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ON w-LIMIT SETS OF ORDINARY DIFFERENTIAL EQUATIONS
IN BANACH SPACES

PETR HAJEK AND PAOLA VIVI

ABSTRACT. We classify w-limit sets of autonomous ordinary differential equa-
tions ' = f(x),z(0) = o, where f is Lipschitz, in infinite dimensional Banach
spaces as being of three types I-III. Let S C X be a Polish subset of a Banach
space X. S is of type I if there exists a Lipschitz function f and a solution x
such that S = Q(z) and x NS = 0. S is of type II if it has non-empty interior
and there exists a Lipschitz function f and a solution z such that S = Q(z).
S is of type III if it has empty interior and « C S for every solution = (of an
equation where f is Lipschitz) such that S = Q(z). Our main results are the
following: S is a type I set if and only if there exists an open and connected
set U C X such that S C 9U. Suppose that there exists an open separable

and connected set U C X such that S = U. Then S is a type II set. Every
separable Banach space with a Schauder basis contains a type III set. More-
over in all these results we show that in addition f may be chosen C*-smooth
whenever the underlying Banach space is C*-smooth.

1. INTRODUCTION AND PRELIMINARIES

Let X be an infinite-dimensional real Banach space, f : X — X be a continuous
function (geometrically a vector field), and

' (t) = f(x(t))
z(0) =z € X e

be an autonomous ordinary differential equation. The global behavior of the (for-
ward) solution z : [0,00) — X is described by the following notion of w-limit set.

Definition 1. Let z : [0,00) — X be a solution of an autonomous differential
equation (1). We say that S C X is an w-limit set of the solution, if for every
p € S,e>0,n €N there is t, > n such that |z(t,) — p|| < e. We use the notation
S =Q(z).

It is easy to see that all w-limit sets S are closed and separable, so they are Polish
topological spaces. We introduce the following types of Polish sets in X.

Definition 2. Type I. S is of type I if there exists a Lipschitz function f and a
solution z of (1) such that S = Q(z) and z[0,+00) N S = 0.

Type 1I. S is of type II if it has non-empty interior and there exists a Lipschitz
function f and a solution x of (1) such that S = Q(z).

Type III. S is of type III if it has empty interior and it contains every solution
x[0, +00] of (1), where f is Lipschitz, such that S = Q(z).

Every w-limit set S of a Lipschitz equation (1) belongs to precisely one of these
types (Proposition 12). Our main results are Theorems 3. 4 and 5 containing a
topological characterization of type I sets, a sufficient (but not necessary) condition
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describing type II sets, and a construction of examples of type III in every separable
Banach space X with a Schauder basis.

Theorem 3. Let X be an infinite dimensional Banach space, S C X be a Polish
subset. Then S is a type I set if and only if there exists an open set U C X with
the properties:

1. U s connected.

2. 5cCoU.

Moreover, if X admits a C*-smooth bump function then f may be chosen C*-smooth
as well.

If X is a non-separable Banach space, the above theorem is a complete characteri-
zation of w-limit sets for Lipschitz equations. Type II and III sets may exist only
in separable spaces.

Theorem 4. Let X be a separable infinite dimensional Banach space, S C X be
a Polish subset with non-empty interior. Suppose that there exists an open and
connected set U C X such that S = U. Then S is a type II set. Moreover, if X
has a C*-smooth norm then f may be chosen C*-smooth.

In the final section 6 we describe how to obtain examples of type II sets that are
not a closure of their interior.

Theorem 5. Let X be a separable Banach space with a Schauder basis. Then
there exists a C*°-smooth field f, Lipschitz on bounded sets, and a solution x such
that S = Q(z) is a type III set. Moreover, if X has a C*-smooth bump then f
may be chosen globally Lipschitz and C*-smooth. Every type III set satisfies the
following property. Let U = U2, U, be a decomposition of U = X \S into connected
components and let x be any solution to a Lipschitz equation, such that S = Q(z),
then x N U, = 0 for every n € N.

The statement of the above theorem is slightly imprecise, as we have defined type
IIT sets with respect to (globally) Lipschitz equations. It is surprising that for
locally Lipschitz fields no smoothness assumption on X seems to be needed. We
see that a necessary condition for S to be of type III is that R = S\ U U, is
dense in S. However, this condition is not sufficient for a Polish set S to be a type
IIT set, as the set R needs to contain an infinite smooth curve. Containing such a
curve is neither sufficient, as the directional derivatives of it may not be extended
to a global Lipschitz vector field.

In our note we will be working exclusively with Lipschitz functions f. In this case,
the classical finite-dimensional results on the existence and uniqueness of global
solutions of (1) and their continuous dependence on the initial conditions still hold.

The structure of w-limit sets has been studied extensively in finite dimensional
spaces not only for differential equations but also in the setting of dynamical sys-
tems and ergodic theory. In R? their structure is completely described as being
either a point or a periodic orbit by the famous Poincaré-Bedixon theorem ([Ha82]).
In higher dimensions it is known that they may have non-empty interior as a con-
sequence of the work in [Ka79], [BMKS81]. We are not going to discuss here this
vast field of research. Recall the basic result in [Ha82] p. 145.

Theorem 6. Let X = R™ and z : [0,00) — X be a bounded solution of (1). Then
an w-limit set of a x is non-empty, compact and connected.

If X is infinite-dimensional, then the continuity of f does not guarantee the exis-
tence of any solutions to (1) (for a fixed initial condition this is due to Godunov
[G75], for any solution it is the result of Shkarin [S03] and [HJ]). However, this is not
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the only obstacle in generalizing Theorem 6. The first examples of failure of The-
orem 6 for C*°-smooth (thus locally Lipschitz) functions f in infinite dimensional
Hilbert space are due to Horst [H86], where noncompact and disconnected w-limit
sets were obtained. A wealth of results on w-limit sets in infinite dimensional spaces
is in the paper of Garay [Ga91], which is dealing mostly with dynamical systems.
One of the main results there is the following.

Theorem 7. (Garay) Let X be a Banach space, S C X be a separable and closed
subset, such that there exists an open set U C X with the properties:

1. U is connected.

2. S=0U.

Then there exists a continuous dynamical system with a trajectory xz(t), with the
property S = Q(x).

In fact, the techniques in [Ga91] are very natural, and we have discovered our
results below independently of Garay’s work, motivated instead by the work of
Herzog [HO00].

Theorem 8. (Herzog)

Let P be any Polish space, X = s @ cg. Then there exists a locally Lipschitz
function f: X — X such that P is homeomorphic to a w-limit set of some solution
to the autonomous equation x’ = f(x).

Our first main result, Theorem 3 is a generalization of both Theorems 8 and 7.
One of the key ideas in the proof of our second main result Theorem 4, the use
of hypercyclic operators, was again conceived independently, but its relevance was
previously observed by Fathi [Fat83] in his work on dynamical systems on the
Hilbert space and by Garay in [Ga91].

Our note is organized as follows. In section 2 we collect some background results
and notions from the relevant areas of differential equations, topology and Banach
space theory. This is followed by technical lemmas needed mainly in the proofs of
Theorem 3 and 4. These proofs follow a similar pattern and are given in subsequent
sections 3 and 4. In section 5. we prove Theorem 5, which is somewhat different,
and turns out to be the most delicate part of the present note. In the final section
6 we discuss some relevant examples.

2. AUXILIARY RESULTS

We begin by collecting some well-known results for the convenience of the reader.
The first result is classical in the finite dimensional setting, [Ha82], Chapter V.

Theorem 9. Let X = R" be a Banach space, f : X — X be a Lipschitz and
Ck-smooth function. Then for every initial condition x(0) = xq, (1) has a unique
solution xz(xg,t) defined on the whole t € R. Moreover, the function x(xo,t) :
X xR — X is continuous (in other words, the solutions depend continuously on
the initial condition), it is C*-smooth and it is a C*-smooth diffeomorphism in the
first variable.

We will also need its infinite dimensional analogue. For lack of suitable reference
(the existence is mentioned e.g. in [D77], but we have not found an explicit state-
ment on the continuous dependence on the initial condition) we sketch its simple
proof.

Theorem 10. Let X be a Banach space, f : X — X be a Lipschitz function. Then
for every initial condition x(0) = xg, (1) has a unique solution x(xo,t) defined on
the whole t € R. Moreover, the function x(xg,t) : X X R — X is continuous (in
other words, the solutions depend continuously on the initial condition).
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Proof. Suppose that f is K-Lipschitz, i.e. ||f(y1)— f(y2)| < K|ly1 —y2|| for y1,y2 €
X. We will solve (1) on the interval J = [0, 4], where § = 7. Let C(J, X) be the
Banach space of continuous functions from J into X equipped with the supremum
norm. It is easy to see that the continuous operator T, : C(J,X) — C(J,X),
y € X, defined as

Ty(2)(t) =y + / f(a(r))dr )
0

is a contraction. More precisely, given g, h € C(J),

)
IT,(9) - T, (W) < / 17(0(r)) — F((r) 7 < 5K]lg — hllo < 5lg — Bl (3
0

By the Banach contraction principle ([F~] Theorem 7.55) T, has a unique fixed
point z. Clearly, « is a solution of (1) with the initial condition x(0) = y. It is also
clear that the process can be repeated on every interval [kd, (k + 1)d], k € Z, and
the respective solutions can be joined to form a unique solution on the whole R. It
suffices to check the continuous dependence on the initial condition y on the interval
J. Let z be a fixed point of Tyy,. Then T}, (x) = (y2 —y1) + Ty, () = (Y2 — 1) + .
So [|Ty, (z) —z|| = |ly2 —y1||. By the proof of the contraction principle we know that
the fixed point & of Ty, is a limit of T} () and so [|Z — x| < Y07 5=lly2 — vl =
2|ly2 — y1]|- This finishes the proof. O

Lemma 11. Let S = Q(x) for a solution x of (1) with locally Lipschitz function
f. Suppose that x(0) € S. Then

S = Ute[0,00)% () (4)
In particular, S is connected.

