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Abstract We consider a sequence of Dirichlet problems for steady Navier- Stokes
equations in perforated domains 25 = 2\ Ufisl) ]:»(8)7 where .7’-"»(5)7 i=1,...,1(s), are

nonintersecting closed subsets of (2 containing in Zsrnall neighgorhoods of some lines
(perforated domains with channels). The number of this small sets tends to infinity
as s — oo. We study the asymptotic behavior of solutions us(z) of this problems in
domains with channels as s — oo. Conditions under which solutions us(z) converge to
some limit function are established. The boundary value problem for the limit function
is constructed. The result is based on the asymptotic expansion of the sequence us(z)
and on pointwise and integral estimates of auxiliary functions which are solutions of

the model boundary value problems.

Keywords Homogenization - Navier-Stokes equation - Perforated domain

1 Introduction and formulation of the problem

Processes in locally inhomogeneous media, the local properties of which are subject to
sharp small scale changes in the space, are of great interest in various fields of science.
Various methods were applied to the investigation of such problems. We mention one of
the most famous micro-macro approach which was used for homogenization of processes
in porous periodic media, [17]. In particular, there were constructed the asymptotic
expansions for flow in small channels of solid porous body and for moving of composite
of solid elastic bodies and viscous fluids. It is known that it is possible to get Darcy’s
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law in the limit. By the Darcy’s law a slow fluid flows through a rigid medium can be
modelled. Ene and Sanchez-Palencia seems to be first to give a derivation of it, from
the Stokes system, using multiscale expansion [7]. This derivation was made rigorously
by L.Tartar in [20]. This result was generalized by many authors and we mention
one generalization, which was done by Allaire [1] and to random statistically porous
medium by Beliaev and Kozlov [3]. Also we would like to mention the fundamental
work of Jikov, Kozlov and Oleinik [10] and several fundamental works which were done
by Jager, Mikelic [9], Mikelic at el. [8,4]. If a rigid part of the porous medium {2 has
the critical size, much smaller than O(1), then it is possible to get Brinkman’s law,
(in detail, see [2]). In many applications the solid part is supposed to be elastic. In this
case the effective filtration law is known as Biot’s law [6].

Different problems in domains with nonperiodic structure, corresponding to the
case of Brinkman’s law, were considered in [14] - [18]. Firstly, elliptic systems of higher
order in domains with fine-grained boundary were studied in [14] using potential theory
and variational methods. This approach was applied, in particular, to Dirichlet prob-
lems for Navier-Stokes equations in domains with fine-grained boundary (see [11,12]).
Another approach was developed by I.V.Skrypnik for nonlinear elliptic and parabolic
equations (see, for example, [18,19] and reference therein). The study of this prob-
lem in nonlinear case is essentially different from the study of linear problem because
for the construction of the limit boundary value problem there must be some strong
convergence of gradients of solutions of the initial problems. The proof of such strong
convergence is based on a special asymptotic expansion by which the solutions of non-
linear problem in perforated domains are approximated near sets fi(s) by solution of
some model nonlinear problems. The main role in study of the asymptotic behavior
of the solutions of nonlinear problems and in the construction of limit boundary value
problems is played by pointwise estimates of the solution of the model problem. This
approach, which gave us possibility to show the strong convergence of the gradients of
the solutions, was applied to the homogenization of the Navier-Stokes equation with
Dirichlet condition in domains with fine-grained boundary ([16]). In this paper we con-
sider the problem of the homogenization of the Navier-Stokes equations with Dirichlet
condition on the boundary in a sequence of domains with channels.

Notation. In what follows by C;, 7 = 0,1,..., we denote positive constants that
depend on n, {2 and do not depend on ¢ and s.

Now we formulate the problem. Let p(z, G) be the distance from point = to the set
G C R", n >3, and for every € > 0 we define e-neighborhood of the set G:
UG,e) ={z cR" : p(z,G) < e}.
(s)

For any fixed s € N we consider the finite number of lines ;" C 12, positive numbers

dz(.s), and closed domains .7-'2.(5) such that
Fcu®,d?y, i=1,...,1(s).

The number of lines I(s) tends to infinity as s — oo.



