Preprint, Institute of Mathematics, AS CR, Prague. 2009-12-29

MODULI AND CHARACTERISTICS OF MONOTONICITY
IN SOME BANACH LATTICES

PAWEL FORALEWSKI, HENRYK HUDZIK, RADOSLAW KACZMAREK
AND MIROSLAV KRBEC

ABSTRACT. First the characteristic of monotonicity of any Banach lattice X is expressed
in terms of the left limit of the modulus of monotonicity of X at the point 1. It is also
shown that for Kothe spaces the classical coefficient of monotonicity is the same as the
characteristic of monotonicity corresponding to another modulus of monotonicity S\W E-
The characteristic of monotonicity of Orlicz function spaces and Orlicz sequence spaces
equipped with the Luxemburg norm, are calculated. In the first case the characteristic
is expressed in terms of the generating Orlicz function only, but in the sequence case
the formula is not so direct. Three examples show why in the sequence case so direct
formula is rather impossible. Some other auxiliary and complemented results are also
presented. By the result of Betiuk-Pilarska and Prus [2] which establish that Banach
lattices X with €9, (X) < 1 and weak orthogonality property have the weak fixed point
property our results are related to the fixed point theory [15].

1. PRELIMINARIES

Let us denote S;(X) = S(X) N X, where S(X) is the unit sphere of a Banach lattice
X (for its definition see [3], [14] and [21]) and X is the positive cone of X.

A Banach lattice X is said to be strictly monotone (X € (SM)) if for all z,y € X,
such that y < z and y # x, we have |ly]] < ||z|]. A Banach lattice X is said to be
uniformly monotone (X € (UM)) if for any ¢ € (0,1) there is d(e) € (0,1) such that
|z —y|| <1—0(g) whenever 0 <y <z, ||z|| =1 and ||y|| > ¢ (see [3]).

For a given Banach lattice X, the function d,, x : [0, 1] — [0, 1] defined by

Om,x () = nf{l — |z —yll: 0 <y < flzf =1, |yl = €}
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is said to be the lower modulus of monotonicity of X. It is easy to show that (see [7])

omx(e) = f{l— |z —yll: 0<y <zl =1, |yl =}
= l—sup{flz —yll: 0<y <z flzf| = 1, |lyll = €}
= l—supfllz —yll: 0 <y <[zl = 1yl =}
The lower modulus of monotonicity d,, x is a convex function on the interval [0, 1] (see
[18]) (S0 6, x is continuous on the interval [0, 1) and nondecreasing on € € [0, 1] as well).
It is also clear that 6,, x(¢) < ¢ for any € € [0, 1]. Obviously, X is uniformly monotone if
and only if 0, x(g) > 0 for every ¢ € (0, 1]. It is easy to see that a Banach lattice X is

strictly monotone if and only if 6,, x(1) = 1.

The number ¢ ,,,(X) € [0, 1] defined by
co.m(X) =sup{e € (0,1): o x(e) =0} =inf{e € (0,1): o x(c) > 0}

is said to be the characteristic of monotonicity of X. Obviously, a Banach lattice X is
uniformly monotone if and only if ¢, (X) = 0.

We can also define another characteristic of monotonicity of X, namely
Eom(X) =sup{e > 0: npx(e) =0} = inf{e > 0: 9, x(g) > 0},
where 7, x is the upper modulus of monotonicity defined for all € > 0 by the formula

mmx(€) = f{[lz+yl —1: 2,y € SL(X), |zl = L, [yl = &}
= inf{[lz +yl —1: 2,y € S (X), lz] = 1, [yl = <}
(see [19] and [20]). It is clear by the triangle inequality for the norm that 7, x(¢) < € for

all € > 0. Obviously, a Banach lattice X is uniformly monotone if and only if 7,,, x () > 0
for all € > 0 or equivalently if & ,,(X) = 0.

Let us also recall relationships between two moduli of monotonicity ¢,, x and 7,, x as
well as relationships between the characteristic of monotonicity £¢,,,(X) and €y, (X).
For arbitrary € € (0,1) the following inequalities hold true (see [19]):

(Sm,X(8/<1 +€)) (Smy)((é")
1 —0mx(e/(1+¢)) ~ i, x (€) < 1= x(e)

Notice that inequalities (1) are equivalent to the following ones

Nm,x (€) Nm,x (e/(1 —¢€))
T pox(e) = omx(&) S 70— )

for any € € (0,1). In [7], Theorem 1, it has been shown that

(1)

(2) 50,m(X> S gIO,m(‘Xv) S 250,m(X>'

It is easy to show that the upper estimate of the characteristic of monotonicity £y, (X) of
a Banach lattice X given above can be improved. Namely, since ||z +y|| > max(||z]|, [|y||)
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for any couple =,y > 0, we have 7,, x(¢) > 0 for all € > 1, whence we get £¢,,(X) < 1.
Therefore
Eo,m(X> S g(]’m(X) S min{l, 2807m(X)}

for any Banach lattice X.
For more informations on the monotonicity properties and coefficient of monotonicity

in some Ké&the spaces we refer to [7], [8], [9], [11], [12], [13], [18], [19] and [20].