Proof. This follows immediately from Theorem 10. Indeed, the solution keeps re-
turning arbitrarily close to the point p = z(0), and so it does the same for every
x(t), ¢t € [0, 00). O

Proposition 12. Let X be a Banach space. Then every w-limit set of a Lipschitz
equation (1) belongs to precisely one of the types I-I11.

Proof. We only need to prove that if S is an w-limit set such that SNz # @ for
every solution z with S = Q(z), then S is of type IIL. If SNz # @, there exists
to € [0,00) with z(to) € S. So there exists a sequence t,, /' oo with z(t,) — z(to).
By Theorem 10 we immediately see that z(t, + s —tg) — x(s), so every z(s), s >t
belongs again to S. The case s < t follows similarly considering the backward
solution. O

The solution x to (1) is usually called a forward solution (meaning the parameter ¢
tends to +00). A solution for t € (—o0, 0] is called backward solution. For equations
with a Lipschitz f both solutions exist and are unique. A set S C X is said to be
f-invariant if every (forward and backward) solution with initial condition x(0) € S
stays in S. If f is Lipschitz, it follows from Theorem 10 that S is f-invariant iff
X\ S is f-invariant.

We will need some facts from general topology. We say that a topological space U is
arcwise connected if for any p,q € U there exists a continuous mapping 7 : [0, 1] —
U, v(0) = p,v(1) = g. It is well-known and easy to show that an open subset of a
Banach space is arcwise connected if and only if it is connected ([HY61], Theorem 3-
17). Recall the definition of absolute neighborhood retract. A compact metrizable
topological space V' is said to be an absolute neighborhood retract (ANR) if for
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every homeomorphic image of V' C V', where V' is a metric space, there exists
some open neighborhood U, V C U C V'’ , and a continuous mapping g : U — V/,
g lv=Id. The classical examples of ANR are convex sets in R". We refer to [Bo67]
for a thorough treatment of the subject.

Let us recall some properties of higher smoothness. We will work exclusively with
the Fréchet smoothness (see [DGZ93]). Let X,Y be Banach spaces, M : X" — Y
be a mapping with the property

M(aihi +aihi,. . abhy +azh2) = > ([[ai,) M@, k). (5)
i1,ein€{1,2} j=1
Then M is called n-linear. The norm of multilinear forms is
[M]| = sup{M(ha,..., ") : ||hi]| <1} (6)
The algebra of symmetric multilinear is equipped with the symmetric product ®

among the forms. We have that | M O N| < (Z —;] IM||||N||, whenever M is an i-

linear form on X and N is a j-linear form on X. Moreover, ||¢¢| = i!||¢||, for ¢ € X*
([Fed69] p.47). By definition, higher derivatives are symmetric multilinear forms.
More precisely, given Banach spaces X,Y, an open U C X a function f: U — Y
is C*-Frechet smooth if at every a € U, there exists a symmetric multilinear form
M e L(*X,Y),0 <i<k,sothat D'f(a)(hi,...,h;) = M(hy,...,h;) (we are using
the convention that D°f = f), and the mappings a — D’ f(a) are continuous. Let
U be an open subset of a Banach space X, h: U — R and f : U — X be C*-
smooth. The Leibnitz formula for the derivative of a product ([Fed69], p.222) can
be formulated in the following way.

Di(h-f) =Y D" Ih(z) ® DI f(z) fori=0,....k (7)
Jj=0
Indeed, we can verify that D=7 h(z) € L(*7X,R), DI f(a) € L(X, X) and so their
symmetric product belongs to £(*X, X) as required. If f: X — Y, g:Y — Z are
Ck-smooth, b = f(a), the the chain rule formula holds.

Di(go f)(a)= Y DZ%g(b)o[D'f(a)* ®---© D*f(a)*]/al  (8)
aeS(i)
for i < k, where S(¢) is the set of all k-termed sequences of nonnegative integers
such that

k
Y jaj =i ©
j=1

In the particular case when f is a linear mapping, D’ f(a) = 0 for all a € X,i > 2,
so we obtain a special case:

D*(go f)(a) = D'g(b) o f*/i! (10)
This implies (using the definition of @ in [Fed69]) the obvious fact that compos-
ing with linear mappings of norm at most one from the left preserves the upper
estimates for the higher derivatives.

1D (g o (@)l < 1D (@) (F (@) fI'- (11)

Standard operations among functions preserve higher smoothness as in the finite
dimensional situation. We refer to [Fed69] for more details and proofs.
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We will use finite partitions of unity on Banach spaces. We say that a collection
{1}, of real and non-negative C*-smooth functions is a partition of unity if
St i(z) = 1 for every z € X. We will often use the well-known fact that
given a bounded and closed set V' C R™ and an open set U D V, there is a C*°-
smooth partition of unity {1,%5} with all derivatives uniformly bounded, such
that 41 (V) = 1 and supp(¢)1) C U.

Recall that a norm || - || on a Banach space X is said to be C*-smooth if it is
C*-smooth as a function, away from the origin. A bump function on X is a real
nonzero function with a bounded support set. By composing a C*-smooth norm
|| - || with a suitable real C*°-smooth function we obtain a C*-smooth bump. Let X
be a Banach space, A, B C X be bounded closed and convex sets with nonempty
interior, and let L : A — B be a topological homeomorphism such that both
L, L' are C*-smooth mappings in the interior of the sets A, B. We call such L a
C*-smooth diffeomorphism between A, B.

We are going to work with curves in a Banach space. A curve  comes with a
specific parametrization, i.e. a one-to-one function v : I — X where I = [a,b] C R
is some interval. A curve is C*-smooth if its derivatives (), i < k, exist and are
continuous in the interior of I, they have one-sided limits at endpoints, and also
' (t) # 0 on I. We will occasionally use also the notation 7§ for the image of the
curve v, i.e. ¥ = {v(t) : t € I'}. Given p,q € X we denote by pqg the segment joining
this pair of points, i.e. pg={r:r=tp+ (1 —t)q,t € [0,1]}.

It is clear that a solution z of (1) is also a curve provided a’ # 0. In some places, we
will be using the term solution curve (instead of just solution), in order to emphasize
the geometrical position of the solution x. This will be useful in describing various
deformations of the mapping f and its solutions into some prescribed forms.

Let S C X be asubset. We use the notation [S] = spanS for the closed linear span of
S. Given A, B C X, we use the notation A+B={z€ X :z=a+b,a € A,be B}.
We are going to use Schauder bases (c.f. [F~] Chap. 6). Recall that a normalized
Schauder basis of a separable Banach space X is a biorthogonal system {e,; ¢, }22 4,
en € Sx, ¢, € X* with properties:

1. ¢m(x,) = 61 the Kronecker delta.

2. [zp:neN =X

The sums z = Y., #n(2)e, are convergent, and the projections Pr(X) — X,
Py(z) = 22:1 ¢n(z)en, are 1-bounded onto the finite dimensional subspace Xj =
len :n < k], and X = X @ KerP;, is a topological sum. Also, Py o P, = Puin{k,n}-
By X, = [e; : 1 < i < n] we denote the n-dimensional subspaces. We have
X = U, X,. All classical separable Banach spaces (such as L,[0,1],£,,C[0,1]
etc.) admit a (normalized) Schauder basis, although this is not true for every
separable Banach space due to a famous counterexample by Enflo.

The following notion is of central importance for our work. Later, we are going to
construct smooth vector fields with additional properties by using suitable trans-
ports.

Definition 13. Let X =Y ®y], |lyll =1, J = [a,b] CR. Let A,B C Y be bounded
closed and convex neighborhoods of the origin, and let L : A — B, L(0) = 0 be a C*-
smooth diffeomorphism. Let U be an open set in X, p,q € U. We say that p+ A can
be C*-smoothly L-transported to g+ B in U if there exists a closed interval J = [a, b],
e > 0 and a one-to-one Lipschitz C*-smooth mapping F : J x (p+ A) — U such
that:

1. F(b,p+2) = q+ L(2), and for every z € A, t — F(t,2) is a C*-smooth curve,

2. ift<e, then Fla+t,p)=p +ty, F(b—t,p')=q+ L({p' —p) —ty.
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3. for a fized t € J, p — F(t,p) is an C*-smooth diffeomorphism onto its range
F(t, A) that is a convezx set.

In this case we say that F is a C*-smooth L-transport of p+ A to q+ B inside U.
We also say that F is a transport of p+ A onto q+ B inside U if it is an L-transport
for a suitable C*-smooth diffeomorphism L, and we may also omit the specification
of the degree of smoothness. The set Tp = Uy ,F(t,2) is called tubus of transport
F.

Tr C U is a closed set. Most of the time we will work with a very special type
of transports, for which the mapping p + z — F(¢,p + z) is an affine mapping for
every t € J. In this case, the following simple fact holds.

Fact 14. Suppose that the mapping p+ z — F(t,p + 2) is an affine mapping for
everyt € J. If A’ C A is a convex subset, then the relativization of the transport
F :J x A to the subset J x A" again gives rise to a transport, that will be called a
restriction of F'.

The role of the particular decomposition X = Y @ [y] is not important for us,
as in our applications it serves together with condition 2 to compose subsequent
transports. In particular, it is clear that the following holds.

Lemma 15. Let X =Y @ [y], |lyll = 1. I = [a,b],I2 = [b,c]. Let A,B,C CY
be bounded convexr neigborhoods of zero, B = Li(A), C = Lo(B), where Ly, Lo
are C*-smooth diffeomorphisms. Let p,q,m € X, and U be an open set in X. Let
Fi: I x(p+A) — U be an Ly-transport of p+ A to q+ B, Fy : Iy x (¢+B) — U be
a Lo-transport of ¢+ B to r + C. Assume that Ty, NTp, = B. Then F = F]"Fy:
IlUIQ X (p+A)*>U,

[ Fitp+2) fort € [a, b]
Ft.p+z) = {Fz(tb,quLl(Z)) fort € b,

is a Ly o Li-transport of p+ A tor + C.