I(s)
In the perforated domain with channels 25 = 2\ | .7-'1-(8) we will study the
=1
following problem
vAu®) — (u(s) -V) u® =vp) £ £ zin 0,
divu®®) =0, zin £, (1)
u® loo, =0,

where p(s)(ac) is pressure, f(x) € La(£2)".
In the study of this problem the following problems arise:

— to establish conditions under which the solutions of the problem (1) converge as
5§ — 00
— to determine the boundary value problem for the limit function

We introduce the following spaces

H(02s) := {us(z) € W2 (2:)" : divus(z) =0, z € 2},

H(R) == {u(z) e Wy ()" : divu(z) =0, = € 2}.

Definition 1 We say that u'®) (z) € H(125) is a weak solution of problem (1) if the
following integral identity

/[l/Vu(S)ch(s) - (u(s) -V)cp(s) ~u(8)]dx =— /(f,cp(s))d:c (2)
‘QS QS

is satisfied for every ¢(®) € H(0s).

Analogously to [13] the existence of the solution to problem (1) and the a priory
estimate are proved

12,y < Collf(@)ll Loy
Extending the function u(s)(m) € H(£2s) into Ullisl) ]—"i(s) by zero and keeping the same
notation, we obtain the function ul® (z) € H(£2) which satisfies the following estimate

[u®|| () < Collfll Ly (-
Then, there exists a subsequence of the sequence {u(s) (2)}52, converging weakly in
H(£2) and strongly in L,(2)" (p < 6) as s — oo. We denote this weak limit by
u®(z) e H(Q).

Remark 1 We suppose that n > 4. For the case n = 3 the same result can be obtained
using analogous methods.



2 Assumptions on sequence of perforated domains {§25}52,

We denote a ball of radius r with center at « by B(x,r). Let for every i = 1,...,I(s),
rgs) be numbers such that the following conditions with constant A independent of s
and 1 are satisfied:

- (i) 2+ Cl)dl(.s) < rgs)7 lims— o0 70%) = 0, where r®) =  max T(s)7 and

3

1<i<I(s)
I(s) _
(dES))Z(n 3) .
> ey SO
iz ()
— (ii) for any choice of s and i there exists finite number of points zz(sp)7 l=1,...,P(®,s),

such that for every t(g) [dgs), T(S)] the inclusion

P(i,s
U(T(s)({t(s)} t(s)) U (S) )\t(s))
zp’

holds, where
T ({9} = u®, ) ﬂ { U u(zgs)yt;@) Uan},
ji
ua®, Ny c o, BEE ) c

@,p°
— (iii) for every s = 1,2,... the order of families of sets

@ v, i=1,. 1)},

(BEE D), =1, 1(s), p=1,...,Ps)}
do not exceed the number pg. That is, py is the largest positive number for which

(po + 1) sets from these families with the common points exist;
We suppose the following conditions on regularity of the lines I;” :

— (iv) for every s =1,2,...,i=1,...,1(s), there exists a diffeomorphisms g from
class C*, ggs) : L{(lgs), 1) — ggs)(U(ll( ), 1)) C R"™ such that the following inclusion
holds

adVU)ClyeR™: y1 = =yn 1 =0}
— (V) there exists a constant k > 0 independent of i and s such that the inequalities
99, (a) DoV @) |
I <, det A >

are satisfied for x € L{(lgs), 1), where we denote the Jacobi matriz ofggs)(w) in point

(=)
by &

Remark 2 The meaning of the previous condition is the following: there exists a con-

stant C'3 depending on n and & only such that for every x1, 22 € U (ll(s), 1) the inequality
holds

1 s s
ol —ml < 198 (1) — ¢ (w2)] < Cylary — wa. (3)



3 Auxiliary functions

To formulate additional conditions for sets fi(s) that guarantee possibility of construc-
tion of an averaged problem, we define auxiliary functions which are solutions of the
appropriate "model” problems.

Let a > 0 and

Qu={zeR" z= (" 2n), o' =(x1,...,2n_1), 2| <a, |zn| < H}.

Let F be a closed set, | = diamF, and 0 < d < H < 1/4. By Q4 we denote the smallest
cylinder such that
F CQq.

We consider the main ”"model” problem in B(0,1) \ F
AvF(z) = Vp(a),
divvF(z) =0, z € B(0,1)\ F (4)
vF@)or =€, vF(@)lapo1) =0

where e, is the unit vector of axis 0X;, k=1,...,n.