2. SOME GENERAL RESULTS

In this part of the paper we give a few general results. First we will present a new
formula for the characteristic of monotonicity €g,,(X) and we will introduce another
modulus of monotonicity and characteristic of monotonicity for Kéthe spaces. Obtained
results will be useful in the last part of the paper in order to calculate the characteristic
of monotonicity in Orlicz spaces. Finally we will investigate £g,,(X).

2.1. A new formula for the characteristic of monotonicity ey ,,(X).

Theorem 2.1. For any normed lattice X the following equality is true

(3) 50’m(X) =1- (Sm,X(li),
where 6, x(17) = lirﬁém,x(e). Moreover,
(4) 5m,X<1_5m,X(5)) =1-—¢

for arbitrary € € (e0.m(X), 1] if €0.m(X) < 1 as well as also in the case when e = ggm(X) =
1.

Proof. If €9, (X) = 1, then by definition of ¢ ,,, (X ), we have §,, x(¢) = 0 for any € € (0,1),
whence we get 1 — 6, x(17) = 1.

Let now €,,(X) < 1, € € (eom(X),1) and n € (0,1 — d,,, x(€)). Then for any z € S(X)
and y € X satisfying 0 <y <z, |ly]| =¢ and ||z — y|| > 1 — 0, x () — n we have

3

[yl = llz = (z = y)ll
1= omx(lz —yl)
< 1=0px(l=dmx(e) —n).
Since d,,, x is a continuous function on the interval [0, 1), by d,, x (¢) > 0 and arbitrariness

of n € (0,1 —6,,.x(e)), we get

(5) g S 1-— 5m,X(1 — 6m,X<5>>‘

IN

Letting ¢ — 1~ we have
1<1—0pmx(1—0dnx(17)),
that is, 0 x (1 — 0 x(17)) < 0, whence

Smxt(1 = Gy (17)) = 0,
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Therefore, £, (X) > 1—6,, x(17). Letting e \ £0.,»(X) in (5), we get opposite inequality,
which ends the proof of inequality (3).

Now we will show that equality (4) holds true. Suppose first that ¢ € (ggm(X),1).
Since 0., x is a nondecreasing function on the interval [0, 1], by inequality (5), defining
t=1—0m,x(g), we get

(6)  1—=0mx(e) =1 =0mx(1—0mx(1—0nx(€)=1—0nx(1—0dnx(t)).

Simultaneously, since d,,, x is strictly increasing on the interval (9,,(X), 1], by equality

(3), we have
807m(X) =1- (Sm7x(1_) <1-— (Sm7x(€) =t<1

for any € € (g9.m(X),1). In consequence, inequality (5) holds also for ¢ in place of &,
which means that

(7) 1= 0mx(1 = 0mx(t) >1—0dnx(e).
Combining inequalities (6) and (7), we get the equality
1-— 5m,X(]- — 6m,X(t)) =1- 5m,X(5)-

Since e,t € (g9.m(X), 1) and d,, x is strictly increasing on this interval, we get the equality
dm.x(t) =1 — ¢, which is just equality (4) for € € (g9 (X),1).

Let now ¢ = 1. Since 6, x(17) < 6, x(1), by inequality (3), we get 1 — §,, x(1) <
1 — 6, x(17) = gom(X), whence 6,, x(1 — 0, x(1)) = 0. Indeed, if d,, x is continuous
at 1, then 0, x(17) = dnx(1) and so 1 — 6, x(1) = 1 — 6, x(17) = £0.m(X), whence
Omx (1 = 0 x (1)) = dmx(€0m(X)) = 0. If 0,,, x is not continuous at 1, then d,, x(17) <
Im.x (1) and s0 1—0,, x (1) < 1—6,, x(17) = £0.m(X), whence, by the definition of g ,,(X),
we have 6,, x(1 — 6,, x(1)) = 0. Therefore equality (4) holds also in this case. O

Remark 2.1. In equality (3), d,, x(17) cannot be replaced by d,, x(1). In Examples
2.1 and 2.2 we will present Banach lattices X for which §,, x(¢) = 0 for any € € [0,1) and
dm.x(1) = 1.

Example 2.1. Let us first consider the space LP = LP([0,1],%,m) with 1 < p < o0
over the Lebesgue measure space ([0,1],2,m). If x € S, (L?) and A € ¥ is such that
|zxall, = € € [0, 1], then we have

