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SPECIAL n-FORMS ON A 2n-DIMENSIONAL VECTOR SPACE

JIRf VANZURA

ABSTRACT. The configuration of regular 3-forms in dimension 6 is generalized
to n-forms in dimension 2n. The algebras of complex, paracomplex, and dual
numbers are systematically used. The automorphism groups of all forms are
determined.

In the last decade there has arisen interest in exterior forms of higher degree,
first of all in forms of degree 3 (see [2] and [3]). It is known (see [4] and [1])
that on a 6-dimensional real vector space there are exactly three types (= orbits)
of regular 3-forms, and that these types are closely related with 2-dimensional
unital algebras. In this note we show that these forms can be generalized to higher
dimensions. Namely, using 2-dimensional unital algebras we construct n-forms on
a 2n-dimensional real vector space, and investigate their properties.

We shall consider all three 2-dimensional unital, associative and commutative
real algebras, namely

C=11,i], i*=—1 algebra of complex numbers,
D =[1,d, d>=1 algebra of paracomplex numbers,

E=[l,e], e®=0 algebra of dual numbers.

Let V be a 2n-dimensional real vector space, n > 3. On this vector space we
shall consider consider three endomorphisms J, D, and E, respectively. We shall
assume that they satisfy

J? = -1 (complex structure)
D? =1, dimker(D — I) = dimker(D + I) =n (product structure)
E? =0, dimim E = dimker E =n (tangent structure).
If V is endowed with a complex structure J (resp. product structure D, resp.

tangent structure F), we can introduce on V a structure of a C-module (i. e.
complex vector space) (resp. D-module, resp. E-module) in the following way

(a+ bi)v = av + bJv (resp. (a + bd)v = av + bDv,resp. (a + be)v = av + bEv).

On the other hand if V' carries a structure of a C-module (resp. D-module, resp.
E-module), we can introduce on V' a complex structure J (resp. product structure
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D, resp. tangent structure E) by the formula
Juv=1iv, (resp. Dv=dv, resp. Ev=ev).

Writing V' we shall always consider V' as a real vector space. If we want to consider
V as a C-module (resp. D-module, resp. as a E-module), we shall write (V,C)
(resp. (V,D), resp. (V,E)). If there is no danger of confusion, we shall very often
abbreviate W = (V,C) (resp. W = (V,D), resp. W = (V,E)). Using the above
assumptions on J (resp. D, resp. E), we can easily see that W is an n-dimensional
free C-module (resp. D-module, resp. E-module).

We shall consider the group

GL*(V;C) = {A € GL(V;R); AJ = JA or AJ = —JA}.
We define also
GLT(V;C) ={A € GL(V;R); AJ = JA} and
GL™(V;C)={A € GL(V;R); AJ = —JA}.
We have GL*(V;C) = GL*(V;C)UGL™ (V;C), and
GLY(V;C)-GL™(V;C) = GL*(V;C),
GLY(V;C)-GL (V;C) =GL™ (V;C)-GL*(V;C) = GL™(V;C)
GL™(V;C)-GL (V;C) = GL*(V;C)
Along the same lines we introduce GL*(V; D) and GL*(V;E).
Let us consider a C-module (V,C) (resp. D-module (V,D), resp. E-module

(V,E)). A real form of this module is an n-dimensional real subspace V5 C V such
that

Vo+iVo =V (resp. Vo +dVp =V, resp. Vo +eVp=V).
Because the module W is free, it is easy to see that in all these three cases a real
form exists.
For a k-form w on V', k > 2, we can define a homomorphism

VoAV v w=w,-,...,).

The form w is called regular (or multisymplectic) if the above homomorphism is a
monomorphism.

Next for a k-form w on V, k > 3, we can consider all endomorphisms A of V'
satisfying

w(Avy,ve,...,v5) =w(vy, Ave, ..., vE) = -+ = w(vy, v, ..., Avg).