(12)

Proof. The main point of the proof is to show that the mapping F' behaves well
around the value b of the first variable. First, note that Fy(¢,p+ 2z) = ¢+ L1(2) +
(t —b)y for t /" b. On the other hand, Fy(t,q + 2') = g+ 2’ + ty for t \_ b, so
q+ Fo(t,q+ L1(2)) = ¢ + L1(2) + (t — b)y. This shows that the concatenation of
the transports is well-defined and indeed C*-smooth. The remaining conditions are
easy to verify. O

The convexity condition contained in 3 of Definition 13 is chosen in order to obtain
the following important property.

Lemma 16. Let F': J x A — U be a transport of A to B in U, € > 0. Then there

exists a finite collection of open convex sets C;, C; C U, so that Tp C U}_,C; C
Tr +eBx.

Proof. This follows easily by compactness of J, the convexity of the mappings
p — F(t,p) for each ¢t € J and the Lipschitz condition for F. O

In order to construct transport mappings we use the following notion.

Definition 17. Let X =Y & [y]. Let I = [a,b] be an interval and € > 0. We say
that a curve v : I — X 1is e-planar if:

0. ~v is C*-smooth

1. for every t € I it holds that B(~(t),3¢) N7 lies in some two-dimensional affine
subspace of X,

2. {s:v(s) € B(v(t),3¢)} is an interval.

3. if t < 3e then y(a+t) = y(a) + ty, v(b—t) = v(b) — ty.
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The following lemma is clear.

Lemma 18. Let U be an open and arcwise connected subset of a Banach space X,
p,q € U. Then there exist € > 0 and a e-planar curve v from p to q.

Proof. Choose a finite sequence of points {p;}I, p = po, ¢ = pn, such that the line
segments p;p; 41 lie in U. Moreover, p; — pg is a positive multiple of p,, — pp—_1,
dist(p;pi+1, X \U) > € and dist(p;pi+1, pjp;j+1) > € whenever j > i+ 1. It remains
to ”smoothen the corners” of this broken line in small enough neighbourhoods of
p; by a standard procedure. O

Lemma 19. Letvy: 1 — X, X = R" be a e-planar curve with curvature k(t) < %
Then for every point h € X, dist(h,7) < € there exists a unique nearest point from

.

Proof. The set R of nearest points is a closed subset of Rs(h) = {y : ||h —y|| = J},
0 = dist(h,4) < e. If R is not a singleton, then there exist ¢ < s such that p = ()
and ¢ = ~y(s) both lie in R. By condition 3 in the Definition 17 none of p, ¢ can be
an endpoint of 7. By condition 1 in the Definition 17 there exists a two dimensional
affine subspace H C X such that v(r) € H for r € [t,s]. Denote S = H N Rs(h).
Because we are working in the Euclidean space, S is a Euclidean circle of radius not
exceeding 0. Its curvature is therefore at least %, and it connects the points p,q.
On the other hand, ~ lies on the outside of S in H, it connects p, ¢ and its curvature
is less than % Moreover + is tangent to S at p,q. This is a contradiction.

O

Definition 20. Let I = [a,b], v : I — R"™ be a e-planar curve with radius of
curvature p(t) > 3. We let D.(t) to be the (n — 1)-dimensional Fuclidean ball
centered at y(t) with radius € and such that v'(t) is perpendicular to the affine
hyperplane containing D.(t). We denote by T. = Uye[q,5 D (t) the e-tubus around
the curve 7.

It follows from Lemma 19 that T, is an open set and to each y € T there corresponds
a unique t, such that y € D.(t,).

Lemma 21. Let I = [a,b], v: I — R™ be a e-planar curve with radius of curvature
p(t) > 3e. Let

f:T. = R™ be the vector field f(y) =7 (ty). (13)

Then f is a C°°-smooth vector field, which defines an autonomous differential equa-
tion

¥ = f(z) inT.. (14)
Given any p € D.(0), the solution corresponding to the initial condition x(0) = p
is perpendicular to D.(s) at the point of their intersection ps. Then the mapping
F:1IxD.0)—R" F(s,p) =ps is a C>®-smooth transport.

Proof. Tt follows from Lemma 19 that D.(¢) N D.(ts) = 0 for t # s. So f is
correctly defined. Since we have not specified the mapping L, it suffices to check
the transport conditions locally. First assume that n = 2. In this case, due to
the curvature and smoothness conditions on 7 it is standard to check, using tools
such as C'°-smooth inverse mapping theorem, that the mapping (s,p) — ps is a
C°°-diffeomorphism between the respective sets. This implies conditions 1 and 3.
Thus the function g(x) = dist®(z,4) is C™-smooth on the tubus T.. We know
that f(z) € KerDg(x), where Dg € X* stands for the Frechet derivative of g,
or in this case the total differential of the function g. Consequently, every curve
corresponding to a solution of (14) preserves the value of g. In other words, all
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points of the integral curve preserve their distance to the original curve . Note,
however, that replacing v by any other curve corresponding to a solution of (14)
in the above argument leads to the same conclusion on preserving the distance.
This shows that the transport mappings p — F(s,p), with a fixed s, act as linear
isometries, so condition 2. is satisfied, which finishes the proof.

In the general case X = R”, we use that v is locally planar. We split R® =
R2 @ R"~2, assuming that + lies in the first direct summand. Now using that the
function f is locally independent on the perpendicular directional subspace R™~2,
we again see that the mapping F'(s,-) is a a linear isometry. O

Lemma 22. Let X = R" = R" ' @ R. Let v : [a,b] — R" be a e-planar curve
with radius of curvature p(t) > 3e. Let L : R"~1 — R"~1 be any (linear) isometry
with det(L) = 1. Then there is a C*°-smooth L-transport F : [a,b] x D:(0) — R™,
L:D.(0) — D.(1).

Proof. The transport constructed in Lemma 21 has all the properties except the
control of the endpoint isometry L. Denote Li(z) = F(b,2), p = ~v(a),q = ~(b),
A = D.(0). We have that det(L;) = 1. Indeed, we can C°*°-smoothly deform the
given curve v into a planar curve connecting p, q. For planar curves it is clear that
the endpoint mapping is the identity. However, the sign of detL for the endpoint
mapping will be constant during the curve deformation process.
Consider the transport Fj : [a, s] X D.(0) — R™, s =b— 4, § small enough, which
is a restriction of F. Let By = F(s, A). By the endpoint condition 1/, we know
that By = L1(A). Choose an isometry Lo such that Id = Ly o Ly. It is well-known
(Theorem 3.67 in [War72]) that the real orthonormal group O,, on R" is a C*°-
smooth manifold with two components (accoding to the sign of the determinant).
Thus there exists for s < 51 < s3 < b a C*°-smooth curve 7 : [s1, s3] — O,, which
starts at Id and ends at Ls. By reparametrizing, assume that all derivatives of n
at the endpoints are equal to zero. Extend the definition of 7 onto [s, b] by putting
n(t) = n(s1) whenever ¢ < s, and n(t) = n(s2) whenever ¢ > so. Now, we define a
transport Fy : [s,b0] X L1(A) — R™ by Fy(r,z) = n(r) o Fi(z) + (r — s)y. To finish
the proof, set F' = F5~F; and apply Lemma 15.

O

Lemma 23. Let U be an open connected subset of a Banach space X, p,q € U.
Then p,q are connected via a e-planar curve v : [0,1] — U, such that the e-tubus
T.CU.

Proof. As U is arcwise connected, there exists a continuous curve in U connecting
p and ¢g. Approximate this curve inside U by a finite broken line n : [0,1] — U
whose &’-neighborhood still lies in U. There exists a finite dimensional linear space
F containing 7. By smoothing up the corners we obtain a C'*°-smooth e-planar
curve 7 in F' connecting p,q in U. O

Lemma 24. Let X =Y @ [y]. Let U be an open arcwise connected of a Banach
space X, p,q € U, L = Idy. Then there exists ¢ > 0 so that for A = p + €By,
B = q+ By there exists a C*°-smooth L-transport F : [0,1] x A of A to B inside
U.

Proof. By above Lemmas, there exists a finite dimensional subspace F; — Y, ¢'-
planar curve « connecting p, ¢, that lies in F' = F; @ [y], and such that T., C U.
Using the topological direct sum Y = Fy @ H', we express every element of A in a
unique way a = p + aj + ag, where a; € Fi, ag € H', and where |a1]], [|az| < €”.
Next we equip Fy @ [y] with Euclidean norm, so that y is perpendicular to Fj. Let
A" =p+e"Bp, |-12), B' = q¢+€"B(p, |.|,)- Using Lemma 21 construct an isometric
transport G’ of A’ to B’, whose tubus T",, C T... In order to extend the definition of

el
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G’ the whole set A, use the decomposition of A: G(t,p+a1+as) = G'(t,p+a1)+as.
Finally, choose € > 0 so that ||a; + az||x < € implies that the transport G([0,1] x A
remains inside U.

O

Lemma 25. (Size reduction) Let X =Y @ [y], U be an open set in X. Given
a,B,A >0, p,g=p+ Ay € X, assume that the convex hull of the set p + aBy U
p+ Ay + BBy lies in U. Then there is a C*°-smooth transport F of A =p+ aBy
to q+ BBy in U.

Proof. Let ¢ be a C*°-smooth monotone function on [0, A] such that ¢(¢) = « in
the neighbourhood of 0 and ¢(t) = § in the neighbourhood of A\. Put F(t,p+a) =
p+ty + o(t)a. O

Smooth transport can be used to define smooth vector fields with controlled behav-
iour near the boundary of the tubus. We keep the notation from previous lemmas.

Lemma 26. Let X be a separable Banach space admitting a C*-smooth bump
function b. Let V be an open set in X, f : V — X be a C*-smooth vector field.
Then there exists a C*-smooth and 1-Lipschitz vector field g : X — X, such that
g(z) = M2)f(2),A(z) >0 for every z € V, and g(z) =0 for z ¢ V.