L= [lzllf = [Joxpmall, + llzxall? -

Hence for y = xxa, we get [|yll, = ¢ and ||z —y||, = ||:EX[O71]\AHp = (1 —¢e?)"?, whence
L—lz—yll,=1-(1- e?)P In consequence 8, 1»(g) < 1 — (1 —&?)"/?. In order to
show the opposite inequality, let us take arbitrary 0 <y <z € LP, [[z|, =1, [ly[|, > €.
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Then
L= el = [r@autt) = [ 1= o) + o (0t
> [ @y Oduto) + [y Odute) = o = ol + ol
whence

le = yll, < (1= Iyllp)? < (1 =),
This means that 1 —[jz —y[|, > 1— (1 — 57’)%, whence by arbitrariness of x and y, we get
Om,re(e) > 1—(1— 5”)%. Therefore we have 6, 1»(¢) = 1 — (1 — £2)"/? for every € € [0, 1].
Let us define X = @LP~, the ¢*—direct sum of the spaces LP», where p, > 1 for any
n € N and p, / oo as n — oo, equipped with the norm [|z]| = 3777, [|l,]|, for any
t = (z,),, € X with z, € LP» for any n € N. Since any space LP" is order linearly

isometrically embedded into X, where the embedding operator is defined by
L sz, — (0,0, ...,0,2,,0,0,...)
with x,, on the nth place, for any ¢ € [0,1) we have
0 < Onx () < Gppon () =1 — (1 — )P X\, 0

as n — 00, and consequently, d,, x(¢) = 0 for any € € [0,1). Simultaneously, the space
X is strictly monotone as the ¢!—direct sum of uniformly monotone spaces LP» with
1 < p, < oo for any n € N. Therefore d,, x(1) =1 and 9,, x(17) = 0.

Example 2.2. Let now L° = L°([0,00)) be the space of all (equivalence classes of)
Lebesgue measurable real-valued functions defined on the interval [0, 00). For any x € L°
we define its distribution function p by

pe(A) = mit € [0,7): |z(t)] > A}
(see [1], [17] and [21]) and the nonincreasing rearrangement z* of x as
() = inf{\ > 0: p,(\) <t}

(under the convention inf () = co).

Let w : [0,00) — R, be a nonincreasing, locally integrable function called a weight
function. We say that the weight function is regular, if there exists n > 0 such that
fOQtw(t)dt > (1+n) [, w(t)dt for any t € [0,00) (see [9] and [10]).

For any weight function w, we define the Lorentz space by the formula
m:@eﬁwm:/;mmmm<m}
0

Now we will show that for any Lorentz space A, such that the weight function is not
regular but [~ w(t)dt = oo (for example w(t) = min(1,1/t) for ¢ € [0,00)), we have
Oma,(17) =0<1=10m4,(1)
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In fact, since A, is strictly monotone (see Proposition 4.1 in [5]) we have §,, 5, (1) = 1.
Simultaneously, since w is not regular, there exists an increasing sequence (t,)°; in the
interval [0, c0) such that

(8) /0 Y o)t < (1 + %) /0 " (bt

We can find a decreasing sequence of positive numbers (u,)2% ; such that

2t
/ upw(t)dt =1
0

for any n € N. For x, := u,Xp2t,) and yn = UnXjor,) (1 € N), we get 0 < y,, < @y,

|z,]| = 1 and, by inequality (8), 5
that =5 < |z, — yal| <1 for any n € N. Therefore d,, 4, () = 0 for any ¢ € [0, 1).

< |lynll < 1. Since (z,, — yn)* = y*, we also have

Problem 1. In the above examples it has been shown that there are Banach lattices
for which d,, x(17) < 0, x(1) and £, (X) = 1, i.e. ,, x(17) = 0. It is natural to ask if
there exist spaces, for which 0 < §,,, x(17) < 6 x(1).

From Theorem 2.1 and the definition of the modulus d,, x (see the preliminaries) we
have the following

Corollary 2.1. For arbitrary Banach lattice X the following formulas hold true
om(X) = lim (sup{llz —yll: 0 <y <z flzf| =1, |lyll = €})
= lim (sup{flz —y[: 0y <z flz| =1, |yl = <}).

2.2. Modulus and characteristic of monotonicity in Kothe spaces. Denote by
(T, %, 1) a positive, complete and o—finite measure space and by L° = L%(T, %, u) the
space of all (equivalence classes of) real-valued and ¥—measurable functions defined on 7.
For two functions z,y € L we write z < yif z(t) < y(t) p—a.e. inT. By E = (E, <, ||||r)
we denote a Kothe space over the measure space (7', X, ), that is, E is a Banach subspace
of L which satisfies the following conditions (see [14] and [21]):

(i) If |#| < |y|, y € F and x € L°, then = € F and ||z|/; < ||yll;-

(ii) There exists a function # € E which is strictly positive u—a.e. in 7'
In K6the spaces the definition of the characteristic of monotonicity can be simplified using
another modulus. Using the new formula for the characteristic of monotonicity of Kothe
spaces it should be easier to calculate this coefficient in concrete class of Kothe spaces. We
will see this advantage of the new formula in the class of Orlicz sequence spaces endowed
with the Luxemburg norm. Let us define for £ the modulus gm g :[0,1] — [0,1] by the

formula
Smp(e) =mf {1 — [lz —axallp: 220, |e), =1, AE€E, laxallp > e}

Obviously, the modulus ng is nondecreasing with respect to ¢ € [0,1] and 6,, x(¢) <
dm.p(e) < e for any € € [0,1]. It is also possible to prove similarly as for the modulus
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dm,x in [7] that