It is easy to see that such endomorphisms constitute a unital associative real al-
gebra. This algebra is commutative (which can be very easily proved). We shall
denote it by the symbol A,,.
If A is an endomorphism of V and w is a k-form, we define a k-form A*w in the
following way.
(A*w)(v1,...,vk) = w(Avy,. .., Avg)

Next we define the derivation Daw € A*V* by the formula

(Daw)(v1,...,vk) = Zw(vl, ey Vi1, AV Uig1, -, k).
i=1
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1. FORMS OF THE COMPLEX TYPE

W is here an n-dimensional complex vector space, and ey, ..., e, is its basis.
Lemma 1.1. Let 6 # 0 be a complex n-form. Then Ag = [I,J] = {cI;c € C}.

Proof. Obviously J € Ag. If A € Ap, then AJ = JA, which means that A is a
complex endomorphism. Let A € Ay. Then we have

O(e1, Aer,es,...,en) = 0(e1,e1, Aes, ..., en) = 0.

Let us write Ae; = E;Zl ajje;. From the above equality it follows that a;2 = 0.
Along the same lines we can easily prove a;; = 0 for ¢ # j. Consequently, we have

Ae; = aze; for i = 1,...,n. From the equalities

0(Aeq,ea, ... e,) =0(e1,Aea, ... en) = =0(e1,e2,...,Ae,)
we get a11 = age = --+ = anpyp. Therefore we have A = c¢l, where ¢ € C. This
finishes the proof. O

Let 6 # 0 be a complex n-form on W. Then we define real n-forms w_ and &_
on V by the formula
0=0w_+iw_.
Lemma 1.2. The automorphism J belongs to the both algebras A,,_ and Ag_ .
Proof. We have

O_(Jvr,v2, ..., 0,) +iw_(Jvg,va, ..., 0,) =
=0(Jv1,va,...,0,) = i0(v1,V2,...,0,) = O(v1, JUa, ..., 0,) =
=w_(v1,Jvg, ..., v,) +iw_(vy, Jva, ..., 0,).
[
Further we have
—w_(v1,02,...,Up) +i0_(v1,V2,...,0,) =
= i[w_(v1,v2,...,0) +iw_(v1,v2,...,0,)] = i0(v1,v9,...,0,) =
=0(Jvy,v2, ..., Un) = O (Ju1, 02, ..., Up) +iw_(Jvr,va, ..., V)
Hence we get
O_(v1,v2,...,0n) = w_(Jv1,v2,...,0,) and
w_(v1,v2,...,0,) = —W_(Ju1,v2,. .., Up).

This result can be reformulated in the following way.
Lemma 1.3. &_ = %DJw,, w_ = —%DJ&J,,

Lemma 1.4. The forms w_ and w_ are reqular.

Proof. Let us assume that t,w_ = 0. We have then
(ty@_)(v1,v2, ..., Up—1) = O_(V, V1,02, ..., Vp_1) =
=w_(Jv,v1,v2,...,0p_1) = w_(v,Jv1,V2,...,0p_1) =
= (tpw-)(Jv1,v9,...,05-1) =0,

which proves that (,o_ = 0. Consequently ¢,6 = 0, and this implies that v = 0.
We have thus proved that the form w_ is regular. Expressing w_ using w_ and J,
we find easily that @_ is also regular. O
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Proposition 1.1. A, = A;_=[I,J].
Proof. Let A€ A,_. We have
O_(Avy,va, ..., 0,) = (1/n)(Djw-)(Avi,va,. .., 0p)
=w_(JAv,v9,...,0,) =w_(AJvy,va,...,0,) =
=w_(Ju1, Ava, ..., vn) = (1/n)(Dyw_)(v1, Ava, ..., 0,) =

=w_(v1,Ava, ..., Up),

which shows that A, C Ag_. The converse inclusion can be proved in a similar
way. For A € A,_ we have

0(Avy,va,...,0,) = 0_(Avy,va,...,0,) + iw_(Avy,ve,...,0,) =
=w_(v1,Avg, ..., v,) + iw_(v1, Ava, ..., v,) = 0(v1, Ava, ..., vp).
According to Lemma 1.1 we have A, C [I, J]. The converse inclusion is obvious. O
Let us consider now an automorphism A € Aut(w_). We have
w_(AJA Y0y v, 03, ... 0p) =w_ (JA Yo, A7 oy, A7 s, 0 A ,) =
=w (A7 v, JA g, A7 s, AT ) = wo (v, ATA Mg s, ).

