is the single layer potential with density f.

For arbitrary a,, a_ and f € L?(0G ), g = 0 the transmission problem was
studied in [2]. Tt was shown that a solution of the problem has a form of a single
layer potential. [3] studies the transmission problem with arbitrary a, a_ and
f € L*0G,), g € WH2(0G,). A solution is looked for in the form of two single
layer potentials: uy = Spy, u_ = Sp_. This attitude is good for the proof of
the existence of a solution but it does not tell us how to compute this solution.

We study a weak solution of the transmission problem with a4, a_ arbitrary
and ¢ € HY2(0G,), f € H'/?(0G,). If we put uy = vy + Dg, u_ =
v— + Dg, we get the new problem Av, =0, Av_ =0, vy —v_ =0 on 0G4,
a+0vy /On —a_0v_/On = F. We look for a solution of this problem in the
form of a single layer potential Sy with an unknown density ¢ € H~'/2(0G )
and reduce the original problem to the integral equation T'p = F. The same
reasoning one can do in more general setting (for G4, which has not Lipschitz
boundary, or in the case of the transmission problem for several media). From
these reasons we study the transmission problem for a system of nonoverlapping
open sets G; and positive constants a; such that the complement of UG, has
zero Lebesque measure and A = infa; > 0, A = supa; < oco. It is shown
that the problem is uniquely solvable and the solution has a form of a single
layer potential Sp. Again, we reduce the problem to the equation Ty = F
on the boundary. This equation is equivalent to the equation ¢ = [I — 2(\ +
A)71T)¢ + 2(A + A)7LF, where I is the identity operator. Is is shown that
I —2(A+ A)7IT| < (A= X)/(A+ A) < 1 and the successive approximation
method converges: For a fixed ¢q

@n = =200+ A)" T, + 200+ N)7F, o — 0. (1)

Then it is studied the direct integral equation method for the original prob-
lem. We have uy = Dg+S(0us/On—90u_/0n) in G4, u_ = Dg+S(0uy/On —
Ou_/0n) in G_. It is shown that T'(Quy/On — u_/On) = F, where T and F
are the same as in the indirect integral equation method. Therefore we can use
the successive approximation method (1).

2 Formulation of the problem

Let G = G4+ C R™, m > 2, be a bounded open set with Lipschitz boundary.
Denote G_ = R™\ G, where G is the closure of G. Denote by n the outward
unit normal of G. We shall study the transmission problem

Aug =0 in Gy, Au_ =0 in G_, (2)



Ouy ou_
Uy —u_ =g, a+%—a,%—f on 0G. (3)
Here a,, a_ are fixed positive constants and g € H/2(0G ), f € H™'/2(0G ).
If @ C R™ is an open set denote by W12(Q) the space of all functions u €
L?(9) such that d;u € L?(€2) in the sense of distributions for each j = 1,...,m
equipped with the norm

lullwzg = / (ul? + [Vul2] dH,,.
Q

( Here Hy, is the k-dimensional Hausdorff measure normalized so that Hj, is the
Lebesgue measure in R*.)

If Q is a bounded open set with Lipschitz boundary denote by H'/2(99Q) the
space of traces of W12(£)) endowed with the norm

0]l tr1/2(00) = inf{[|ullwr2(q);uw € WH(Q),v = ul0Q}

and by H~'/2(9Q) the dual space of H'/2(9Q). If h € H~'/2(Q) then the
Neumann problem for the Laplace equation
ou

Au=0 inQ, %:h on 0N (4)

has a weak formulation: Find u € W2(Q) such that

[ v e arn = the) (5)
Q

for all p € W12(Q).

If Q is an unbounded open set with compact Lipschitz boundary then we
can define weak solutions of the Neumann problem for the Laplace equation in
the same way. But the condition u € W12(€) is too restrictive for unbounded
open sets. There are too many boundary conditions for which the problem is
not solvable. So, we use a bit wider space of functions.

If Q C R™ is a domain denote by L%2(€2) the space of all functions u €
L? (Q) such that d;u € L?(2) in the sense of distributions for each j = 1,...,m.
Fix a bounded open set U such that U C Q. Then L'2(f) is a Banach space
with the norm

[ullrz@) = /\u|2 de+/|w|2 dHm
U Q

(see [10], § 1.5.3). Clearly, W12(Q) ¢ LY2(Q). If Q is a bounded domain with
Lipschitz boundary then W2(Q2) = L%2(Q) and both norms are equivalent



(see [10], §1.5.2 and [10], §1.5.3). If Q is an unbounded domain with compact
Lipschitz boundary and u € L*2(£2), then u € W12?(V) for each bounded open
subset V' of Q. If Q is an unbounded domain with compact Lipschitz boundary
and h € H~'/2(0Q), we can define a weak solution of the Neumann problem
for the Laplace equation (4) such that we look for u € LY2?(Q) satisfying (5)
for all ¢ € LY?(Q) (compare [11]). Now, we can look for uy € LY2(G.),
u_ € LY2(G_) solving the problem (2), (3). But the space L1'?(G_) is too
wide. The constant function uy = 1, u— = 1 is a solution of (2), (3) with
the homogeneous boundary conditions f = g = 0. To get a uniquely solvable
problem we choose another space of functions, which is between W12(Q2) and
LY2(Q).