~

Omp(e) = Wf{l —[lz—axalp:z >0zl =1A4€X loxallp = e}
= l—sup{[lz —axalp: 220 |zlp =14 €% [lexalp = &}
= l=sup{[lz —axallp: 220 |z[p =1, A€ [lexalp =€}
The characteristic of monotonicity €y, (E) corresponding to the modulus gm g 1s defined
by
Bom(E) = sup {= € [0,1): b p(2) = 0} = inf {& € [0,1): 5,(6) > 0}
We have the following

Proposition 2.1. For arbitrary Kothe space E the following formula holds true

Eo.m(E) = sup {lim sup ‘ TnX A"

n—oo

(0 € SE) () € 2l — 1}
Proof. Let us denote

a(FE) = sup {lim sup ‘

n—oo

First, we will show that &p,,(£) < a(£). In order to do it, assume that &;,,(£) > 0 and
e €1[0,&0,m(E)). Then 0, g(c) = 0 and so

sup {[loxallp : 2 2 0.2l =1L A €D, laxyllp =c} = 1.

Then there are a sequence (z,,) in S; () and a sequence (A,) in ¥ such that ‘
and ||z, x4, |l — 1. Therefore ¢ < a(FE), whence &p,,,(E) < a(E).
In order to prove the opposite inequality assume that &y,,(E) < 1 and € € (£y,,(F), 1],

ie.
9) sup {|lzxallp i 2 >0, |zl =1, A€ S, laxylz > e} <1

because of gm,E(g) > 0. We will show that a(F) < e. Otherwise we would have a(E) > ¢
and then there are a sequence (z,) in S, (F) and a sequence of sets (A4,) in ¥ such that

X
WX,

|znXa, |l — 1 and ‘ > ¢ for n large enough. Hence we have
E

sup {lzxallp x> 0, ||zllp =L A€ X, Jaxyllp > e} =1,

which contradicts inequality (9). Therefore, a(E) < e and in consequence, by the arbi-
trariness of € € (€p,n(E), 1], we conclude that a(E) < &, (E). O

Now we will show that both characteristics of monotonicity €y, (E) and &p,,(E) are
equal in Kothe spaces. In order to prove this fact we will prove first the result that will
be helpful to prove this equality.

Lemma 2.1. If E is a Kothe space then for any positive € and § satisfying the condition
€+ 0 <1 the inequality 6, (e + 6) > 60 g(e) holds true.
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Proof. Let €, € (0,1) be such that e + < 1 and ng(s) > 0. Assume that 0 <y <z,
|z]|z =1 and ||y||z > €+ 6. Let us define

A={teT: y(t) < 6z(t)}.

Then [lyxally < [[0z]p = 0. Since e +6 < |lyllz < lluxallp + llyxallz we get that

lyxallp = €. Therefore

le=yls < llz—yxwllp < llo = oxlly = 10 = 0o+ bz — doxr 5
(1= 9) lallp + 8l = x5 < (1 = 8) +6 (1= n.n(e))
= 1—66,.0(c).

IN

Hence for all 0 <y < x such that ||z||z =1, ||y||z > € + J, we have that 1 — ||z — y||; >
30m.p(€), whence 6, g(e +0) > 00, 1(€). O

Theorem 2.2. For arbitrary Kothe space E we have the equality
com(E) = Eom(E).
Proof. Since 6,, g(e) < ng(&‘) for all € € [0, 1], we have
(10) Eom(E) < eom(E).

In order to get the inequality £y, (E) > €o.m(E), we need to consider separately two cases;
namely the case when ¢¢,,,(E) < 1 and the case when €¢,,(F) = 1.

Case 1. Assume that ¢;,,(E) < 1. By virtue of inequality (10), we have &y,,(EF) < 1
and 0, (e) > 0 for all € € (Zy,,(E), 1). By Lemma 2.1, we have

~

Om.p(e1) > (€1 —€)0me(e) >0

for all € and &, such that &y,,(E) < € < &1 < 1. Therefore, we obtained that d,, g(e1) > 0
for any &1 € (Egm(E), 1). Hence

50,m(E) = inf{slz 5m,E(51) > O} < §07m(E)

Case 2. Assume now that £¢,,(F) = 1. We will prove that &y ,,(E) = 1. Assume for the
contrary that p,,(£) < 1. Then, similarly as in Case 1, we get that d,, (1) > 0 for all
€1 € (Eom(F),1), whence g9, (E) < Eom(E) < 1, a contradiction. Therefore ¢¢ ,,(E) = 1
implies that &p,,(E) = 1. O

Now, we will prove the following
Corollary 2.2. For arbitrary Kothe space X the following formulas are true
(1) gom(E) =Eom(E) = lim sup {[axyllp: v € 54(F), A€ [lrxally > e}

= lim sup {[loxy [l : @ € S4(E), A €, loxallp = £}
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Proof. Note that for any ¢ € (0,1),

JJnXA;l

n—oo

¢ ) € 4B, (4) € S llenva s — 1

< sup{|laxyllz: 2z € SL(E), A€, |lzxally >c}.