The existence and uniqueness of the function v¥(z, ) follows from [13] for any
fixed s € N and i = 1,...,I(s). The solution v¥(z,t) can be find as a minimum of the
following functional

J(vF) = / IVv* 2dz = / Z‘gzlp

B(0,1) B(0,1) Lp=1
in the class of functions
Hy(F) := {Vk(m) € WOI’Q(B(O, 1)) : div vE =0, 2€ B(0,1), v =¢*, z € F}.

In the study of homogenization problem for a sequence of domains with channels the
key role is played by the pointwise estimate. In particular, the following statement is
proved using methods of [11], [12].

Theorem 1 There exists positive constant Cy such that for |a| =0,1,2, k=1,...,n, n >
4 the following estimates for the solution v*(z,t) of problem (4) are satisfied

ln—3

a k
|D%; ()] < C4W (5)

or every x € B(0,1 a, where a > C1l, for everyi=1,...,n, an
f yz € B(0,1)\ Qa, wh Cil, f (] : , and
/ (DH(w), DOV () < Ca(" =2 4 17120 )
B(0,1)

glalyk
where D*vf = ge—gte——, || = a1 + ... + an.



Proof Let denote by G(x,y) = [|Gij(z,y)l; ;=1 Green’s function to the Dirichlet prob-
lem for the Stokes system:

0

S Gijlay) =0, (29) € BO,1) x B(0.1),
— O

Gij($7y)|z€aB(0,l) =0,y¢ B(Oa 1)
Ifx #y, y € B(0,b), a <b <1 then D%DyﬂGij(:n,y) for (z,y) € B(0,1) x B(0,b)
exists and are continuous. They look like

Al y)le —y| 72710l

where functions A(x,y) are bounded in B(0,1) x B(0,b). There exist C:j (z,y) such
that

Gj(z,y) = curlx(?:j (z,v)

with D%Dgéij (z,y) = B(z,y)|z —y|7n+37‘0‘|7|’8| for (z,y) € B(0,1) x B(0,b),z # y,
where B(z,y) are bounded.
We will use Green’s formulas in the next consideration:

/ (Av —Vp, u) dz = / (Vv, Vu)da + (g—z —pm, u) ds(7)

BO)\F BO)\F aB(01)|JoF

{(Av — Vp,u) — (Au — Vq,v)}dac =
B(0,1)\F

f {(g%_pnvu)_(g%_qn7v)}dsa (8)
aB(0,1)|Jor

where n is an outer normal vector to B(0,1)\ F. Let in (8) v(z) be solution of (4) and
u(r) = Gj(z,y), then

{(AvF = 99", G5 (@) — (406 (a.y) — Va,v9) fda =

B(0,)\F

" (G —1"n.Gsw) - (ZHEL — g v fdas, ()
aB(0,1)| JoF

We use that
D*vF(x) = D2 Gj(z,y) =0 if x € B(0,1), |a = 0,1,
k

vk(x) =e", aE)Ln if v € OF,

(A2Gj(z,y) — qu,vk) = §(x,y)v;€(x) = vf(y) if (z,y) € B(0,1) x B(0,b).



Then from (9) we get

k (o
) = [ (G =0 Gya) = (G i) )des vy € B0.0). (10)

To prove that

/ (M —gjn, vk>dxs =0, (11)

we use formula (7) where v = Gj(z,y), u = e, y € F, and domain of integration is
F \ OF. Then we obtain

F\OF

[ (VaGj(x.y). Ver)ds + [ (2450 — gi(2)n, ep)ds. (12)
F\OF oF

From this it follows (11). Using (10) and (11) for all y € Q1, |a| =0, 1,2, we have

k
Dok (y) = / (%Ln ~ 70, D G(a,y)) ) des Wy € B0, 1). (13)

OF
Now we introduce cut-off functions
— (1) (t) e C®RY), p(t) =1, it <0, ¢(t)=0, ift > G,

|| — d/2

/
o292 g gy < 8 1242

d ¢l
— LN AT A p— ] />, 1
5 o( ;i ) 01f|x|_2+

27

Yn — Tn

C () =0 [y — oa| > H.

We define the function

|ac'| —d/2 Yn — Tn
2 ).