Proof. WLOG b > 0. Let G = int(supp(b)), 0 € G. Let K > 0 be such that
|Db| < K,0 <i < kon X. Since f is locally Lipschitz, by using the Lindeloff
property of V, there exists a countable collection of sets {B,}>2,, B, = =, +
oG, pn < 1, dist(B,, X \ V) = d,, > 0 with the following properties. V = U,, B,
f Ip, is Ly-Lipschitz, and |D'f|| < L,,0 < i < k. Choose a suitable positive
sequence €, \, 0 so that:

LY enKLy(1+5-) <1

2. 30, R

Then g(z) = .7, 5nb(i2 — ) f(2) is well-defined on V, and has the required
properties. The 1-Lipschitz condition follows directly from condition 1 above. Com-

bining condition 2 and the Leibnitz formula (7) we see that > - snb(piz -

Zn)f(2) has derivatives uniformly tending to zero. The support of the initial sum

> enb(pinz — 2,,) f(a) is on the other hand of positive distance to X \ V. O

Lemma 27. Let X be a Banach space of dimension at least n+ 1. Given bounded
open convex sets Cq, ..., Cn,ilet U=u,C;, V=0U. lf the set U is connected,
then given any 6 > 0, W = U + 6By, we have that W \ U is arcwise connected.

Proof. Let us assume first that X = R"™!. Note the important fact that X \ V has
exactly two components. Indeed, one component U is connected by assumptions.
On the other hand, given any p ¢ U UV, by the Hahn-Banach separation theorem
there exist functionals ¢; € X* and «; € R such that ¢;(p) > «;, and ¢;(C;) < a.
Since the linear dimension of X is n + 1, there exists some 0 # h € N;Kerg;.
The line p + th,t € R is clearly disjoint from U U V. It is now obvious that p, g
are connected by a curve « that is disjoint from U UV, whenever p,q ¢ U U V.
So X \ (U UYV) is connected. Choose some p; € C; and let M; : X — R be
the function M;(z) = (sup{\ : A(z — p;) € C;})~'. In other words, M; is the
Minkowski functional of the convex set C; — p;, shifted back to the point p;. The
function F(z) = min; M;(z) is continuous. We have U = {z : F(z) < 1}, V =
{z : F(z) = 1}. Given any ¢ > 0 and a C*°-smooth function Fs, 0 < Fs — F' < 4,
we may WLOG assume that the graph of Fy in X @ R is transversal to the set
{(z,1) : € X} and F5;*(1) C (V +6Bx) (i.e. the derivative F} has rank one
at this set). Indeed this follows from the well-known theorem of Sard (Theorem
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10.2.1 in [DFNB85]), which claims that the range of all points where the rank is zero
has Lebesgue measure zero. Thus, V5 = F; '(1) is a C*°-smooth n-dimensional
C>-smooth manifold M; embedded into X. (Theorem IT1.5.8 in [Boo86]). M has
finitely many connected components, My = Uéle g . Each of its components is of
course a compact connected C*®-smooth n-manifold embedded into X = R+, Tt
follows ([Dol80] p. 269) that X \ Mg has exactly two components Uj, V;, where U;
unbounded. Clearly, given i # j, we have either Mg Cc Uj or ]\ng C Vj. So we can
select a subset J C {1,...,1} so that for every i € {1,...,1} there exists exactly one
j € J such that ]\;[g C Vj. Since UﬁFé_l(l) = (), we see that there exists some j € J
for which U C V;. Denote M = M g . Since M is a compact connected manifold, it is
also arcwise connected. Consequently, for any pair of points p,q € M there exists a
curve 7y connecting them in M. Note that v C V +§Bx, so it lies within distance §
of V and inside the unbounded component of X \ V. So given § > 0, W = U +0Bx,
we have that W\ U is arcwise connected. In the general space X, choose a suitable
(n+1)-dimensional linear subspace X’ such that the set U, (X'NC}) is connected.
Applying the previous result we obtain the conclusion. O

The next statement is probably known, but we have not found a reference in the
literature. We include the proof for completeness.

Lemma 28. Let X be a Banach space of dimension at least n + 1. Given bounded
open convex sets Cq,...,C,, let U =U]_,C;, V = 0U. If the set U is connected,
then V is arcwise connected.

Proof. First, we claim that U is an absolute neighborhood retract (ANR). Let us
recall the property (A) in [Bo67] p.163: A topological space Y has the property
(A) if for every y € Y and every neighborhood U of y, there is a neighborhood
V C U of y, such that every compact A C V is contractible to a point in a subset
of U having dimension < dimA + 1. Clearly, a closed convex and bounded set in
R™*! has (A). Moreover, every finite dimensional compact with (A) is ANR [Bo67]
p.163. By Theorem 4.1 in [Bo67] p.167, given Y7, Y5, Y7 NYs that are closed ANR
with (A) then Y7 UY3 also has (A). Use this theorem inductively to prove that the
closure of U ;C; has (A) (and thus it is also ANR). For n = 1 it is clear. Also
n = 2 is clear, as C1 NC5 is convex. Inductive step. Let Y7 = U?;llCZ-, Yy = U, 0,
Ys = U?;;Ci. By assumption both Y7, Y5 have (A). Now Y1 NY; =Y3U(Cr NCy).
By inductive hypothesis the last set again has (A). This completes the proof. By
Corollary 3.3 in [Bo67] p. 104, there exists an open neighbourhood O of U in R"*!
and a homotopy &y : [0,1] x O — O such that hg = idp and hy is a retraction of O
onto U. Such homotopy serves to conclude that there exists a retraction r : O — U
with the additional property that »(O \ U) C V. Indeed, we put

r(0) = h¢(0), where t =min{s € [0,1], hs(0) € U}. (15)

Combining this statement and Lemma 27 with standard arguments we get our

desired conclusion. O
3. TypeE I

In this section we give the proof of Theorem 3. Let us assume first that X is
separable, X = Y @ [y], A = By. Let U be open and connected, S C 9U be
Polish. Let {s,}>2; be a dense subset of S, and {r,}>2; be dense in X, with
pn, = dist(r,, S) > 0. Let {n;}32; be a sequence of natural numbers that contains
every integer infinitely many times.

We are going to construct inductively a sequence {¢;}5°, C X, e; \, 0, A; = t;+€;4,
an increasing sequence {U;}52, of open, arcwise connected sets U =U; C Us C ...
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such that S C 9U;, J; = [a;,a;41] and transports F; : J; x A; — U;, F;({ai41} %
A;) = Ai+1 so that the following conditions hold:
L ||ti+1 ~ Snip || <&
2 Tr,NTp,,, = Aiy1, Tr, N Tr; = 0 unless |i — j|] < 1.

3. ifj >, thenTp NB(ri, %) =10
Inductive step from n to n 4+ 1. (The initial step is similar): We let U, 41 = U, U
B(ry, 2’%) provided that U, N B(r., zg") has non-empty interior. In this way, Uy,11
being a union of two arcwise connected open sets with nonempty interior is again an
arcwise connected open set, and moreover S is a subset of the topological boundary

of U,+1. In the alternative case U, N B(r,, 2@”) = ) we let U,y1 = U,. Denote

={i <n+1:B(r;, QL) CUp41}. By Lemma 15 F = F,", ...” F} is a transport
from A; to A, in U,,. Still, by the inductive assumption there exists a transport
E, : Jy x A, in U, with final set A,y 1 = t, 1 +Ep1 A, Appr = Fu({ans1}, An).
Put

C =Ty UL Ty, UUlEpB(Tl,%) (16)

By Lemma 16 together with Lemma 28 or 27, Uyy1 \ C is arcwise connected.
Pick t,1o € U\ C, satisfying condition 1 above. By Lemma 24 there exists some
Ent2 > 0, epta < "“, such that ¢,411 + €424 is connected with t,,10 + £,424
inside Up41 \ (C + €,42Bx) by means of transport Fn+1 s Tl X (Bng1 + Eni2d).
In order to be able to properly connect the successive transports, we now invoke
the size-reduction Lemma 25 to replace the transport Fn by F, : J, x A, that
satisfies Fy,(ant1 X An) = Any1 = tnp1 + Ent2A. This verifies condition 2 above.
This finishes the inductive step.

The process yields an infinite "tubus” T' = U2,TF, C X, in whose interior we
have a C'*°-smooth vector field f that is tangent to the transport curves by Lemma
26. Now, assuming that X has a C*-smooth bump function we invoke Lemma 26
in order to obtain a C*-smooth vector field g, that can be extended into a C*-
smooth vector field on the whole X. It is clear that the solution to the autonomous
ordinary differential equation «’ = g(x), with the initial condition 2(0) = ¢, satisfies
the conditions of the theorem. Indeed, it ” follows the tubus” 7" and so by condition
1 its w-limit sets contains S. On the other hand, condition 3 guarantees that the
solution eventually keeps away from every point p ¢ S. Our construction has the
property that the tubus is getting progressively ”thinner”. It is therefore clear
that the separability assumption on X can be dropped. Given general X, arcwise
connected U C X with a subset S C 9U, choose a separable subspace ¥ — X, a
component of U C UNY and S C Y satisfying our conditions. Then the method
of the above proof gives a solution.

The opposite implication. Let x be a solution to (1) with Q(z) = S. In the first
case, SN{z(t) : t € [0,00)} = 0. In this case, choose a component U of X \ S which
contains the solution x. U is arcwise connected and S C 9U.

The same proof immediately yields the next result.

Corollary 29. Let X be a Banach space, S C X be a separable and closed subset
with empty interior whose complement X \ S is connected. Then there exists an
autonomous differential equation ' = f(x), where f : X — X is a Lipschitz
mapping, and its solution x(t), with the property S = w(x). Moreover, if X admits
a C*-smooth bump function then f may be chosen C*-smooth as well.

On the other hand, it is easy to give examples of closed sets with empty inte-

rior satisfying the assumptions of Theorem 3 but not of Corollary 29. Take e.g.
™ (2me + Sx), where |le| = 1.

In fact a nonessential modification of the above proof gives the following result.
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Theorem 30. Let X be a Banach space, S, C X be separable and closed subsets,
such that there exists an open set U C X with the properties:

1. U is connected.

2.5, CoU.