sup {lim sup ‘

Hence, by Proposition 2.1 and the arbitrariness of ¢ € (0,1), we get
(12)  Eoul(B) < lim sup {Jloxylly: 7 € S4(E), A €S Jaxallp > <}
Simultaneously, by Corollary 2.1 and Theorem 2.2,
(13) Tim sup {[lox |5 @ € S4(E), A €S, [laxally > €}

< lim (sup {flz —yf: 0 sy <z flz =1yl 2 €}) = com(E) = Eom(E)-
Combining (12) and (13), we get inequality (11). O

Problem 2. We have d,, x(¢) < gm,E(s) < ¢, eom(E) = Eom(E) (that is, 0, x(c) =
ng(s) = 0 for any ¢ € [0,0,»(F)) and lim._1_ d,, x(€) = lim. ng(g). It fol-
lows from Example 2.1 that J,, x(¢) = ng(e) for any € € [0,1] for the space £ =
LP(]0,1],3,m). So, it is natural to ask if these two modulus are equal in arbitrary Kothe
spaces?

2.3. Characteristic of monotonicity £;,,(X) of a Banach lattice X. Analogously
as for €9, (X) (see Theorem 5 in [7]) we get the following

Proposition 2.2. For arbitrary Banach lattice X the following formula holds true

E0.m(X) = sup{limsup ||z, — z,|| : 0 <z, < 2, ||z0]| = 1, || 20| — 1}

n—oo

Proof. Let us denote

a(X) = sup{limsup ||z, — z,|| : 0 <z, < 2, ||zl = 1, [|20]| — 1}

n—oo

First, we will show that £y,,(X) < «(X). In order to do it, assume that ¢ > 0 and let
nm.x () =0, Le.

inf{||z|]| : 0 <z <z ||z]|=1,||]z—z|| =¢} = L.
There are sequences (2,)5, C S+ (X) and (z,)22, C X, such that ||z,|| =1,0 <z, < z,,
|zn — xn]| = € for any n € N and ||z,]| — 1. Hence, for arbitrary & > 0 such that

Nm.x (€) = 0, we have

e <sup{limsup ||z, — a1 0 < @ < 20, [l2nll = 1, [|20]] = 1} = a(X).

n—oo

Therefore

(14) Zom(X) < a(X).

Now, we will show the opposite inequality. In order to do this, assume that ¢ > 0 and
nm.x () > 0, Le.

(15) inf{ljz]| 0 <z <z|z|=1|z—=z|]| >} > 1.
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Then «(X) < e. Indeed, in the opposite case it would be a(X) > ¢, and then there were
sequences (2,)5, C S4(X) and (z,)22, C X, such that 0 < z, < z, for all n € N,
|zn|| — 1 and ||z, — x| > € for n € N large enough. Hence we get

inf{||z]| 0 <z <z|z| =1,z —=x| >} =1,

which contradicts inequality (15). Therefore, a(X) < ¢ whenever € > 0 and 7,, x(¢) > 0.
Consequently, a(X) < &y,,(X), which together with (14) ends the proof. O

3. CHARACTERISTICS OF MONOTONICITY IN ORLICZ SPACES

In the last part of our paper we will present formulas for the characteristic of mono-
tonicity in Orlicz function spaces and Orlicz sequence spaces. Let us start with some basic

notions.

A map ¢ : R — [0,00] is said to be an Orlicz function if ® is a nonzero function that
is convex, even, vanishing and continuous at zero, left continuous on R, which means
that lim, @)~ ®(u) = ®(b(P)) (for the definition of b(P) see below). Given any Orlicz
function ® we define on LY = LY(T, %, 1), where p is nonatomic, a convex modular by

the formula

(see [4], [16], [22], [23], [24], [25]). The Orlicz function space L* = L*(T, ¥, 1) generated

by an Orlicz function @ is defined as
L* = {z € L°: I3(\x) < +oo for some A > 0}.
We equipped this space with the Luxemburg norm
|z]|ls = inf {)\ > 0: Iy (;) < 1}.

In the sequence case, that is, when T'=N, 3 = 2% and pu(A) = card(A) for any A C N,
we define on (0 = (O(N, 2N ;1) a convex modular Ig, by

Io(z) =Y @ ((n)).

The Orlicz sequence space ® we define analogously as L® and also consider with the

Luxemburg norm.

We say that an Orlicz function @ satisfies condition A, for all uw € R, (at infinity) [at
zero] if there is K > 0 such that the inequality ®(2u) < K®(u) holds for all v € R (for all
u € R satisfying |u| > ug with some ug > 0 such that ®(ug) < 00) [for all u € R satisfying
|u] < up with some uy > 0 such that ®(uy) > 0]. We write then ® € Ay(R;) (P € Ay(0))
[® € Ay(0)], respectively. Let us note that & € Ay(0) implies that ¢ vanishes only at
zero and ® € Ay(oo) implies that ®(u) < oo for all u € R.

We will use two well known parameters for the Orlicz function ®: a(®) := sup{u >
0: ®(u) =0} and b(P) := sup{u > 0: ®(u) < co}.
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3.1. The characteristic of monotonicity &,,(L*) of Orlicz function spaces. We
start with the following

Lemma 3.1. Assume that ® is an Orlicz function with a(®) > 0 and satisfying the
condition Ay(c0) and let ¢ € (a(®P),+00). Then for any e € (0, 1) there exists §() € (0,1)
such that if v € L?, |z(t)] > ¢ for p—a.e. t € T and Is(x) < 8(e) then ||z|l4 < €.