This shows that AJA™! € A, . Consequently, there are a,b € R such that
AJA™Y = al +bJ. Squaring this identity we get

—I = (a® = b*)I + 2abJ.

Obviously there must be b # 0. Consequently we have ¢ = 0, and then b = +1.
This means that we have AJA~! = +J or equivalently AJ = +JA. We have thus
proved the following lemma.

Lemma 1.5. FEvery automorphism of w_ is a complex linear or complex antilinear
mapping.

We define
Autt(w_) = Aut(w_)NGLT(V;J), Aut™ (w_)=Aut(w_)NGL™(V;.J).
We have Aut(w_) = Aut™ (w_) U Aut™ (w_).
Lemma 1.6. Autt(w_) = Aut™(&_).
Proof. Let A € Aut™ (w_). Then we have
O_(Avy, Ave, ..., Avy,) = w_(JAvy, Ava,. .., Av,) = w_(AJvy, Avg, ..., Avy,) =
=w_(Ju1,va,...,0,) = O_(v1,02,...,0p).

This shows that Aut*(w_) € Aut™(&_). The converse inclusion can be proved in
the same way. O

If Ae Aut™(w_), then A € Aut™(@_), and we find easily
A" =detc A-0, A0=A"0_ +iAd"w_=aw_ +iw_ =0.

We have thus shown that if A € Aut™(w_), then detc A = 1. Conversely, it can be
easily seen that if A € GL*(V;C) and detc A = 1, then A € Aut™(w_).

Proposition 1.2. An automorphism A € GLT(V;C) belongs to Autt(w_) if and
only if detc A = 1. Consequently Aut™ (w_) = SL(V;C) = SL(n;C).
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Our next aim is to innvestigate the set Aut™ (w_). First of all we must see that
this set is not empty. We shall start with the following lemma.

Lemma 1.7. Let A € Aut(w_). Then A € Aut™ (w_) if and only if one of the
following two equivalent conditions is satisfied.

(i) Ao = -,
(il) A*0 = —6.
Proof. Let us assume first that A € Aut™ (w_). Then we have

(A" @) (v1,v9,...,0n) = W_(Avy, Ava, ..., Avy) = w_(JAvy, Avy, ..., Avy,) =

= —w_(AJvy, Avg, ..., Avy) = —w_(Ju1,v9,...,0,) = —0_(V1,V2,...,U).
On the other hand, let us suppose that A*@_ = —©_. Then we have
W_(Avy, Ave, ..., Avy) = —0_(v1,v2,...,0y)

w_(JAvy, Avy, ..., Avy) = —w_(Ju,va, ..., 0p)

w_ (AT T Avy va, .. vn) = w_(—Jv1,va, ..., Un).

Because the form w_ is regular, the last equality implies that A='.JA = —J, which
shows that A € Aut™ (w_).

If A*O_ = —&_, then we have
A0 = Ao +iA'w = —O_ +iw = —0.
The converse direction is now obvious. This finishes the proof. (I

Now we shall consider the complex conjugate W of W. We recall that W = W,
and multiplivation by a complex number ¢ in W is defined by the formula c*xv = cv.
We have

O(c*vy,v2,...,0,) = 0(Cv1,va, ..., 0,) = cB(v1, 02, ..., Un),

which shows that is a complex n-form on the complex vector space w.
Because W and W are n-dimensional vector spaces, there exists an isomorphism
B : W — W such that B*0 = 6.

Lemma 1.8. Let A€ GL™(V;J). Then A € Aut™ (w_) if and only if detc(AB) =
—1.

Proof. Let A € Aut™ (w_). This means that A*w_ = w_, and we can easily prove
that A*©0_ = —©0_. Then
A% = A" +iA'w_ = —0_ +iw_ = —0.
Next we get ~
(AB)*0 = B*A*0 = —B*0 = -0,
which proves that detc(AB) = —1.
Conversely, let us assume that detc(AB) = —1. We have

(AB)*0 = -0
B*(A*0) = —6
Because B was chosen in such a way that B*@ = 6, it is obvious that A*f = —4.