Then given any sequence of distinct points z, € U, there exists an autonomous
differential equation x' = f(x), where f : X — X is a Lipschitz mapping, and its
solution x,(t), x,(0) = z, has the property S, = w(xy) for alln € N. Moreover, if
X admits a C*-smooth renorming then f may be chosen C*-smooth as well.

4. TypE I1

We begin the proof of Theorem 4 with a renorming lemma.

Lemma 31. Let Y be a separable Banach space with a C*-smooth equivalent norm
Il - |||. Then there is an equivalent C*-smooth norm || - || and a set {@, }°; on the
sphere of Sy, functionals {¢,}2, € Sy, ¢n(tin) =1, &, >0, and V,, = {z € By :
¢,1(2) > 1 —¢,} such that letting H,, = ¢, (1 —€,,) to be affine hyperplanes in Y
we have:

1 (U Hy) N {7372, =0

2. dist(Vy, Vi) > 5 whenever n # m.

Proof. We distinguish the following cases. If Y is separable, then it has a LUR norm
|l - || by Theorem I1.2.6 in [DGZ93]. In the C'-smooth case, by the same theorem
the space Y admits a norm | - || that is simultaneously LUR and C'-smooth. So
in these cases every point on the unit sphere of S| is strongly exposed. We may
choose as our {@;}2, an arbitrary %—separated subset of the sphere together with
suitable norming functionals {¢,}22; so that letting &, \, 0 small enough it holds
that diamV,, < %. It remains to deal with C*-smooth case, k > 1. By Theorem
V.3.4 in [DGZ93] we know that Y is either superreflexive or it contains a copy of ¢.
In the former case, Y is in particular an RNP space by Proposition 2.4.1 in [Bou83],
so its unit sphere ). is dentable by Corollary 2.3.7 in [Bou83] which finishes the
argument in a similar way as in the previous case. Indeed it suffices to pick the
points Z; inside the suitable slices of small enough diameter. In the remaining case
we have ¢y — Y. By Sobczyk’s theorem (Theorem 5.14 in [F™]) ¢p is complemented
in Y by means of a projection P, so it holds Y = ¢y ® Z. We are first going to
re-norm ¢y by the norm ||-||; whose unit ball is €onv(2 B(c, .|.) U{Een }5=,) where
{en}52, is the canonical unit basis of ¢g. It is easy to verify that every e, is strongly
exposed by its dual functional ¢,, € ¢1.. In fact, ¢,,(y) > 1 — ¢ and |ly||1 <1 imply

that ||y — en|1 < 2. By [DFHO8] there exists a C'°-smooth norm | - ||» on ¢

approximating | - |[1 so that its unit ball By satisfies By C By, C (1+ %)Bg. Thus
dn(y) > 1 —& and |ly||2 < 1 imply that ||y — e,|1 < % So choosing suitable e,
and fi, = Anen, linlla =1, Hy = ¢ (1 —¢,) and V,, = {z € By : ¢p(2) > 1 —&,}
we have diamV,, < 3en and UH,, N {PZ;} = 0. To finish, we re-norm Y by [jy|| =
Il(Id — P)yl|| + ||Py]l2, and extend the functionals ¢, onto Y canonically. The
separation of these slices follows from the separation of their projected images in
Co.

O

The norm || - || from Lemma 31 will be used in our proof below. Moreover, we need
another simple lemma.

Lemma 32. Let ¢ : R — R* be a nondecreasing C™-smooth such that ¥(t) = 0
ifft < %, Y(t) = § fort > % - %. We define a vector field f in R? as follows.
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(! fory < ()
Fay) = {(l,w’(x)) otherwise (17)

Then there exists a C°-smooth field g on R? parallel to f. This field also defines

a transport of the segment (0,0)(0, 5) onto (3,5)(3,¢).

By a parallel field we mean that g(z,y) = n(zx,y) f(x, y) where n(z,y) > 0 whenever
[z, y) # 0.

Proof. The field f is C*°-smooth on O = {[z,y] : y > ¥(z)}. Let n : R> — R be
C*>-smooth, supp(n) = O and all derivatives D'n =0 on R?\ O for all i =0,1....
It suffices to put g(z,y) = n(z,y) f(z,y). The transport F : [0, 3]x(0,0)(0, 5) — R?
is given by formula F(¢,(0,y)) = (¢, 9¥(t)). O

We proceed with the proof of Theorem 4. We have X = [e¢] @, Y, |le|| = 1, and
assume that the norm of Y and X is C*-smooth. Let B = By be the closed unit
ball of Y, Bg), be its interior. Choose vy, vy € U, such that v = v1+Xe and § > 0 so
that vivg +36Bx C U. Let J; = [—\,0]. We have that F'; : J; X (v +6B) — U,
F{(t,p) = p+ (t + Ne is a C*°-smooth Id-transport of v; + 6B to v + dB in
U. By applying Lemma 24 (and the restriction to convex subsets) there exists
0 < & < 4, so that denoting A; = vy + eB, As = vy + B we have C°°-smooth
Id-transports in U Fy : J; x Ay — U sending A, to Ay, I} is a restriction of
F'y, and Fy : Jo x Ay — U sending As to A;. WLOG assume that J, = [0,1].
Moreover, To Nvive + 30 Bx = A1 U As. This means that we have created a loop of
transports that can be connected and Fyy Fy acts as an identity operator on A;. In
particular, applying Lemma 26 at this point (note that if a Banach space admits
a CF-smooth norm, then it also admits a C*-smooth bump) we have obtained a
C*-smooth and Lipschitz autonomous equation on X with the property that all of
its non-trivial solutions are periodic and live inside the tubus T' = Ty UT5. Our next
step will lead to an equation with 7" as its w-limit set. In order to achieve this goal,
we apply a result from operator theory from [An97] or [Sa95]. Namely, on every
separable Banach space (in particular on Y') there exists a hypercyclic operator,
i.e. a bounded linear operator T': Y — Y and y, € Y such that {T"(yp)}22, is
dense in Y. Moreover, and this is equally important for us, we may assume that
T = Id+ K where K is a compact operator with norm ||K|| < . So the spectrum
of Id + K, €| < 1 is contained in {1+ z : [2| < 1}. does not contain zero, and
so such operator is a linear isomorphism ([F~] p. 210). Let ¢ : (—o0,1) — R
be a C*°-smooth non-decreasing function such that ¢(t) = 0 iff ¢ < 0, ¢'(t) > 0
for t > 0 and lim;_ ((t) = co. Let ® : BY — Y be a C*-diffeomorphism given
by ®(y) = ((||lyll)y, and denote z = ®~1(y;,). Fix two non-negative C°°-smooth
functions «, 3 : [0,1] — [0,1], such that a(t) + 3(t) = 1, a(t) = 1 for t € [0, §) and
at)=0for t € (1 —§,1]. Let ¥(0) : BY — BY,

T(H) =3 o (ab)Id+ B(O)T) o ® (18)
be a C*-smooth diffeomorphism for every # € [0,1]. Indeed, the special form of
T guarantees that «(0)Id + S(6)T = Id 4+ (K, |£] < 1 is an isomorphism on Y
for every 6. Moreover, it is clear that &, = {¥(1)"(2)}52, is a dense set in BY.,
because {7, }52, = {®LoT™(y,)}52,. Define a new W-transport Fy : Jyx Ay — U,
Fy(0,v0 + 2) = F5(0,v1 + ¥(0)(2)). It is standard to check that F, is C'*-smooth
and has the same tubus as F,. Thus it can be connected into a ”loop transport”
F = Fy Fy, for which F({1} x A;) goes back into A; and acts as an operator
U =Vold Letx, =v+&,=F"(1,2) € A; and y,, = F1(1,z,) € As. Note that
Yn = Tp + A\y. Let V,, =p+ eV, and W,, = q+ eV,,. Denote also A; = A; \ UV,
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Ay = Ay \ UW,,. The restriction F=HB" [ 7,x 4, Is again a transport sending A,
onto Ag. Denote R; and R, the respective tubuses of 1:"17 FQ. We introduce trunlfs
from V,, or W,, using ¢ from Lemma 32. Denote V! = p+ 3e +¢(3) 72 + €V,

lvn ]l
and W} =q— 3e +1/J(%)”Z—Z” +eV,.

Lemma 33. (Trunk lemma)

There exist C°°-smooth transports R, from Vi, to V! with tubuses RL satisfying
RLNRy =V, RLNRy COR;. Also, there exists a C*°-smooth transports R2 from
WL to W, with tubuses R2 satisfying R2 N Ry = V,,, R2 N Ry C ORy. Moreover,
RN R =0 unless i = j,n = m.

Proof. In case of V,! the transport formula is the following: F! : [0, %] xV,—U,
EF(t,2) = z +9(t)u, + te. In case of W} the transport formula is: F2 : [2}, A] x

Wl — U, F2(t,z) = z — (XA — t)u, + te. Since these transports remain within the
set v1v2 + 36Bx we get RL N Ry = V,,, R2 N Ry = W,. O

Next, we define the transport G; from A; \ UV,, onto As \ UW,, as a restriction of
Fy and R; be its tubus.

It is clear that the closed set Q@ = R;UR,UUS, (RL UR2) has an arcwise connected
complement in U. Indeed, the trunks R!, are %—separated, so the localized version of
Lemma 27 will give us the conclusion. Since the rest of the proof is very similar to
that of Theorem 3, we proceed at a faster pace. Choose a dense sequence {s,}>2
inU\ Q.

We proceed by induction now. Let Q° = @, s = s,. In the first step, using
Lemma 25, Lemma 24, and Fact 14 find ¢; such that the s; + &1 A is small enough
and construct a transport G} from Vi' onto s; + 1A inside U \ @, and connect it
with the transport G% from s; + 14 onto U}. These transports result from &;-
planar curves connecting #; to s; and from s; to 91, and the tubus remains disjoint
from Q. Moreover we may WLOG assume that T U T2 has distance at least &
from Ry U Ry UUSZ,(R) UR2). Let Q' = Q" U T UTgs.