Proof. Since ® € Ay(00), so there are ug > a(®) and K > 2 such that ®(2u) < KP(u)
for any u > uy. We can assume that ¢ < ug. Since the interval [c, ug] is compact and the
q;(éf)) is continuous on this interval, we have that L := sup {4;((25)) tu € e, uo]} <
oo. In consequence, ®(2u) < max (K, L)®(u) for all u > ¢. Let us denote the right
hand side derivative of ® by ¢. Since for any ¢t > ¢, tp(t) < ®(2t) < (), where

v :=max (K, L), we have

function

to(t
M::supsp()<oo

>c P(t)

Therefore, taking any v > ¢ and a > 1, we have

/ @dtg %dt,
w  2() w t

whence
d(au) < MO (u).

In consequence, if 0 < 3 <1 and u > 0 are such that Su > ¢, we have

o(0) = @ (5 650)) < 7200,

whence

O(pu) > M ®(u).
Therefore, if + € L? and ¢ are as in the formulation of the Lemma, then assuming
Is(z) < eM < 1, we have

X ZT
stk@=b<M@MT)wab( ):ww,
b

[l
whence [|z]|, < e. In such a way we proved our lemma with §(g) := M. O

Lemma 3.2 ([7], Lemma 4). Let u(T) < oo and ® € Ay(co). Then for any € € (0,1)
there is p(e) € (0,1) such that if 1 > ||lz,[le = 1 —p(e), then Io(z) > 1 —¢.

Theorem 3.1 ([7], Theorem 6). If u(T) < 0o, & € Ay(c0) and a(P) > 0, then
a(®)
(@)’

where ¢(®) is the nonnegative constant satisfying the equality ®(c(®))u(T) = 1.

5m,L<I>(1> - ]_ -

Theorem 3.2. Let L® be an Orlicz function space. If u(T) < oo, then the following

statements hold true:

(i) If ® € Ay(00) and a(®) = 0, then g9m(L*) = 0.
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(ii) If ® € Ag(o0) and a(®) > 0, then €g,, (L) = Zg)), where ¢(®) is the nonnegative
constant satisfying the equality ®(c(P))u(T) = 1.

(iii) If ® ¢ Ay(00), then gom(L?) = 1.

Proof. (i). If ® € Ay(0o) and a(®) = 0, then the Orlicz space L® is uniformly monotone
(see [19]), so ggm(L?) = 0.

(7). By Theorems 2.1 and 3.1, we have
a(®)
c(®)
Now, we will show that for any 6 € (0,1) there exists o(f) € (0,1) (close enough to 1)
such that if 0 <y <x € S, (L?) and ||y||, > o(6), then

(16) gom(LT) >

a(®)
1 — <(1+4 0.
a7) o= ula < (14 0) 457 +
Then, by Corollary 2.1 and equality (16), we will get g, (L?) = ig))

For any fix 6 € (0,1), by Lemma 3.1, we can find §(0) € (0,1) such that ||z]l¢ < 6 for
any z such that Is(2) < §(0) and |2(t)| > (1 + 6)a(P) for p-a.e. t € T. Next, by Lemma
3.2, we can find p(§(0)) € (0, 1) such that Is(x) > 1 — 6(0) whenever ||z||ls > 1 — p(6(6)).
Denote o(6) =1 — p(4(6)).

Now for any fixed z and y such that 0 <y < x € S, (L?) and ||y, > o(6) we define
the set

Apy={teT:z(t) —y(t) > (1+0)a(P)}.

Since ® is superadditive on R, we have
1=Is(z) = lo((z —y) +y) = lo(z —y) + La(y),
whence, by [ly|ls > 0(6), we get
lo(z —y) <1 —la(y) <1—(1-6(0)) =d(6).
In consequence

Iy ((z = y) Xa.,) < 6(0)

and, by virtue of Lemma 3.1,

(18) (@ = y) xa,, || <0
Simultaneously, 0 < (z — y) Xa,, < (1+ G)a(CID)XA;y < (14 0)a(®)xr, whence
a(®)
_ , < = :
(19) [ = [, = 0 Ba@ Il = 0+ T

Combining (18) and (19), we get (17), and the proof is finished.

(4i1). Recall also that if ® ¢ Ay(oc0), then the Orlicz space L® contains an order iso-
morphically isometric copy of [*° (see [6] and [26]), whence §,, 1+ (1) = 0 and consequently
€O’m(Lq)) =1. O
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Proceeding analogously as in proof of Theorem 3.2 (i) and (ii7), we get the following

Theorem 3.3. Let L® be an Orlicz function space. If p(T) = oo, then g9m(L*) = 0
whenever ® € Ay(R) and g9, (L*) = 1 otherwise.