Hence we get
A*O_ +iA'w_ = -0 +iw_.
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We can see that A € Aut(w_), and according to the previous lemma there is
AeAut™ (wo). O

From this lemma we can easily see that Aut™ (w_) # (. Now it is obvious that
AutT(w_) - AutT(w_) = Aut™ (w_),
Autt(w_) - Aut™ (w_) = Aut™ (w_) - Aut™ (w_) = Aut™ (w_),
Aut™ (w_) - Aut™ (w_) = Aut™ (w_).
Summarizing, we have the following proposition.

Proposition 1.3. The automorphism group Aut(w_) consists of two connected
components Aut™ (w_) and Aut™ (w_), where Aut™(w_) is the connected compo-
nent of the unit. The group Autt(w_) = SL(V;C) = SL(n;C). Moreover,
dimg Aut(w_) = 2(n? - 1).

2. FORMS OF THE PRODUCT TYPE

It is obvious that the elements p = (1/2)(1 + d) and ¢ = (1/2)(1 — d) form a
basis of D and that we have

pP=p, po=0, o°=o.

Let us choose a real form Vy of V. It is easy to see that every element v € V can
be uniquely expressed in the form

v =pxr+ oy, wherex,yec V.

Lemma 2.1. Vectors wy = puj +ov1,...,w, = pug +ovg are linearly independent
in the D-module W if and only if the vectors uy,. .., ux are linearly independent in
the vector space Vo and the vectors vy, ...,vi are linearly independent in the same
vector space V. If the vectors uy,...,u are linearly independent in Vo and the
vectors v1, . .., vk are linearly independent in Vg, then the vectors wy, ..., wy can be
completed to a basis of W.

Proof. Let us write
¢ =a;p+bo, w;,=pu+ov, i=1,... k.
We have
ciwy + -+ cpwy = plajur + - - + agug) + o(bivr + - - + bpvk).

We can easily see that the vectors wy, . .., wy are linearly independent in the module
W if and only if the vectors uy, ..., u, are linearly independent in V{ and the vectors
v1,..., U, are linearly independent in V. Moreover, it is obvious that if the vectors
wi, ..., wy are linearly independent, they can be completed to a basis. ([

Lemma 2.2. Let 0 be a D-multilinear n-form on W with values in the algebra D.
Then Ag = [I,D] = {cI;c € D}.

Proof. The proof proceeds along the same lines as the proof of Lemma 1.1. O

We take now a non-zero n-form 6 on the dual module W* to the D-module W.
We introduce real valued R-multilinear n-forms wy and @4 on V' by the formula

QZJ)+ +GW+.

Lemma 2.3. The automorphism D belongs to the both algebras A, and Az, .
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Proof. This proof is the same as the proof of Lemma 1.2. O
Lemma 2.4. The n-forms wy and &y satisfy the relations oy = %DDer and
wi = %DD&)+.
Proof. Here it suffices to proceed in the same way as in the proof of Lemma 1.3. [J
Lemma 2.5. The forms wi and &4 are reqular.
Proof. The proof is same as the proof of Lemma 1.4. O
Proposition 2.1. A,, = Az, =[I,D].
Proof. The proof follows the lines of the proof of Proposition 1.1. O
Let us assume now that A € Aut(w;). Then we have
wy(ADA vy, 09, ... 0n) = wi (DA 0, A7 s, ., A7 y,) =
=wy (A7, DA g, AT ) = wy (v, ADA Yy, 0y),

which shows that ADA™! € A, . This implies that there are a,b € R such that
ADA™! = oI +bD. Taking the second power of this equality, we get
I = (a® +b*)I + 2abD.

Obviously, there must be either a = 0 or b = 0. Let us assume first that b = 0.
Then we get I = a?I, which implies @ = £1. In this situation we have the following
two possibilities.

ADA ' =1 ADA ' =1
AD=A AD=-A
D=1 D=-1I
But according to the assumptions concerning D neither D = I nor D = —I is

possible. Consequently there must be a = 0 and b = 1. Then ADA~! = +D, and
we have the following two possibilities.