If z € OF C Qa then uf(z,y) = DyGj(z,y). Moreover, uj (z,y) € C*(Qa) if ly/| >
%Jr%l and uj (z,y) = 0 if |z'] > 4+%l. Let in (7) v be a solution of (4), u = uf (z,y)

uf (z,y) = curle[Dy G (z,y)e(

f (Avk —vpk, u?‘(w,y))dm =

B(0,1)\F
[ Ve @yde+ [ (B - pnud (e y)das.
B(0,1)\F aB(0,1) | JoF
Then we obtain
avk k « k «

oOF B(0,1)\F



From (13) and (14) we get

Dy} (y) = / (Vv Vou§ (2, ))de,

BOI\F
1 1
2 2
DS ()] < / Vv 2 / VouS @ y)Pdz | (15)
B(0,\F B(0,)\F
Function w®(z) = curl{éktp(w)w(%)} € Hy(F). Since d < I we have

n dwk ‘|- —T,,
J WP < Y [ 1% Pdr < [ V(e )y (tgtn ) Pda <
B(0,1) 4,j=1B(0,1) B(0,1)

Cmeas{Qg+%\Q%}Slgz(g_|_%)n—1§01n—37 (16)

hereafter C' are generic constants independent of d, [.
We consider the second integral of (15):

A2

1D D (G, )i (- =

B(0,1)\F
Now,

|2 — d/2

yn '] — d/2
Ly

))|2 < |Dw[%’(f)x

In

|D2 DY (G (z, y)(

|2 —d/2
l
|| — d/2

e
GG ) <

|2'| —d/2
l

|D2Dy Gj(z,y)° + |Dy Gj(z,y)°] <

Yn — Tn
H

Yn — Tn

H

) + DS(L I G (2, ) = [Dae(

(D5 Gy, y)( = )

)+ DY TG (2, y)) + o

(Dy G (, y)ul T

— Tn

H

(Do DY G, y) (L) 4 Dp D)

|2'] — d/2

< Do

)IDSG, (2, y)|? + |Dwl )21G (=, )P+

C 1 i 1 n 1 i 1 <
l2|x_y|2(n—3+|a\) l2|x—y|2(”_3) |$_y‘2(n—2+|a\) ‘m_y|2(n—3+\a|) -

c
Plly/| = | Pe3 D

Since |y'| > C1l+d and |2| < % + %, then |y/| —|2/| > |y/| — % — % > |y2| and we
obtain

l’nfg

2
NIFdx < CW- (17)

|| — d/2
l

— In

Yn
U Gl

| DDy (G (2, y)(
B(O,)\F

From (15)-(17) we deduce (5).



For |a| = 1 the estimate (6) follows from (16). Let us prove (6) for |a] = 0. We
divide the domain of integration B(0, 1) into two parts

B(0,1) = (B(0,1)\ Qu) | J Q-

The integral over B(0,1) \ Q; we estimate using pointwise estimate (5):

/ o (2)2dz < A / (ﬁ)%w < BI"3 (18)

B(0,)\Q B(0,1)\Qx
For z € Qo ={x € R": |2'| < 2l, |zn| < H} we denote by x} = &’ 4, then
t B
2 kit
duh
oba) = (e - [ LI g,
dt
E
Using Holder’s inequality we get:
2 kot ’
dv; 1
b @) = 2 a2 | [ g2t Ly,
dt t
z’ |
21 21
dt
< 2@ + 2 / z / Vol 242 de.
'] 0

Integrating the last inequality over cylinder (Q9; we obtain:

21 21
/ ok (o) 2 < 2 / (of () Pz + / u / / Vo B2,

Q2 Q2 £ Q21 0

The first integral in the right-hand side we estimate using (5), the second analogously
0 (16). Then we get (6). The proof is completed.