Inductive step. We have already constructed for ¢ = 1,...,n: ¢; and transports G}
from V! onto §; + ¢;A inside U \ Q*~!, and connected it with transports G7 from
§; + ;A onto U}. These transports result from g;-planar curves connecting @; to
3; and from 3; to ¥;, and the tubus remains disjoint from Q*~'. Moreover we may
WLOG assume that Tg1 UTg2 had distance at least &; from RIURyU U211 (RLU
R2%). Choose the first available s; ¢ Q™ and relabel it as 3,.;. Then repeat the
first step of the inductive argument, with the obvious changes in the notation.
The inductive argument yields a family of disjoint transports G2~ GL from V,, onto
U, in U, such that U, Q" is dense in U. Apply Lemma 26 to define a C*-smooth
and Lipschitz vector field g on the whole X, that is nonzero and parallel to the
above constructed system of transports at each interior point of UQ?. Let us now
trace the trajectory of the solution of 2’ = g(z), £(0) = z. By condition 1 in Lemma
31, g(z) # 0 for the whole solution z. By construction, this solution passes through
every point #,, € A1, and its trajectory is a dense set in U$2,Q". This finishes the
proof.

5. TypE III

Let X be a separable Banach space with a Schauder basis. Our goal is to construct
by induction a C°°-smooth and Lipschitz on bounded sets mapping f : X — X
and a solution z of (1), such that Q(x) is of type III. We renorm X so that it has
a normalized Schauder basis {e;, ¢;}5°; ([F~] Lemma 6.4). Let P, : X — X be
the initial projections P, (Y o, zie;) = ., z€;. These projections are 1-bounded
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linear operators, and Py o P, = Ppini,n}- By Xn = [e; 1 1 <4 < n] we denote the

n-dimensional subspaces of X. We have X = U2, X,,. Fix a continuous mapping

G: X — X*,G(2) = —d2(2) 1 + 01(2) 2. (19)

Definition 34. LetY be a linear subspace of X. We say that a mapping f : Y — X
is a G-positive function (or a field) if it is C°°-smooth, Lipschitz, and the following
conditions hold:

(G(2), f(2)) >0 whenever Py(z) # 0. (20)

Pyo f(z zi€;) = —z2€1 + z1€2 whenever ||Pa(2)|| < &, for some £ >0. (21)
i=1

This auxiliary notion will be crucial for keeping the fields f,, and the sought field
f nonzero, while making the necessary perturbations that create some periodic
orbits. For convenience, we will use the notation X2 = {z € X : Py(z) # 0},
X2 = X,,NX2. Note, in particular, that (21) implies that every solution y with the
initial condition from X? remains inside X 2. We sketch proofs of some deformation
lemmas for smooth fields on X,,.

Lemma 35. Let f: X,, — X,, be a G-positive field, x be a solution of (1) passing
through q,p,r € X2, (in this order), § > 0 and |[p—ql|| > 6, ||[r —q|| <. Lete >0,
be such that ||r — q|| + ¢ < §. Moreover, assume that

(G(2),q—r) >0 forall z € pq. (22)

Then there exists a G-positive field g : X, — Xn, f(z) = g(z) whenever z ¢
rq+eBx, and such that the solution of y' = g(y),y(0) = p is periodic and contains
q,T.

Proof. Let v C x be the solution curve from g to r. Let ¢ > 0 and 1 C rq+ §Bx,
be a C*°-smooth curve, v; + eBx C B(g,d) from r to ¢ so that o = v"7; is a
C*-smooth periodic curve, and moreover (G(z),v5(z)) > 0 for all z € 72. Such a
curve exists by using a standard smoothnenning of the continuous periodic curve
~~rq around the points p,q. The C*°-smooth field 4] can be extended (using local
coordinates) from 7, into a C*°-smooth field h defined on some neighborhood U C
rq+eBx, C X2 of 41 in X,,, so that h(z) = 74(z) for 2 € y2NU. Moreover we may
WLOG assume that (G(z), h(z)) > 0 for z € U. Pick a C*-smooth partition of unity
{61, 02} on Xy, supp(¢1) C U, ¢1 [, = 1, and set g(z) = ¢1(2)h(z) + ¢2(2) f(2).
It follows that 7, is a solution curve of ¥’ = g(y). The desired properties are clear,
in particular g is G-positive. O

Lemma 36. Let f : X,, — X, be a G-positive field with a periodic solution x
passing through p,q € X2, 6 > 0 and ||p — q|| > 6. Then there exists a G-positive
field g : X,, — X,, such that f = g outside B(q,0) and g is constant on B(q, p) for
some p > 0. Moreover the solution of y' = g(y) passing through p is periodic and
passes through q as well.

Proof. Let ¢ = G(q) € X* and choose n > 0, 0 < 3n < § small enough so that

o(f(2)) >0 and (G(z), f(q)) >0 for z € B(q,3n). (23)

Fix a constant nonzero field g1(z) = f(q) for z € B(q,2n). Choose a partition of
unity {¢1a¢2} on Xna Supp(d)l) - B(Qa277)7 ¢1 =1on B(qa 77) and set 92(2) =
$1(2)g1(2) + ¢2(2) f(2). Clearly, g2 is nonzero on B(q,3n) (as ¢(g1(z)) > 0 there)
and C°°-smooth, but a solution of ¥’ = g1 (y) passing through p may no longer be
periodic and pass through ¢. To retrieve this property, we apply Lemma 35 to g
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twice, for suitable pairs of points p1, g1, p2, g2 from B(q, #) selected in the following
way. p,pi1,q,pe lie (in this order) on the original solution to ' = f(z) passing
through p, and ¢1,¢q, g2 lie (in this order) on the solution to the new equation
Yy = ga2(y) passing through ¢. The points q;, g2 are close enough to ¢, so that
¢(q1 = p1) > 0, ¢(p2 — g2) > 0. Let ¢ = min{|[p1 — ql|, [p2 — all. lex — all; lla2 — all}-
Using Lemma 35 we connect the points p; and ¢; by a curve v', while perturbing g»
only on p1q1 + 5Bx,. We perform the same step once more connecting gz and ps.
Using Lemma 35 we connect the points g2 and ps by a curve 72, while perturbing
g2 only on gaps + §Bx, . The result of these perturbations will be a G-positive
mapping g satisfying the requirements, g = go on B(q, §). d

Lemma 37. Let f : X,, — X, be a G-positive mapping on X, with a periodic
solution curve v C X2, p,r € v, fllp—r| > 6 > 0. Then there exists a § > 0,
B < 8, a G-positive mapping g : X, — Xn, 9(z) = f(2) for z ¢ B(p,40) and such
that every solution y, of y' = g(y) y(0) = q € B(p, B) is periodic. Moreover, r € yp,.

Proof. Choose a suitable p’ € v with ||[p—p’|| = §. By Lemma 36 there exists p > 0 a
G-positive perturbation fi of f, f1(z) = f(p) = e, (A >0, |le]| = 1) for z € B(p, p),
and f1(z) = f(z) for z ¢ B(p’,25). Also, a solution curve y; of ' = f1(y) passing
through r is periodic and still passes through p. We have X,, = Y ®[e], |le|]| = 1, and
we choose a normalized Auerbach linear basis vy, ...,v,—1 of Y ([F~] Theorem 5.6).
(This way we know that all coordinates of vectors from By have absolute value at
most one). For simplicity of notation, re-lable v; as v and f; as f again. Choose
q =p+ 5e € v and a forward parametrization v : [a,b] — X, a < b, y(a) = q,
~v(b) = p (recall that 7 is periodic). Let J = [a,b], 7o : J — X,, be the backward
solution curve from p to g, vo(t) = v(b+a —t). Foreach t € J let Wy = v(¢t) + Y
(note that W, = p+Y, W, = ¢+ Y). By using the standard arguments and
Lemma 9 there exists o > 0, a < § such that for every backward solution curve
¢ :J — B(p,p) starting at z € B(p,2na) N W, and ending in W), there is a unique
point of intersection z; € { N Wy, for every t € J. Denote by v;, ¢ =1,...,n—1
the backward solution curves starting at p 4+ ae; and let 5;(t) = v; N W;. Assuming
that « is small enough, compactness of J and Lemma 9 allow us to assume that
{B:(t) —y0(t)}7=! forms a linear basis of the space W; (with origin shifted to vo(t)).
(This is because z — 2, t € J fixed, is as close to a linear isomorphism in z as we
wish in a small neighborhood of z = p). So for every z € B(p,2na) "W, and t € J

there is a uniquely determined tuple (2}, ..., 2"~ ') such that
n—1 .
ze =Y0(t) + Z 2 (Bi(t) — (1)) (24)

i=1
Put J' = [0, 4], and put (o(t) = p +tXe, t € J'. Choose a small enough 3 < a,
such that z € p+ BBy, z = p+ 1, zv; implies that 7' 2] < 1 and a system
of suitable curves ¢; : J' — B(p,p), 1 <i < n — 1, connecting p + fe; € W, with
(p + Be;)p € Wy, with the properties:

L. ¢j(t) = f(Gi(t)) = Ae is constant whenever [t] < & or [t — £&| < &,
2. (Gi(t) — ¢o(t)), 1 <i <n—1form a linear basis of {y(t) + Y, for every t € J'.
3. For every z € (o(J') + 2nBBy = A and every i € {1,...,n— 1}, t € J' we have

(G(2), D) < — min(G(2), Ae). (25)

8n zcA

We define the mapping F : J' x (p+ 26By) — X by
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F(t,z) = ¢o(t) + z_: 2i(G(t) = Co(t)), fort € J', 2 = Zzivi € B(p,28)NW, (26)

By our construction we see that this mapping is C*°-smooth and g; = % is a

C*°-smooth and Lipschitz field that coincides with f on some neighborhoods of p, g.
The set U = F(J' x (p+26By)) is a neighborhood of (o ([, s%])' It is standard
to check that (25) and (26) together imply that

(6,02 2 (G().26) = Y [=l(6(E) 06 + 3G, diN) 2 (1)

1.1 1
S 1 L
> (G(2),2e) — {(5m(G(), M) +(G(), Ae)) > Tmim(G)Ae),  (28)
SO
(G(2),91(2)) >0 for z € F(J' x (p+28By)). (29)
To finish, use the C*°-smooth partitions of unity {¢1, g2} on X,,,
4
supp(61) C F(J' x (p+20By)), and o1 =1 on F([, L1 (p+ BBy)) (30)
and set g(z) = ¢1(2)g1(2)+2(2) f(2). Clearly, g is G-positive and solutions passing
through points in B(p, 3) are periodic. O

The above perturbation in B(p,40) cannot be done with a good control on the
derivatives of the perturbation (as the solutions are joined after having completed
possibly very long trajectories). This is a source of additional technical difficulties
in our proof. In order to be able to control the limit process with f,, below, we are
forced to artificially modify the periodic solutions by sending them far away from
the origin, so that the spots where large perturbations occur do not accumulate in
one place, spoiling the convergence of the derivatives of f,.