ADA™' =D ADA™'=-D
AD = DA AD=-DA
We have thus proved the following lemma.

Lemma 2.6. Fvery automorphism of wy is a paracomplex linear or paracomplex
antilinear mapping.

We denote
Autt(wy) = {A € Aut(wy); AD = DA},
Aut™ (wy) = {4 € Aut(w;); AD = —DA}.
We have obviously Aut(w;) = Aut™ (w,) U Aut™ (wy ).
Lemma 2.7. Aut™(wy) = Aut™(0).
Proof. The proof follows the lines of the proof of Proposition 1.6. O

Proposition 2.2. An automorphism A € GLT(V;D) belongs to Aut™(wy) if and
only if detp A = 1. Consequently Aut™ (w,) = SL(V;D).

Proof. Here we proceed as in the proof of Proposition 1.2. [
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Every endomorphism @ of the D-module (V,D) can be uniquely expressed in the
form @ = pR + oS, where R and S are real endomorphisms, i. e. endomorphisms
satisfying RVy C Vy and SVy C Vy. Then it is obvious that

detp Q = pdetr(R|Vy) + o detr(S|Vh) =
1 1
= §(detR(R|Vo) + detr (S|Vo)) + di(detR(RWo) — detr(S|V0))-

We can see that detp @ = 1 if and only if detg(R|Vp) = detr(S|Vh) = 1. Now we
get easily the following proposition.

Proposition 2.3. The group Aut™ (w,) = SL(V;D) is isomorphic with the group
SL(Vy) x SL(Vp) = SL(n;R) x SL(n;R), and consequently is connected.

In the algebra D of paracomplex numbers we can introduce conjugation by the
standard formula a 4+ db = a — db. This conjugation has moreless the same proper-
ties as the conjugation of complex numbers. If W is a D-module, we can introduce
the conjugate D-module W by setting W and ¢ x v = év. If W is an n-dimensional
free D-module, then W is also an n-dimensional free D-module. Consequently, there
exist a D-module isomorphism B : W — W such that B*§ = 6. Now, along the
same lines as in the complex case, we get the following two lemmas.

Lemma 2.8. Let A € Aut(wy). Then A € Aut™ (wy) if and only if one of the
following two equivalent conditions is satisfied.

(i) A&y = -4,
(i) A*0 =—6.
Lemma 2.9. Let A€ GL™(V;D). Then A € Aut™ (wy) if and only if detp(AB) =

—1.
Now we can easily see that there is
Autt(wy) - Aut™(wy) = Aut™ (wy),
Aut™(wy) - Aut” (wy) = Aut™ (wy) - Autt(wy) = Aut™ (wy),
Aut™ (wy) - Aut™ (wy) = Aut™ (wy).
Summarizing, we obtain the following proposition.

Proposition 2.4. The automorphism group Aut(wy) consists of two connected
components Aut™ (wy) and Aut™ (w, ), where Aut™ (w, ) is the connected component
of the unit. The group Autt(w,) = SL(Vy) x SL(V,) = SL(n;R) x SL(n;R).
Moreover dimg Aut(wy) = 2(n? — 1).
According to our assumptions concerning the automorphism D of V' we can write
V=VieV_, where V, ={veV;Dv=v}, V_={veV;Dv=—v}.

Lemma 2.10. Letvy € Vi, v_ € V_, and vs,...,v, € V. Then

Wi (g, v, 03, ..., 0y) =0,
Proof. We get
Wy (U, v_,03,...,0p) = wi (Do, v_,v3,...,0,) =
= wi(vg,Dv_,v3,...,0,) = —wi (v, v_,v3,...,0p),

which shows that wy (vy,v_,vs,...,v,) =0. O
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Ifvy =vi4 +vi—,...,0y = Upy + v,—, then we obviously have
W+(’l)1,...,’l)n) :w+(vl+,~~';vn+)+w+(vl—a"'7vn—)'

Moreover it is easy to see that w;|V4 and wy|V_ are regular forms. (Otherwise
the form w, would be singular.) Let 74 : V — V4 and 7 : V — V_ denote the
projections. We get the following proposition.