Remark 3 The estimates in the case n = 3 we obtain analogously using logarithmic
cut-off functions. As a result we obtain that there exist positive constants Cs such that
for [a] =0,1,2, k =1,2,3, the following estimates for the solution Vk(.l‘, t) of problem
(4) are satisfied
1 11
|D*vF (2)] < C5——In7! 7

||l

for every x € B(0,1) \ Qa, where a > C1l, for every i = 1,2,3, and

/ (Davk(x%Davk(x)) <Csln? %

B(0,1)
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To construct the limit boundary value problem we define v* (z; G, F) as the solution
of the problem
AVF(z) = VpF(z), = in U(G,1/2),

divv®(z) =0, 2z in U(G,1/2) \ F, (19)
@)lor = ", v*(@)lou(c.1/2) = 0,

for any open set G C R" and a closed set F C G.
We suppose that for every s the inequality (%) <1/ 2"~2 is valid. We define
sequences of numbers {As}, {ps}:

1 .- s
X2 = max{lin ==, w1210y + I gy b ms = AT, (20)
r(s)
9 (1) 56 10 4 ()b
where ¢(®) = U 7pZ ), b = 5d; ) [
For s =1, 2_ , i=1,...,I(s), we introduce subsets of indices
I(s)={izi=1,....1(s), d > [rV)7 g},

I(s)={ii=1,...,1(s),d® < D)5 g},

and a sequence of numbers
P =d®) for iel'(s), P =205[r )T s it i€ I7(s), (21)

where C3 is the constant from (3). We assume that 203p§s) < rz(s) for i € I'(s). For
every s = 1,2,..., i € I"(s), we consider sets

L = et : p@, T (2001) > 200} = LI [ J 213,
5)

We denote Lgsl) is the union of all connected sets from LZ(. which length are not less

than )\_1 (s) . The closed set L(SQ) consists of all curve segments of ll(»s) such that their
(S)

lengths are less or equal As p;

(s)

2

dist{oL}), T ({20 )} = 29
(s)

We divide every curvilinear segment from the set L,/
of equal length such that

on the finite number segments

M (3,s) (s) (S)
i = U m). G <L) < 5
m=1
where |L(S (m)] is the length of curvilinear segment LZ(.S)(m)_
Let aESﬁI, l(sgl, s=1,2,...,i€I"(s), m=1,...,M(3,s) are endings of curvilin-

ear piece LE )( ). We denote for s =1,2,...,i=1,...,1(s), m =1,...,M(i,s) and
some sufficiently large constant

G () = UL (m), 200\ (Bl o) U BB, 0 (22)
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Vi) @) = VR G (), 7Y (6L ()

Cﬁf(fi(s)) = / (VVE;Z m Vvei.)ﬁm)dx, kt{=1,...,n
UGE) (7),1/2)

We assume that the following additional condition is satisfied:

— (vi) There ezists a continuous nonnegative matriz ||c(z)|| such that for every ball

B C 2 we have
. ke, ~(s)y _ Kkl
Slgr;Q Z Cm (F;7) = /c (z)dx.
(i,m)€ls(B) B
By Is(B) we denote the set of all pairs (i,m), i € I''(s), m =1,...,M(i,s) such
that azgsr)n € B, where :E(.S) is a middle of the curvilinear piece LZ(.S)(m).

i,m

4 Auxiliary statements and cut-off functions

To specify some geometrical properties of such perforation, we formulate additional
statements (see [18]). In particular, it can be shown that

lim As =0, lim ps =0, hm Aslls 2(n=3) _

§— 00 85— 00

The following inclusion is also valid
S S S S S S S 1
U 20,7y cu(Ly. 2o | Jur? (20071, 207 2+ ).

It can be proved the following results ([18])

Lemma 1 There exists vy large enough independent of s and i such that
(I)  for any fized s,i sets GE 7)n( ), m=1,...,M(i,s), are disjoint;

(II) the following inclusion holds

M (i,s)

Ut 2ol U (G v+ 13 B (v +2/30) ] (23)

P(i,s)

B0 q+23e UL U BED 20w e+ 10} (24)

p=1

Now we define the cut-off functions in a different way for indices i € I'(s), i € I"(s).
If i € I'(s) we divide the curve onto the finite number of curvilinear segments with

4%

’L

equal length such that it belongs to the segment [ ]. Then we have

(s)
S d S
= U P S <iPel<d?,
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R(3,s)
u® 24y = | J u ),24”), ier'(s).

r=1
Let us define the cut-off functions for i € I”(s). Let m = 1
1,...,P(,s),j€I'(s),r=1,...,R(j,s), then we denote:

Bz(’sml) B(az ms (v + 1) 1('5))7 Bl(jf) =

s,3 s s

Bi(ﬁm):B( ) <2+ )pﬁ)
as) _ (9 5) L))
Bi, ( zm’QApz ( + )\S ’
D(S)

() — 2 (r),24(), G =6 (),

BB, (v + 1)pl),

As
3

where 9”5731 is a middle of curve segment L( )( ). Numbers As and p(s)
(20) and (21) accordingly, and O‘z o ,Bl(m,’y take the same values as (22).