We are now ready to begin the proof of Theorem 5. Let @,, C X be the sets with
the property

z € Qy iff maX{¢6n+2(Z)7 ¢6n+4(2)7 ¢6n+6(z)} > 1 (31)
By induction we are going to construct the following system of objects.

1. A system of numerical parameters:

1
0 < U, P, Uk un, 0™ < — where n,m € N,n < m. (32)
27’L
m 1 1
I\ iﬁn,m > n. (33)

2. Sequences {pn }52 1, {rn}22, of points from X, p,, 7, € Xenp.

3. A sequence {f,}22, fn: X — Xgn of G-positive fields with properties:

ofy = fnoPs, on X, fn(2) = fo(z) if |[P%"(2)| is large enough (34)

e sup || D' (2)|| < 00, | D fr41 — D' full < vy holds on X\ Q, for i <mn. (35)
zeX

(so fy converges locally uniformly to a C°°-smooth field f).
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e Every solution to y' = f,,(y), y(0) = r € e; + p,Bx is periodic with a solution
curve . It holds v (t) = 7" (¢) for all ¢ € [0,t,] and p,, = 72 (t,). We denote

€1

0 =1z€X:zey,rcer+pBx} Cv +anBx (36)

e Every solution (curve) v to v = fn(y), y(0) = r € r, + 97 Bx is periodic. We
denote v, =7, . We denote

Ry={zeX:zev,rer,+9,Bx} C v+ a,Bx (37)
For 7 > n we introduce

R.={2€X:z€~,rcr,+9Bx}, (38)
i _ , 3= Jgi o Jgit1 .
Ry —{zGX.zEw,rErn—i—(Tﬂn—i—gﬁn )Bx},7=1,2,3 (39)

1
Rn:{zeX:zG%,rGrnJrEz?ZBX}. (40)
e It holds

Y C Ry, + ay Bx for every ~,. C R}, (41)

dist(Xen \ Ry, Ryy) > 0,', and fp, = fn, on R for every m >n>0. (42)
e US| R, is norm dense in X and {p,}52; is norm dense in X \ U2, R;.
An important ingredient in our inductive argument is contained in the next lemma.

Lemma 38. Let f : X — X,, be a G-positive mapping such that f o P, = f. Let
P >0,(>0,t1,t2>0,5,5 CX be f-invariant sets with properties:

S1+(Bx C S,P,(S) C S, P,+1(S) C S, P,(S1) C 51, (43)

1
P,i1(S1) C S, SC X, + 5BX. (44)

Let p,g € X2\ S, ¢t >0, y' : R — X,, be a solution to y' = f(y),y(0) = p, and
y? R — X, be a solution to y' = f(y),y(0) = q. Assume that for some 1t > 0

y' ([~ ) N (Y ([~ ) = 0, (45)
Then there exists a G-positive perturbation f3 : X — X412 of f such that

f30 Poya = f3,[ID*(fs = [)(2)|| < pl, whenever ¢ni2(2) <2, (46)
f3(z) = f(2) whenever z € S;. (47)

and a solution y3 of y' = f3(y),y(0) = p satisfies:
ys(t) = y'(t) for t € [~t1,0], and y3(to +1t) = y*(t) for t € [0,ts]. (48)

Moreover ys is disjoint from S, the set S1 is fs-invariant, and y3 passes through
some point v € X429, Opta(v) > %
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Proof. Denote 7; the solution curve of y'[—t;,0] and 7, the solution curve of
y2[0,t2]. We may WLOG assume that ¢ is small enough so that for every solu-
tion curve 7 passing through B(p,2:t) U B(g,2¢) it holds

7N (B(p,4t) U B(gq, 4¢)) # 0. (49)

Let and K; > 0,7 < n be some small enough constants, whose value will be de-
termined later. The construction depends on a C'°°-smooth non-negative function
A: X =R, A= )Xo P,, with the properties:

Az) =0 for z € yt([—¢,0])
{)\(z) >0 for z € y'((0,4]) (50)
Az) =0 for z € y2([0,¢]) (51)

Az) >0 for z €yl ((—¢,0))
AMz) = Ao >0 for z ¢ B(p,2t) UB(q,2t). (52)

|DA(2)|| < K; for z € X,i <n,D"\(p) =0,D"\(q) =0, for n€N. (53)

Let f1: X — Xu41, f1 = f + Aepy1 be a perturbation of f, and its ”lifted” pair of
forward solution starting at p and backward solution starting at g:

yi(t) ft 7))drent1,t € (—00,0]

Note that these solutions do not intersect with S because P,(S) C S. It is also
clear from (52) and (49) that

{yl( + fo m)drensn,t € [0, 00) (54)

Jim g (y1(1)) =00, and  lim_gnia(yi (1) = —co. (55)

Let 6 : R — [0,2] be an odd C*-smooth function 6 [_; 1j= 0, |D'0(t)| < K] for
t €R, §(t) =2 for t > T. The values of K/,T and further properties of 6 will be
described later in the course of the proof. Choose a perturbation

f2(2) = f1(2) + 0(dn+1(2))e2nto (56)

Again, its "lifted” pair of forward solution starting at p and backward solution
starting at g satisfy:

y2( - y% + fo (bn-i-l yl )))dT6n+27t € [07 OO) (57)
Y3(6) = y3(t) = f, 0(bns1 (¥3(7)))drenya,t € (=00, 0]
Note that these solutions do not intersect S because P,,4+1(S) C S and using (55)

Jim pnia(y3(1)) =00, and  Tim_¢ni2(y3 (1)) = oo. (58)

Observe that the perturbations fi, fo satisfy Py(f1) = Pa(f2) = f so they are still
G-positive mappings, and y3, 45 C X2. Choose T1 > 0 such that ¢, 12 0ys(T1) > 2,
Gni2 0o y3(=T1) > 2, and let p1 = y3(Th), 1 = y3(—T1). Clearly, p1,q1 € X2,
We also denote by 1 : [0,71] — X, 12 the solution curve of yi from p to p;, and
vz 1 [Th + 1,271 + 1] — X, 5 the reparametrized solution curve of y3 from ¢ to q
(considered as a forward solution). In order to connect the initial and final parts
of the desired solution curve, we need the next lemma.
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Lemma 39. Let C >0, a,b € X2. Assume that

or(a) > C () > C and ¢(S) < C for some k <n (59)
Denote I = [0,1]. Then there exists a C°°-smooth curve x : I — X2 such that:

k(0) = a,k(1) = b, pp(k(t)) > C forall tel (60)

(G(k(t),k'(t)) >0, for tel (61)
In particular kN S = (.

Proof. Denote a = (ai,...,a,), b= (b1,...,b,). Let a, 8 € [0,27) be such that

Re(exp(ia)) = —2—+, Im(exp(ia)) = —22—,
(explie) = iy Flexp(o) = e o
y J— 1 y — 2
Re(exp(if)) = ERE: ,Im(exp(if)) = TR

Assume WLOG that 8 > «a. Using the coordinates we introduce « as follows.

¢10k(t) = Re(exp(i(l — t)ar +itB)((1 — t)|| P2 (a) || + ¢[| P2(b) )
¢2 0 k(t) = Im(exp(i(1 — t)a + itB)((1 — t)|| Pa(a)|| + t[| P2(b)]]) (63)
piok(t)=(1—1t)a; +tb; fori>3

It is easy to verify that s satisfies our conditions including (61). O

We now apply Lemma 39 in X,,1o for the values a = p1, b=q, C = %, k=n+1.
By a standard argument we adjust x in small neighborhoods of the connection
points p1,q; (contained in ¢ '([C,00))) to obtain a C*®-smooth curve 7o which
still satisfies (60) and (61) so that the curve from p to ¢:

Y= 73 :(0,271 +1] - Xnpo. (64)
is C*-smooth, ¥ N .S = 0. From (50) and (51) it follows that ¥ N X,, = {p, ¢}, and
from (53) it follows that

Y= Az [, 2T + 1+ ta] — Xpyo. (65)
is C*°-smooth and vy NS = (). Pick any v € ¥3. By using some standard extension
into the neighborhood theorem (e.g. [War72] Proposition 1.36), we know that
4" can be C°°-smoothly extended into a field fo defined on ~ + (Bx,,, so that
f2(2) = fa(z) whenever ¢nio(z) < 3, and moreover (G(2), f2(2)) > 0. We have
that S; Ny +(Bx,,, = 0. Choose the partitions of unity 1,2 on X, such that

supp(v1) C y[—t1,2T1 + 1 +to] +(Bx and 1 [y[—¢, 27y +144,]= 1 (66)

ID*%1]| %042 < E(¢,) for i<n, (67)

where the constants E(¢,n) depend only on the values of ¢ > 0 and n € N, but not
on the curve v or T. In this formula the norms of the derivatives are taken with
respect to X, 1o together with the norm inherited from X. Since X, 9 is finite di-
mensional (and so linearly isomorphic to the Euclidean space R"2), there exist con-
stants C; independent of the function 11, such that ||Di1 | x, ,, < CZ-||Diz/J1H£;+2.