3.2. Characteristic of monotonicity of Orlicz sequence spaces. We start with a

result that will be important for proving the main result of this section.
Theorem 3.4. If the Orlicz function ® satisfies the condition Ay(0) and ®(b(P)) €
(%, 1), then
Omee (1) = 1 —sup{|[zf|g : fo(x) =1—2(b(P))}.

Proof. Let us take arbitrary = such that Ig(z) =1 — ®(b(P)) and define
y = (b(®),[z(1)],[x(2)],...) and z = (b(®),0,...).
Then 0 < z <y, ||z]l = llylls = 1 and ||y — z||g = ||z]| 5. Therefore,
(1) 1= lly = 2llg = 1= [le]l,
and by the arbitrariness of x, we have
5o (1) < 1—sup {2y : Tal) = 1 — DH(®))}.
In order to prove the opposite inequality it is enough to show that the inequality

(20) 1y = zlle < sup {[lz]ly : fo(z) =1 = O(b(®))}

holds for any couple of elements y and z such that 0 < z < y and ||z||4 = ||ylls = 1.

First assume that y(i) < b(®) for every i € N. Since there is at most only one coordinate
io satisfying @' (1) < y(ip) < b(®), we can find A > 1 such that Ay(i) < ®(b(®)) for any
i € N. Hence applying the assumption that ® € Ay(0) we get that Is(\y) < oo, whence
Is(y) = 1. Since 0 < z < y, then in a similar way as for y we obtain that I4(z) = 1. Since
® € Ay(0), we have a(®) = 0, whence we get that z(i) = y(i) for any ¢ € N. Therefore
|ly — 2|l = 0 and inequality (20) is true.

Let now there exists n € N, for which y(n) = b(®). Since ||z||; = 1 and 0 < 2z < y,
we get z(n) = b(®). Let us denote by 7 the element y if Is(y) = 1 or the element
(y(1),y(2),...,y(n—1),b(P),g(n+1),y(n+2),...), where g(n+ 1) is chosen in such a way
that Is(y) = 1. Then

ly—2lle = | —2) xmgmlle < [l e < 70Xl
< sup{||zllp : lo(z) =1 —D(b(P))},

which finishes the proof. O

N

For the sake of completeness we give proofs of Lemmas 3.3 and 3.4 because we do not
know the papers in which they were also proved for degenerated Orlicz functions, that is,
for Orlicz functions ® with ®(b(®)) < 1.
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Lemma 3.3. Let ® € Ay(0) and @' (3) < a < b(®). Then Ip(zm) — 1 provided
that ||zm|le — 1 for any sequence (x,,) such that z,, € B({®) and |z,,(n)| < a for all

m,n € N.

Proof. Assume that there exists a sequence (x,,,) in B((®) such that ||z, ||e — 1, |zm(n)]| <
a for any m,n € N and Is(z,,) does not tend to 1 as n — oco. Passing to a subsequence
if necessary we can assume that there exists 6 > 0 such that Ig(z,) < 1 — 0 for all
m € N. Since ® € Ay(0) we can find n > 1 such that n < @ and ®(nu) < 5P (u) for
u € [0,a]. Therefore Ip(ny,) < t5lo(zm) = 1, whence we have ||z, [l < % < 1, which

is a contradiction. O

Lemma 3.4. Assume that ® € Ay(0). Then for an arbitrary sequence (x,,) such that
Is(2m) — 0, we have ||z, || — 0.

Proof. Let us take an arbitrary but fixed sequence (x,,) such that I¢(z,,) — 0. We will
show that Ig(Az,,) — 0 for arbitrary A > 0, whence we obtain that ||z,,|| — 0 (see [24]).

Take an arbitrary but fixed A > 0 and € > 0 and let n be the smallest natural number
such that A < 2". Since ® € Ay(0), there exists K > 0 such that ®(2u) < K®&(u) for
u < Y& By Is(zm,) — 0 we can find mg € N such that

I () < mm{q) (ggg) K_}

for m > mg. Hence |z,,(n)| < 57(3)1 for any n € N and m > my, and finally

3

€
for m > mg, which ends the proof. OJ

Theorem 3.5. Let (® be an Orlicz sequence space. Then the following statements are

true:

(i) If @ ¢ As(0) or P(b(P)) < %, then egm (L) = 1.
(i) If ® € Ay(0) and 3 < ®(b(P)) < 1, then

com((”) = sup{[llly : La(z) =1 — O(b(®))}.
(iil) If @ € Ay(0) and ®(b(P)) > 1, then gy, (L*) = 0.