We define the sequences of cut-off functions from C°°(R") with values in [0, 1]

{0 @} WS @) @S2 @) @) {0l @)}

foricI'(s), m=1,...,M(i,s), p=1,..

= . P(i,s),j€I'(s), r=1
the following properties:

(a) suppl®) () € G\, suppyll (@) ¢ BV, suppy (P (2) ¢ B

1,m

suppxz(;( ) C 3§27 suppwj(.7)( ) C D]( T)7
(s) (#) (A
DY w;” () + > o7 (x)=1, for z € Ul/ll 2 Pi)s
JEI'(s) JEI(s) i=1
R(j,5)
where wES)(w) = Tzz:l wj(’sr)(x) and
M (3,s) N -
o= Y @ o) @ el @ Z X
m=1

(©) @@ =1fore et pl”)NGE), (v +1);
(d)

there exists the constant Cg independing of ¢, s such that

s 5 S S C .
Vel @)+ V65 @)+ Vo5 @)X (@) < ek fori e I,

Vel @) < <8 itie,
) d’LS

- M(i,s), p

..., R(j,s), with

are defined in



13

(e) order of families of sets

{suppsag,z“ suppi/} i ), suppl/qm ; suppxng, supp w; )}

where i € I"(s), m=1,...,M(i,s), p=1,...,P(i,s), j € I'(s),r =1,...

is less or equal than constant independing of s.

These functions were constructed in [18]. It was shown that

{supp ) (2)} N {supp ol (@)} =0 if (& m) # (7 m")

for a fixed s.

, R(j, ),

5 Asymptotic expansion of solutions and formulation of the main result

The construction of an asymptotic expansion is connected with the separation of lead-
ing terms which are constructed by means of solutions of local boundary value prob-
lems. To construct the asymptotic expansion of the solution to the problem (1) we
need the following theorem about the representation of solenoidal vectors from the

space Lo (£2)" in the form of rotors [5].

Theorem 2 Let G be a domain of R"™ which is the diffeomorphic image of a ball.

Let J(G) be the closer of lineal of smooth solenoidal functions from Lo(QG)
every u(z) € J(G) the following representations are valid

u(x) = curlu(z),

ii(z) € WhA(G)", divii(z) =0, g%ag —o,

Iallwiz@n < CrllullL,@n,

". Then for

where C7 = C7(G). The vector-function U is defined by these conditions in a unique

way.

Let G = B(zg, R), then from this theorem and reasons of the similarity the follow-

ing estimates can be obtained:

lallz,@yn < CsRIullL,gyn, 1P0]lL,)n < CsllullL,gyns

where the constant Cg does not depend on R and u(z).

For an arbitrary function g(z) = (g1(x),...,gn(z)) € L1(£2)" we define:

1 )t 1
Mi(;)z [.gk?] (5,3) / gk(m) d&?, Mz(jn) [gk] = (5,8) / 9k (.T) d.T,
measBl - measB;
B B
M(S) 1 (s) 1
ip [gk] (s) gk(l') dz, M] r [gk] () gk(ﬂf) dz,

mesB measD’;

LP a(s) ULENG

l 4 J,7T

where i € I'"(s), m = 1,...,M(i,s), t = 1,2, p = 1,...,P(i,s), j € I'(s),

r=1,...,R(i,s), k=1,...,n
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Let us denote by

ul), = (M, M) ), <M<S 2t ) ),
(2 (Mi(;;) [ugo)] M(g)[ )7 (M 9) - 7MJ(S)[U$LO)])7
fl(jY)L = (Mi(j"zz [fl]’ M(S) [fn ) f (s V= (Mz(irf) Mz(int) [fn})
By = (0 1AL M), £ = (1] . ,M;; [fa])-

Using Theorem 2, we denote functions

o)

k,i,m

= curl v{*) (z), ul®) fu(o)( ) = curlu(s) o (Z), u(.s’t)fu(o)( ) = curlu(S t)( ),

k,i,m i,m i,m

1‘1582 fu(O)(a:) = curlu( )( ), ﬁgi} 7u(0)( ) = curlu( )(:r), £ —f(x) = curlf( ) m (),

i,m

s a(s,t o (s =(s) als z(s)
fi(,r;f) —f(z) = curlfz(-’m)(m), fi(,r) —f(z) = curl f; T( ) fg_yzz — f(z) = curlf; p, (),

with the mentioned properties.