If  is an open set denote by C3°(€2) the space of all infinitely differentiable
functions in Q with compact support. Denote by W'2(R™) the closure of
Ce°(R™) in LY“?(R™). Then W42(R™) ¢ WY2(R™) ¢ L“?(R™) (compare
[14], Lemma 6.5). Moreover, the space L'?(R™) is the direct sum of W1 2(R™)
and the space of constant functions (see [1], p. 155). If we put

[l qmy = IVullL2zm),

then this norm is in W12(R™) equivalent with the norm induced from L'2(R™)
(see [10], §1.5.2 and [10], §1.5.3). According to [6], Lemma 2.2 we have W2(R™) =
{u € L>/(m=2(R™);Vu € L*(R™;R™)}. For an open set Q denote by
W12(Q) the space of restrictions of functions from W12(R™) onto Q. Denote

[ullyirr 20y = nf{[[vll12 )30 = u on Q}.

Then W'2(Q) is a Banach space. If u € W2(Q) then u € W2(V) for every
bounded open subset V of Q. If 2 is a bounded open set with Lipschitz boundary
then W12() = W2(Q) and both norms are equivalent. If Q is an unbounded
domain with compact Lipschitz boundary then ||Vu| 2 (q) is an equivalent norm
in Wh2(Q).

We now give a weak formulation of the transmission problem for the Laplace
equation (2), (3). We must realize that —n is the unit outward normal of G_.

We say that uy € WY2(Gy), u_ € WH2(D_) is a weak solution of the
transmission problem for the Laplace equation (2), (8) if uy —u_ =g on 0G4
in the sense of traces and

ay / Vuy - Vo dHy, +a_ / Vu_ - Vv dH, = (f,v) Yo e WH3(R™).
G+ G_



3 Representation by potentials

Denote by
|x|2—m
ho(x) =

) = o =21 (@B )
the fundamental solution of the equation —Au = 0 in R™. If @ C R™ is a
bounded open set with Lipschitz boundary, f € H~/2(0Q), g € HY?(09Q),
define

$%4(@) = [ hnla = )(0) dHon(1)
19]9)
the single layer potential with density f and

Q oy _ ny) - (y — =)
o _aé M) 34, @B0: D)~y T

the double layer potential with density g. Then S f, D%g are harmonic func-
tions in R™\ 0. Moreover, S’ f, Dg € W12(Q), S f, D%g € W12(B(0;7)\Q)
for each r > 0 (see for example [7], Theorem 4.1 and [9], Theorem 2.4). Here
B(z;7) denotes the open ball with the center = and the radius . Since S f(x) =
O(al™™), D(x) = O(|a]*=™), V82 ()| = O(|a|'~™), [VD(a)] = O(Jz| ™)
as |z| — oo, we infer that Sf,D%g € L“2(R™ \ Q). Denote by uf the
trace of u € L2(Q) and by u® the trace of u € LY2(R™ \ ) on 9. Then
[S2f12 = [S2f]? = S9f. Denote

n(y) - (y — )

1% i dH,
ag(z) Jm / 9(y) Hom_1(B(0;1))|z — y|™ ®)
AG\ B(x;e€)

for x € 00. Then Kqg(x) makes sense for almost all z € 99 (see [5], Theo-
rem 2.2.13) and Kq is a bounded linear operator on H'/2(99) (see [13], Theo-
rem 4.1). Moreover

1 1
(D% = 59+ Kag, (D] = —59+ Kag on 0Q. (6)
(See for example [5], Theorem 2.2.13.) Denote by K¢ the adjoint operator of
Kq. Recall that

. N1 n(y) - (y — )
Kig) = lim [ alo) gt (o).
OG\B(y3€)

Then K¢, is a bounded linear operator on H~'/2(99) (see [13], Theorem 4.1).
If € C°(R™) then

(0% VS ], ) = / VS Ve Ay = (2)f - Kof0), (7)
Q



Rm \ﬁ

(compare [12], [5] or [4]). Since C5°(R™) is a dense subspace of W2(R™), the
relations (7), (8) hold for ¢ € W1L2(R™).