Proposition 2.5. For the form wy we have wy = w4 (wy|Vy) + 7% (wi|V2).

3. FORMS OF THE TANGENT TYPE

In this section we shall consider an n-dimensional E-module (V,E) = W. First
we introduce the mapping
p:E—E/(c) =R,
which is projection onto the quotient by the ideal (¢). Now we are going to prove
the following lemma.

Lemma 3.1. The elements wy, . ..,wg are linearly independent in W if and only if
the vectors Ewn, ..., Bwy are linearly independent in V. The elements wq, ..., w,
constitute a basis of W if and only if the vectors Ews, ..., Ew, are linearly inde-

pendent in V.

Proof. Let us assume that the elements w1, ..., w; are linearly independent in W.
Let aq,...,a; be real numbers such that a1 Fw, + - - - + ay Fw, = 0. Then there is
E(ajwy + - -+ + agwy) = 0, which means that we can find w € W such that

aiwy + -+ apwg = ew
eaiwy + -+ eapwg =0

Because the elements wiq,...,wy are linearly independent in W, we have aje =

- = ape = 0, which inplies a; = --- = ax = 0. We have thus proved that the
vectors Fwy, ..., Fwy are linearly independent in V.

On the other hand, let us suppose that the vectors Fws,..., Fwy are linearly
independent in V. Let c¢q,...,cx € E be such that c;wy + - - - + cpwi, = 0. Writing
ci=c;+ed,i=1,...,k we get from the last equality ¢} Ew; --- + ¢, Fw, = 0.
This implies that we have ¢} = --- = ¢}, = 0. Consequently, we get

e(fwy + -+ + wg) =0
A Ewy + -+ ) Ewy, = 0,

which again implies ¢ = --- = ¢}/ = 0. We have thus proved that wy,...,w; are
linearly independent in the E-module W.

If wy,...,w, is a basis of W, then the elements wy, ..., w, are linearly indepen-
dent in W, and consequently the vectors Fws, ..., Fw, are linearly independent in
V. Conversely, let us assume that the vectors Fwy, ..., Ew, are linearly indepen-
dent in V. Then w,...,w, are linearly independent in W. Finally, let w € W.
Then we can find uniquely determined ¢f,..., ¢, € R such that

Ew = i Ewy + -+ + ¢}, Bw,.

Consequently, E(w — cjw; — -+ — chw,) = 0, and there is w” € W such that
w—cdwy — - — chw, = Ew”. We can find uniquely determined ¢f,...,c € R
such that Ew"” = ¢/ Ewy + - - - + ¢, Ew,. We can see that

w = (c] + ec))wy + -+ (c, + ecw,
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which proves that wq,...,w, is a basis of the E-module W. O

Let 6 be a non-zero n-form on W. Then, proceeding as in the proof of Lemma
1.1 we get easily the following lemma.

Lemma 3.2. Let 0 # 0 be an n-form on the n-dimensional E-module W. Then
Ay =[I,E] = {cI;c € E}.

We introduce real valued n-forms wg and &g by the formula
0 = Qg + ewg.
Lemma 3.3. The automorphism E belongs to the both algebras A, and Ag,.
Proof. The proof follows the lines of the proof of Lemma 1.2. O

Lemma 3.4. The n-forms wg and &g satisfy the relation oy = %DEwo and
Dguwy = 0.

Proof.
O(Bwi,wa, ..., w,) = &o(FBwi,wa, ..., w,) + ewo(EBwy, wa, ..., wy),
O(Bwy, wa, ..., wy) = ef(wy,ws, ..., wy,) = edo(wy, ws, ..., W),
which shows &g (w1, wa, ..., w,) = wo(Ewy, wa, ..., w,) and &g (Bwy, we, ..., wy,) =
0. In other words @y = (1/n)Dgwy and Dgdy = 0. O

Lemma 3.5. The form wy is regular.
Proof. This lemma can be proved in the same way as Lemma 1.4. (I
Lemma 3.6. A,, = [I,E], [I,E] C Ag,.
Proof. Let A € Ag. Then we have
@o(Avy, v, ..., v,) + ewo(Avy,va, ... v,) = 0(Avy, Ve, ..., 0,) =
= 0(v1, Ava, ..., vn) = Wo(v1, Ava, ..., v,) + ewo(vy, Ava, ... Uy),

which shows that A9 C A,, and Ay C Ag,. Next, let us assume that A € A,,.
Then according to Lemma 3.3 there is AF = EA. We have then