We define the asymptotic expansion of the solution of problem (1) by equality:
4
u® = u®@ (@) + (@) + Zr ) (@) + wa(x), (25)

where

(S) Z Z curl{zvkzm Zsy)nk‘pgr)n( )}’

i€l m=1
-y Z curl {([af?) —u®@(@)] + [f(2) ~ F;,1]) ;) ()}
iell r=1
M(i,s)
3 S (cun ({1~ w060 - 1)) 0)
i€l m=1

+Zcurl{ (&0 y© x>]+[f<w)—féfi)l)w§f;;f)<w>})

P(3,s)

+Z Zcurl{ u(2)] + [f(z) — (S)DXES;Z(JC)}

i€l p=1

Z Z Curl{zvkzr zsr)ki E?k]w(S)(m)}v

i€l r=1

2
Z curl { Z vgcsztzn z ,m, k - ugsn?k]wz(i;?(m)}r

iel’ m=1 t=1 k=1

M(i,s)
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P(i,s)
Z Z curl{kazp A(iz,k ~(7127 ]XE;( )}
lEI”(S) :
and

v (@) = Vi@ D) D) [F) n o)),

7,77

VoD (@) = vi(a; BEY, B 0 [ noag),

k,i,m i,m

viel @) = v BY), BE) 0 [P 0 og).

By ws(z) € H(f2s) we denote the remainder term of asymptotic expansion.
We recall asymptotic properties which were proved in [18]:

(8)n

lim Z i) =0, lim Z (i, 8)[p;” ] 2, (26)

el (s) As il (s)
(9) n—2 __ (s ) n—3
sli)n;o Z (¢,5)[d; sli)ngo Z [d;° =0, (27)
iel’(s) i€’ (s)

lim Y AP s) )] = 0. (28)

ST (s)

In order to investigate of behavior of r(*) (z) and r( )( ) as s — oo from asymptotic
expansion (25) we use the pointwise and integral estlmates from Theorem 1, and the
construction and properties of cut - off functions. In such way we can prove the following
results:

Theorem 3 Suppose that conditions (1) — (v) are satisfied. Then the sequence of func-

tions {r;s)(w) 21, J=1,2,3,4, converge to zero strongly in H(£2) as s — oo.

Theorem 4 Suppose that conditions (i) — (v) are satisfied. Then the sequence of so-
lutions {r(*) (2)}52, converges to zero strongly in W7 ()" for any 0 < ¥ < 2 and
weakly in H($2) as s — oo.

The proofs of these theorems are similar to proofs of analogous results in [18] and
they are omitted here.

Using Theorems 3,4 and integral identity (2), we can study the behavior of the
reminder term ws(z) of asymptotic expansion (25). As a result, we obtain:

Theorem 5 Suppose that conditions (1) — (v) are satisfied. Then the sequence of func-
tions {ws(z)}om converges to zero strongly in H(§2) as s — oo.

Proof Tt follows from construction of function (25) that ws(x) converges to zero weakly
as s — oo. We will prove that ws(x) converges to zero strongly in H({2). Testing the
integral identity (2) by ¢ps(x) = ws(z), we get

/uVu(s)sz dz — /(u(s) Vws - u®dr = —/fws dx (29)

2, 25 2
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From the weak convergence ws(z) to zero in H({2) we have
lim /fwsdx =0.
S§— 00
2,

Let us consider the second integral in the left-hand side of (29)

/(u(s) V)ws - u®dz

02

4 4
= /((u(o) +r 137 w0 Vywe - @@ 42 £ 3l L0
o, j=1 j=1

Then we obtain

lim (u(o) -V)ws - u(o)dx =0

S§— 00

02
since ws(z) converges to zero weakly in H({2) as s — oo.
From strong convergence of (r(®) + Zj‘:l rg.s)) and ws(z) in La(£2)™ to zero and

boundedness of \u(o)(:c)| and [|[Vws||p,(@)» by constant independent of s we deduce:

4
lim /( ©) -V)w (S +Zr§s 0,
j=1

‘QS

§—00

4
lim (S + Z rgs V)ws - u(o)daz =0,
2, J=1

s—00
02 s

tim [ (w, () V)weu@de < C Tim (/\ws )2 de /2(/sz(x)|2dx)l/2:0
2

4 4
lim /((r(s) + ngs)) -V)ws - (r(s) + Z rgs))d:c
j=1 j=1

2

4 1/2 1/2
< C lim ( |r(5) + Zr§5)|4 dw) (/ \sz(m)|2 dw) =0,
=1

1/2

1/2
lim | (u® -V)ws - u®dz < lim (/|ws(:c)|4dw) (/|VWs(w)|2 dl’) =0
§— 00 §—00
2 2 n

Now we consider the first integral in the left-hand side of (29)

4
/Vu(s)sz do < C’/(Vu(o) + e+ v [ 37 |+ Yws) Vw da.
2, 2, J=1
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Since |Vu( )( )| is bounded in 2, and V(Z] 1 r§ )) converges strongly to zero, Vws(x)
n

converges weakly to zero in La(£2)" as s — oo, we obtain

§— 00

2,

lim / vVuOVw, dz =0,

4
glgr;o/v ng Vwsdr =0.
2, J=1

(s)

Using definition of the function v,";

be shown that

(z) and asymptotic properties (26), (28), it can

lim Vr(S)sz dz = 0.

§—00
(P
This means that

§—00

‘QS

lim /(sz, Vws)dx =0,

which prove the theorem.

Now we shall present the method of construction of the problem for limit function
ul® (z). Let h(zx,t) be an arbitrary function of class H({2). Let us introduce a sequence

4
he () h(g) Zh S) (30)
Jj=1
where

M (i,s)

Z Z curl{zv(s h(S) k‘Pz(sgz( )}

761” m=1

R(3,s)
h(S Z Z curl{ h(g) ) z(,sr)(x)}
i€l r=1
M (i,s)
5 - 2 imiton)
761” m=1
P(i,s) (s)
+ Z curl{([hi’p —h(z )])XE,ZZ( )}
i€l p=1
‘ R(3,s) n i
h2(6)($):_ Z curl{zvéfzr( )hgsr)k zr( )}’

iel! r=1 k=1
M(i,s) 2

hi”(2) = - ZZurl{Zv%’fin s i (@)},
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- ZC““{ZVM,, ~(7Sp7kx(2( )},

i€l (s) p=1

here we keep for the function h(z) all notations from (25) and

n® — h(z) = Curlh( ) m (), hi® h(z) = curlh(s t)( ),

i,m i,m

_ =(s = (s)
hg? — h(z) = curl hg,g(w), h( ?) — h(z) = curl h;p ().

Substituting the function ¢(*) (z) = hs(x) into integral identity (2), we get:

/(VVU(O)Vh - (u(o) -V)h - u(o)) dz + /(f, h) dx
[0}

n
+v Z /(Vvl(jzym,vai)vm) Esr)n ku( s) dx =7T(m,s), (31)
(9]

where
7 (m, 5)] < A 45,
(s) (m)

and sequences 7, ', 75 ~ are such that lims— o fyls)
using the condition (vi) in the left-hand side of (31) and passing to the limit as s — oo,
m — o0, we obtain that the limit function u(O)(a:) is a weak solution of the following
averaged problem:

vAu(z) — (u- V)u—ve(z)u(z) = Vp(z) + f(z), xin £2,
divu(z) =0, xin £, (32)
u(z)lon = 0.

The weak solution we understand in the sense of the following definition:

Definition 2 We say that u(z) € H(2) is a weak solution of problem (32), if the
integral identity

/@WNw%wmeM+/m@wm:—/&@M

(o} (o} 2

=0, limm—oo 73™ = 0. Finally,

is satisfied for every ¢ € H(£2).

The main result of this paper is the following:

Theorem 6 Suppose that conditions (i) — (vi) are satisfied. Then the sequence of solu-
tions {u(s)(x)}gil of problems (1) converges to function u® (2) strongly in W7 ()™
for any 0 < ¥ < 2 as s — oo and the function u(o)(x) is a weak solution of problem

(32).
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