Let us come back to the transmission problem (2), (3). Put uy = vy +D%g,
u_ =wv_+D%. Then uy, u_ is a weak solution of the problem (2), (3) if and
only if vy, v_ is a weak solution of the problem

Av, =0 in G, Av_ =0 inG_, (9)
0 ov_
vy —v_ =0, a+%—a,;—n:F on 0G4, (10)

where F' = f—a[D%g/0n]+a_[D%g/On]_. (Remark that in fact [Dg/0n], =
[D%g/0n]_.) Since vy = v_ on JG, the function v = v; on G4, v = v_ on
G_ must be in WH2(R™). We shall look for a solution of the problem (9),
(10) in the form of the single layer potential v = S*¢ with an unknown density
© € H-1/2(99Q). Boundary behavior of a single layer potentials gives that S%¢
is a solution of the problem if

1 . 1 X

4 More general problem

The same reasoning we can do in a more general situation - the transmission

problem is studied for several domains Gi,...,Gg or a set G has not Lips-
chitz boundary. So, instead of the problem (10) we shall study a more general
problem.

Denote

E(R™) = {Au;u € WH2(R™)}.
The space £(R™) is the so called space of distributions with finite energy. Re-
mark that E(R™) = (WH2(R™))’, the dual space of WH2(R™). There is a
characterization of the space £(R™) using the Fourier transformation: If I is a
distribution and F' its Fourier transformation then F' € £(R™) if and only if

/|17:(572)|2 dH,, < 0. (12)

Remark that the expression in (12) gives an equivalent norm on £(R™) =
(WH2(R™)). (See [1] ,[8].) If M is a closed subset of R™ denote by £(M)
the space of all distributions from £(R™) supported in M. Then (M) is a
closed subspace of £(R™). If Q is a bounded open set with Lipschitz boundary



then £(Q) = (W12(Q)) (see [12], Remark 7.10) and £(99) = H~/2(99) (see
[12], Remark 7.11).

We shall study the following generalization of the problem (9), (10):

Let @ C R™ be an open set with H,,(R™ \ Q) = 0. Let a function a be
constant on each component of 2 and

0 < A= inf a(z) <supa(z) =A < oco. (13)
€N z€Q

For a given F € £(8Q) find v € WH2(R™) such that

/aVU Vw dH,, = (F,w)  Yw e WH2(R™). (14)
Q

Proposition 4.1. Let Q@ C R™ be an open set with H,,(0Q2) = 0, a function
a be constant on each component of (), a satisfy (13). If F' € £(0S2) then there
exists unique solution v € W12(R™) of the generalized transmission problem
(14).
Proof. Put
(v,w) = /aVv -Vw dHp,.
Q

Since

)\”’UHIQ/T/IJ(R'm) < (va) < A””H?fyl,z(Rmy

(, )is an inner product which gives a norm equivalent to the norm in W12(R™).
Riesz representation theorem gives that there exists unique u € Wh2(R™) such
that (14) holds for each w € WH2(R™).

5 The indirect integral equation method

For ¢ € C°(R™) denote

Vel(r) = / o — 9)0(y) Mo ()

Rm

the Newton potential (or the volume potential ) with density . The opera-
tor V : ¢ — Vi can be extended as a bounded operator from E(R™) onto
W12(R™). Since C2°(R™) is a dense subset of £(R™), this extension is unique.
Moreover, ¢ = V(—Agp) and V is an isomorphism. (See [8].) If U is a bounded
domain with Lipschitz boundary and ¢ € £(0U) = H~/?(dU) then Vi = SV,
the single layer potential with density ¢. If ¢ € E(R™) and U is an open set,
then AV = 01in U if and only if o € E(R™\U), i.e. ¢ is supported on R™\ U.



If ¢, € E(R™) = (WH2(R™) then V¢ € WH2(R™) and

<%vw»:<%wk::/”“iﬁf”de@0=h/wa~vvwde. (15)
(See [1], [8] and [11], Lerljlma 5.1.) This gives '

1oy = IV Fllgaeny VF € ECR™), (16)

[wllirzgmy = 1Aw|lerm) Yo € WH(R™). (17)

Let us come back to the generalized transmission problem. Let 2 C R™ be
an open set with H,,(9Q2) = 0, a function a be constant on each component of
Q, a satisfy (13). If F € £(dQ) then there exists unique solution v € W1H2(R™)
of the generalized transmission problem (14). Since v = V(—Awv) and —Awv €
E(R™), we can look for a solution v in the form Vi with ¢p € E(R™). Since
Av = 0 in Q, (= —Aw) is supported on R™ \ Q = 9Q. Thus ¢ € £(9N),
because 92 = R™ \ 2.