So it suffices for us to obtain the result in the Euclidean space R"*2. That is the
content of the next lemma.

Lemma 40. Let 6 > 0, § < i. The there exists D; > 0, i € N, such that for
every compact set M C R™ there exists a C®-smooth function ¢ : R™ — [0,1],
supp(¢) C M + 6Bgn, ¢ [pr= 1 and such that |D'¢|| < D; on R™.
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Proof. Let ¢ : R™ — [0, 00) be a C*°-smooth convolution kernel, i.e.

[tz = 1. supn(w) € ? Ben. (63)

By compactness, it holds || D||g= < D; on R™, for suitable D; > 0 and for every
1 €N. Let M =M + %BRn, and fix an indicator function x = x [;;. Let

b(a) = / x(a— 2)b(2)dz. (69)

R'ﬂ,
It is well-known that
Dio(a) = [ x(a - 2)D'w()de (70)
Rn
and so
| D p(a)||rn < / | D*)(2)||gndz < D; hold for every a € R™ (71)
RW,
The remaining properties are obvious. O

We now introduce the G-positive mapping fs.

fa=1v1fa+1af, on X,y (72)
This formula of course yields (47). In order to obtain (46), recall that K; =
Kin, gy, ), K1 = K!(n, pl,,¢) and p!/ = pf!(n, pl,C) can be chosen small enough

so that (by using that fo(2z) = fa(z) whenever ¢, 12(2) < 3) we have an estimate

D' (f2 — £)(2)]] < E(pg%n) holds whenever ¢,12(z) < S,O <i<n. (73)

and by applying the Leibnitz formula to (72), we finally obtain that

, 3
ID(fs — P < gl holds whenever d2(2) < 5,0<i<n. (74
To finish, extend f3 from X,, onto the whole X by f3 = f3 0 P, yo. O

For the purpose of the inductive argument, we introduce some more notation. We fix
a dense sequence {s, }2°; in X, s,, € X,,. We denote 2" : I,, — Xgp, I, = [0,t1] the
periodic solution (with period ¢.) with 2™(0) = e;. We denote t,, < t1, J,, = [0,,]
and p, = z"(t,). (The initial segments z" : J, — Xg, will be used to build the
sought solution x(t) : [0,00) — X, 2}(0) = py1, 2"(t,) = pn,) By the construction
R! — R, is a decreasing sequence of sets, such that each point inside R,, determines
a periodic solution of f, and every solution for f,, passing through a point in R}
is periodic and stays in R}

We begin inductive construction at n = 1: Let v, = 1, p; = F.00 = 1,01 = $.t1 =

27 — ié(l) = %, and 11 = 2e;. Let f1 : X — X4 be a G-positive field defined as
follows:

A zie) = —mer + 216z (75)
=1

Note that every solution y to ' = fi(y) with initial condition y(0) € X3 is periodic
and lies in the 2-dimensional set 39 + Xo. We choose a 27-periodic solution z! to
v = fi(y), y(0) = ey = r1. We have I} = [0,2x], 2 : [} — Xo, and let t; = 27 —¢y,
Jl = [O7t1], and pP1 = xl(tl).
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We denote 1 C Xg,, the solution curve representing periodic solution of f; passing
through ry, dist(R}, R{) > 65 = 3.

Inductive step from n to n + 1: Choose vp41,an41 < Q,L% Choose 19:»”“1, 1 <n
small enough so that (41) is satisfied. Creation of RJ'{1:

Choose 7,41 € X&, \ (U ,R?), so that

7ns1—8n|l < 2dist(s,, Xa,\ (=™ (1,)UU R")), in case when s, ¢ U R; (76)
Such a choice will guarantee (at the end of the inductive process) that US>, R, is

norm dense in X. Indeed, if s,, € R}, for some 1 <4 < n, then using (41) and (42)

we find the desired r, 41 at a distance at most «,, of s,.
Recall that f,, = f, o Psp, and moreover Py, (R}) C R} for all 0 < i < n, as the
Schauder basis is monotone. Choose p!, < p,, such that

ray1 ${z€ X z€9r €e1+p,Bx}, (77)

and define f,-invariant sets:

S={zeX:zey,r€e+p,Bx}UUL,R}. (78)

1 n
51:{zEX:z6vf,TEel—l—ip’nBX}UU?:lRi’l. (79)

Find ¢ > 0 such that S; + (Bx C S, and consider the equation

Yy = fu():y(0) = rnp (80)
Find its forward solution y! : [0,00) — X, and a backward solution y? : (—oco,0] —
X6n. Apply Lemma 38 in the setting of S,S1,¢, p/ = % and f, : X — Xgn,
P="Tni1,q# D, q € X3, \S, t1 =ty =0, in order to obtain a G-positive C>-
smooth perturbation f3 : X — Xg,.2 with a periodic solution passing through
Tn+1, and some point v € Xgp10 with ¢pio(v) > % Apply Lemma 36 to f = f3,
p =wv, r =r,41 to obtain another G-positive perturbation ff% : X — Xgnto with a
solution curve 7,4+ passing through r,1, a small enough 1921} so that the set

RZE ={zeX:z€vy,rErpy1 + ﬁZIiBX} (81)

consists of periodic orbits, and has a positive distance to S, fi = f on Sj.

sup || D' f1(2)|| < oo, || D' ft — D' f,|| < % for ¢ <mn holds on Xgni6\ Qn,

(2)
Next we repeat a similar procedure to above, in order to extend the partial solution
2™. Let us give just the main steps. Let S = U1§i§n+1R?’1, S, = U1§i§n+1R?’2,
and ¢ > 0 such that (43) holds. Choose p,+1 € X3, 5\ (z"(I,) U S) following the
rules: if s, € X&,.5 \ (#"(I,) U S), then pick 7,11 = s,, otherwise pick p,41 so
that
[Pnt1 — snll < 2dist(sn, Xent2 \ (2" (1) U S)). (83)
Such choice guarantees (at the end of the inductive process) that {p,}52; is norm
dense in X\U3°; R;. Next we apply Lemma 38 to f = fi : X — Xpp42,(, p/ = %,
P = Pn,q = Pns1, to = 0, t; = —t,, (this choice guarantees that z"T1(t) = x"(t)
will hold for all ¢ € [0,¢,]). We obtain a G-positive perturbation f5 : X — Xg, 14,
f3 = Pgnya o f2 such that the forward solution z7 : [0,t,11] — Xenia (= 2™ on
Jn) passing through p,, also passes through v and p,11.
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Let S = U1§i§n+1R?727 S| = U1§i§n+1R?73a and ¢ > 0 so that (43) holds. Once
more we apply Lemma 38 to f = f0 : X — Xgni4a, ¢, o/ = V"grl, p=e1,q =
Pni1, to = 0, t1 = —t,, (this choice guarantees that z"*1(t) = z7(¢) will hold
for all t € [0,t,11]). We obtain a G-positive perturbation f¢ : X — Xg, s,
0 = Psnie o fS such that the forward solution z"*! is periodic and (= z™ on
J,,) passing through p, passes through p, ;. Apply Lemma 36 to f = f5, p = v,
r = e; to obtain the G-positive perturbation f,11 : X — Xg,16 with a solution
curve 731“7 "0, t,41] C 42! passing through p,41, a small enough p,41 so

e1
that the set

Ry '={zeX:ze"* " r€el+pu1Bx} (84)

T

consists of periodic orbits, and has a positive distance to UlgignﬂR?H = 5.
At this point we may choose the values d)7,;, m < n + 1, so that (42) holds.
By construction, properties (34) through (42) are satisfied. This completes the
inductive step. The limit f(z) = lim, s fn(z) is G-positive and has the solution
z(t) = lim, o 2"(t). Since f is Lipschitz on bounded sets, if X admits a C*-
smooth bump by Lemma 26 we may replace it with a Lipschitz C*-smooth field
with the same solution curves. It remains to check that Q(x) is of type III. By
construction we see that S = Q(x) = X \U2 int(R,,), and xNOR,, = B,n € N. Let
us see that every type III set S satisfies X \ S = U2 ,U,, where U,, are nonempty
disjoint and connected. If there were only finitely many, then S = UX_,0U,,, so
x N AU, # (), which is a contradiction by applying Theorem 10 in the usual way.
This ends the proof of Theorem 5.

6. EXAMPLES

Let us give an idea how to obtain a Lipschitz equation with w-limit set S that has
non-empty interior, but S # intS. For simplicity, let X = fo, Y = {(ay)3, :
a; =0}, X =Y @ [y]. In light of the construction in Theorem 4, it suffices to
construct an equation such that the solutions with initial conditions from By form
a ”tubus” that is squashed into a "flat stripe” and then again returns into the
original tubular shape. Such a body can be used in the constructions in Theorem
4 to replace the connecting piece between the respective trunks. The resulting w-
limit set will have some ”flat handles”, i.e. handles with empty interior. It is also
possible to compose these equations, creating w-limit sets whose interior has an
arbitrary (finite or infinite) number of open components. Let us describe now an
easy example of such a flow.

Choose C*-smooth partitions of unity ¢,¢ : R — [0,1], ¢(t) = 1iff t € R\ (3, 2)

and ¢(t) = 0iff ¢ € [3, 2]. Consider the flow:

Fi(0, am)pZy = (t o(t)an, Y(t)on + ¢(t)az, ¥(t)az + das, .. ) (85)

The corresponding C*°-smooth and Lipschitz differential equation is X the follow-
ing:

f(an)zo:() = (17 ¢/(t)a17 w/(t)al + ¢I(t)a2a Qz/jl(t)OZQ + (,25/043, e ) (86)
It is also easy to construct elementary examples of w-limit sets and non-w-limit sets
in a Banach space X. For example, Sx is always a type I set, and so is a union of
separated spheres in X. Also, Sx U{)Xe: |le]| = 1,0 < A < 1} is a type I set, but
Sx U{Xe: |le|| = 1,0 < A} is not an w-limit set. Indeed, it is not of type I, but its
complement has only two components.
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