Wo(Avy,ve, ..., v,) = wo(FAvy,vg,...,0,) = wo(AEv1,v9,...,0,) =
= WO(Evla Aan cee avn) = &O(Ula Aan cee avn)7
which shows that A € Agz,. Consequently A € Ay, and we have A,, = Ay =
I, E]. |

In the same way as in the complex case we can prove that if A € Aut(wp), then
AEA™! € A,,. Consequently there are real numbers a,b such that AFA™! =
al +bE. Taking the square of this relation we get 0 = a%I + 2abE and this implies
a = 0. We obtain

Lemma 3.7. Every automorphism A € Aut(wg) satisfies the relation AE = kEA
with kK € R* =R — {0}.

Lemma 3.8. FEvery automorphism A € Aut(wp) is a conformal automorphism of
the form &g. More precisely, if A € Aut(wy) satisfies AE = kEA, then A*®y =
(1/[%)(:)0 .
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Proof. We have
(A*@g)(v1,v2, ..., Un) = &o(Avy, Ava, ..., Avy) =
= wo(FAvy, Ave, ..., Av,) = (1/k)wo(AEvy, Avs, . .., Avy,) =
= (1/k)wo(Ev1,ve, ... ,v,) = (1/K)@o(v1,va, ..., 0p).

O

Lemma 3.9. For every k € R* there exists an automorphism A € Aut(wg) such
that AE = kEA.

Proof. We choose a basis 31,...,8, of W* such that 6 = 81 A --- A 5, and the
corresponding dual basis e;,...,e, of W. Then ey,...,e,, Fei,..., FEe, is a basis
of the vector space V. We take the dual basis ai,...,an, @py1,...,Q2, of the
vector space V*. We find easily that

B = a1+ edni1, ... B = an + eqonp.
Now we can see that
n
9:oz1/\-~-/\an+eZa1/\-~-/\ai_1 A Qg AN Qi1 N A Q.
i=1
We define now an automorphism of V' by the following formulas.
1
A%y = —a1, AT as = ao, ..., A%y, =
K
A*pi1 = g1, A¥Quio = Kopya, ..., A% e, = Kagy,.
Now it is obvious that A*wg = wp and A*@g = %(I)O. Hence we have AE = kEA. [
From the above considerations we get easily the following lemma.
Lemma 3.10. The n-form wq is decomposable.

We can now define an epimorphism K : Aut(wp) — R*. If A € Aut(wy), then
there is a unique k € R* such that AE = kEA. We set K(A) = k. Using Lemma
3.9 we obtain the short exact sequence

1 — ker K — Aut(wo) Er =1

If A€ ker K, then AE = FA, A is an E-linear automorphism, A*wg = wy and
A*Qy = @g. Consequently,

A% = A*Qg + eA*wg = &g + ewy = 0.

Hence we can see that ker K = SL(V;E) = SL(n,E). The above exact sequence
can now be written in the form

1 — SL(V;E) — Aut(wo) ERr 51
Introducing the subsets
Aut(w) = {4 € Aut(w); K(A) > 0}, Aut™ (w) = {4 € Aut(w); K(A) < 0},
we have an exact sequence
1 — SL(V;E) — Aut™(wp) ERrt -1

Lemma 3.11. The group Aut(wo) is a semidirect product SL(V;E) x R*. Analo-
gously, the group Aut™ (wo) is a semidirect product SL(V;E) x RY.
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Proof. In the first case it suffices to find a splitting o : R* — Aut(wp). We use the
same bases as in Lemma 3.9. To x € R* we assign an automorphism o (k) defined
by the formulas

1
o(k)ey = —ey, o(k)ea=ea, ..., o(k)en=en,
K
o(K)ent1 = e€nt1, O(K)ent2 = Kenya, ..., O(K)ea, = Keap.
It can be immediately seen that o is a splitting. It is also obvious that o(R™) C

Aut™ (wp), which means that the same splitting can be used also in the second
case. d

We shall now investigate the group SL(V;E). Let A € GL(V;E). Because A is
E-linear, it preserves the subspace im A, and consequently induces an automorphism
A of the quotient V= V/im E. We have the projection 7 : V — V which satisfies

m(av) = p(a)m(v). This projection induces also a projection

At ARV — Aﬁf/, VI AR - AR Up = T(01) AR - AR T(0g).