Fix ¢ € £(09). Define a linear functional Tt on W1H2(R™) by

(T, w) = /an-vvw dH,,, we WH2(R™). (18)
Rm,
According to (13), (16), (17) and Hoélder’s inequality

(T, w)| < AVwllz2 ey [VV Il L2 (rmy < Mwllgzgmyll$llemm)-

This gives that T4 € (W2(R™)) = £(R™) and 1T ermy < AllY|lgrmy. Fix
a component w of . Then there exists a constant a,, such that a = a,, on w.
Since AV =0 in w we have for w € C°(w)

(T, w) = / aVw - VVih dH,, = aw/Vw VYV dHom

RmM

=ay, / Vw - - VViy dH,, = (¢, w) = 0.
Rm
Hence T is supported in R™ \ w. We infer that T4 € £(9Q). The operator T'
is a bounded linear operator on £(9Q) with ||T]| < A.

If F e £(09), then v = V) is a weak solution of the generalized transmission
problem (14) if TW = F. In particular, in the case of the original problem (9),
(10) we have T = (ay +a-)/2 — (ay —a_) K (see (11)).

We would like to solve the equation T4 = F using the successive approxi-
mation method. To this aim we shall rewrite this equation to the equation

2 2
w_<I_A+AT>w+A+AE

where [ is the identity operator.



Theorem 5.1. Let Q) C R™ be an open set with H,,(92) = 0, a function a be

constant on each component of ), a satisfy (13). Then

A=)
IT—20+ AT < 1.
IT =200+ 07T < 5 <

Fix F ¢y € £(0Q). Put
2 2
Y = (I_/\—i—A )% 1+)\+AF n € N.
Then there is ¢ € £(IN?) such that 1, — 1) as n — oo,

A= X\ " Al + |F)
o=l < (355 ALl AL

(19)

(20)

T+ = F and the single layer potential V1 is unique solution to the generalized

transmission problem (14).

Proof. Since A < a < A wehave A\— A <A+ A—-2a <A - X\ and thus
[1—2a/(A+A)] < (A=X)/(A+ ) in Q. If Y € £(ON) then (15) and Schwarz’s

inequality give
=200+ )7 Tl = sup ([T — 200+ A) " T, w)

”w”v'vlﬂ(Rm,)Sl

= sup /[Vw VYV =20+ A)"taVw - VV] dH,, <

HwHV"Vlﬂ(Rm)R

sup |Vw|\VV¢\ dH

Ivwi<1 ) A+ A
Hence (19) holds.
[41 = ol =

By the induction
[Ynt1 = nll = I = 200+ 8) 7 T (W — Y1)

A—X\" 2
< T = vunl < (553) T Aol + 1L

2
T + FIl < 5o Mol + 171,

If kK > n then
||wk - wnH < ||wk: - wk—l“ +...+ ||'(/)n+1 - 1pn”

A= X\" Allgoll + 17
EZ(A+A)A+Aywwm+ﬂu (553 Ml

Thus vy, is a Cauchy sequence, ¥, — 1. Letting k — oo we get (20) and

2 2
w:(I_A+A>w+A+AF

A=)
m > A )\”vvaLz(Rm) = m”¢”£(Rm)



6 Direct integral equation method

Let us come back to the original problem (2), (3). If uy, u_ solve this problem
then

uy = D%y —1—5'(;6“—+ in G, DGu++SG8u—+ =0 inG_, (21)

on on
G Gauf . G Gau, .

u_=-D"u_—-S8"—— inG_, Du_+S8"—— =0 inG;. (22)

on on
This gives
0 Oou_
U4 = DG(’LL+ — ’sz) + SG (au’rj — 7;7’1 > n G+,

Ju Ou_
— NG, _ G + .
u_=D"(uy —u_)+S8 < o o > in G_.

(Compare [4].) According to (3)

ou Ou_
_ nG G + .
uy =D%g+ S8 ( o o > in G4, (23)
ou Ou—_
_ pG G + :
u-=D"g+S (8n o > in G_. (24)
So, it is enough to derive duy /On—du_/On. If ay = a_ = 1 we have a solution

of this problem (see [4]).
Using boundary properties of potentials (see (7), (8)), we obtain

duy  ID% 1 (8u+ 8u_> _ i <8u+ 8u_>

an ~ on 2\ on  on Q

Qu-_0D% 1 (0uy Ou) o
on  On 2

on on
on on

duy  Ou_
on on )’
According boundary conditions (3)

oD% ay+a_ [(Ouy Ou_ . [Ouy  Ou_
F=tap—an) T L B (G T (s ayka (G - )

QD *

on 2 on  on on  on
Putting
oD%
F=f-— —a—
f (a’+ a ) 871
we have o o
’lL+ U_—
T| — - — | =F 2
( on on ) ’ (25)

where TY = (a4 + a—)¥/2 — (ay — a_) K& is the operator, which we studied
for the indirect integral equation method. Theorem 5.1 gives that we can use
the successive approximation method for solving the equation (25).
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