We have
A*(el AE - A\E €n) =detg A-e1 Ag - Ag €n,
121*(71'(61) AR -+ Ar T(en)) = detg A- m(er) Ar - Ar T(en),
A*(W(el) AR - AR T(en)) = A*(A"ﬂ)(el AE - Agep) =
= (A"m)As(e1 Ag - Apen) = (A"m)(detg A-e1 Ag - Ag en) =
= p(detg A) - (A"7m)(e1 AE -+ AR ) = p(detg A) - m(e1) Ar -+ Ar 7(en).
We have thus proved the formula
p(detg A) = detg A.

We denote @ the homomorphism assigning to an automorphism A € GL(V;E) the
induced automorphism A € GL(V). It is easy to see that we get a short exact
sequence
1 —kerQ — GL(V;E) & GL(V) — 1.
Let us denote first
B={Becgl(V;E); BV CimFE}.

If B € B, then B(im E) = 0. Namely, if v € im E, then v = ev’ for some v' € V.
Then Bv = B(ev') = eB(v') = 0. Consequently, if B, B’ € B, then BB’ = 0.

Every A € ker Q can be expressed in the form A = I + B, where B € B. On the

other hand, every endomorphism of the form I+ B with B € B is an automorphism.
Namely,

(I+B)(I-B)=I-B+B-BB=1.

Moreover A = I + B obviously belongs to ker Q. If A=I+ B and A’ =1+ B’ we
have

(I+A)(I+B)=I+B+B +BB'=I+B+B.
Hence we can see that ker @) is an abelian group isomorphic with B & R,

Lemma 3.12. The group GL(V;E) is a semidirect product B x GL(V').
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Proof. We use again the same bases as in the proof of lemma 3.9. Obviously the
classes [e1],...,[es] constitute a basis of the vector space V. Any automorphism
© € GL(V) can be expressed in the form

olei] = Z aijle;),

where a;; are real numbers. We define an automorphism A € GL(V;E) by the

formulas .,
Ae; = Z aije;.
j=1
Setting o(¢) = A, we get a splitting o : GL(V) — GL(V;E). O
Let us remind that if vy, vy € im E, then 0(vy,ve,...,v,) = 0. Namely, we have

v; = ev] and vy = evh, and we get
0(v1, 02,03, ..., v,) = O(ev), evh, v, ..., v,) = 20(v], v, v3,...,v,) = 0.
Let A =1+ B be again an element of ker ). We obtain
(A*0)(v1,v9,...,0,) = 0(v1 + Bvy,vs + Bua,...,v, + Buy,) =

n
= 0(v1,v2,...,0p) —l—ze(vl,...,vi,l,Bvi,vi+1,...7vn) =
i=1

=0(v1,v2,...,0n) +tr(B)0(v1,va,...,0,) = (1 + tr(B))0(v1,v2,...,0,).

We have thus proved that if A € ker Q, then detg A =1+ tx(B).

Using the formula p(detg A) = detg A we get another short exact sequence

1 —kerq — SL(V;E) % SL(V) — 1,
where ¢ = Q|SL(V;E). Applying the last determinant formula we find easily that
kerq = By = {B € B;tr(B) =0} = R 1

Lemma 3.13. The group SL(V;E) is a semidirect product By x SL(V).
Proof. The proof follows the same lines as the proof of Prop. 3.12. ]

Summarizing we have the following proposition.

Proposition 3.1. The automorphism group Aut(wg) consists of two connected
components Aut™ (wo) and Aut™ (wo), where Aut™ (wp) is the connected component
of the unit. Moreover dimg Aut(wp) = 2n? — 1.
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