Proof. (i). If ® ¢ A,(0), then the Orlicz sequence space ¢® contains an order isomor-
phically isometric copy of ¢*° (see [6] and [26]), whence §,,4¢(1) = 0 and consequently
g0,m((®) = 1. Assume now that ®(b(®)) < 1. Defining

x = (b(®),b(P),0,0,...) and y = (b(P),0,0,0,...),

we have that 0 < y < z and 2,y € S;(ls). Moreover x —y = (0,b(®),0,0,...), so
|z — y|| = 1. Consequently 0, ¢, (1) =0, s0 €g.m(ls) = 1.
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(7). In the first part of the proof we will show that there exists ey € (0,1) such that
the inequality

(21) sup {|[zxallp : @ € S+ (%), A C N, ||zxalls > €}
<sup{|[zflg : lo(z) =1 — @(c - b(®))} .

is true for every ¢ € [g9,1). In order to do this, let a = &' (max (3, 2®(b(®)) — 1)).
Then obviously @' (1) < a < b(®). By virtue of Lemma 3.3, we can find &; € (0,1) such
that Ip(z) > ®(b(®)) if ||x||4 > €1, for every x € B(*) satisfying |z(i)| < a for any i € N.
Let us define the constant £5 € (0,1) by the equality €9 - b(P) = a. Since & € Ay(0), we

can also find e3 from the interval (0,1) such that the inequality

(22) o (g) < (1 + %) ®(u)

holds for € € [e3,1) and u € [0, a]. Finally, we put g = max(eq, €3, €3).

Take now arbitrary € € [gg,1). We will show that Ig(xx ) < 1 — ®(c - b(P)) for any
z € S;(¢®) and any set A C N such that ||xxlly > €, whence we will obtain inequality
(21). We need to consider two cases.

Let |z(i)| < a for every i € N. Then the definition of gy (9 > 1) yields that Ip(zxa) >
O(b(P)). Hence Ip(xxy) <1—P(b(P)) <1 —P(c-b(P)).

Assume now that there exists exactly one n € N such that z(n) € (a,b(®)]. Since
1
2
by the definition of 5 (g9 > 1), we get HxXN\{n}H@ < ¢, whence n € A. We have to

Lo(zxmmy) <1 = @(x(n) <1-2(a) < 5 < B(b(P)),

consider two different subcases.
First, if ©(n) € (a,e - b(®)), then X2 < b(®). Hence, by [[zxa > ¢, we get

() 3 o(2)-

i€ A\{n}

Yoo (@) >1-@ (@) > 1 —d(b(D)).

i€ A\{n}

and consequently

Since z(i) < a for any i € N\ {n}, by the definition of £y (g9 > €3) and inequality (22),

we obtain
> e G)
ieA\{n}

Wl N

(1= 2(b(®))).
Therefore

Ia(axa) = ®(za)+ Y ®x(i)) = P(a) +§(1 — &(b(2)))

> (th(b(tb)) - Z) + (5 — §<I>(b(<1>>)> = ©(b(2)),
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Let now z(n) € [e - b(P),b(P)). Then
(23) Io(@xy) = 1= To(axa) < 1— (x(n)) < 1 - B(eb(D)).
It is worth noticing that in the above inequality we can obtain the equality for A = {n}
and x(n) = - b(P).
In the second part of the proof we will show that
(24)  lim sup{|lzlly : Lo(2) =1 - ®(e-0(®))} = sup {[|zlly : [o(z) =1~ 2(b(2))},
whence, by virtue of inequality (21) and Corollary 2.2, we will get
(25) Com((7) = Eo(0) < sup ||y ¢ Lo(x) = 1 — D(b(®))}.

Since, by Theorem 3.4, we have the opposite inequality to (25), the proof will be finished.
Let € € [eo,1). Then for arbitrary x satisfying Io(x) = 1 — ®(e - b(P)) we can find y
such that 0 <y <z and Is(y) = 1 — ®(b(P)). By superadditivity of the Orlicz function

®, we can write
®(z(n)) = ©(z(n) —y(n) +y(n)) = ®(z(n) —y(n)) + 2(y(n))
for n € N, whence
Io(x —y) < Io(z) — Io(y) = P(b(P)) — P(c - b(D)).

Since @ is left continuous at b(®), by Lemma 3.4, there is o(g) > 0 such that ||z — y||, <
o(e), whence ||z]|4 < ||y|lg + o(e). Consequently

(26) sup {[|zlly : Lo(2) =1 = ®(e-b(®))} <sup {[|zly : Lo(x) =1 = B(b(P))} + a(e).

Assuming now that ¢ — 1~ and applying again Lemma 3.4 we have that o(g) — 0, which
gives (24).

(¢73). It is well known that the condition ® € Ay(0) implies that a(®) = 0, which
together with the condition ®(b(®)) > 1 gives that £ is uniformly monotone (see [19]),
that is, g9, (¢®) = 0. O

Remark 3.1. Formulas given in Theorems 3.4 and 3.5(ii), respectively, are not com-
pletely constructive because they are not expressed in terms of the generating Orlicz
function only. However, finding better i.e. "more evident” formulas will be probably very
difficult because these formulas can have different forms depending on the Orlicz function

®. We will illustrate this phenomena in some examples below.

In Example 3.1 we will show that for some Orlicz functions ¢

(1 — 2(b(D)))
b(®)

sup {[[z]lg : To(z) =1 — ®(b(®))} =
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Example 3.1. Assume that ®(u) = u" for u € [0,6(P)] and P(u) = oo for u €
(b(®), 00), where n € N and b(P) € (’\l/» 1) Let us take arbitrary x such that Io(x) =

27
1 —®(b(P)) =1— (b(P))". We will consider two cases separately.
First assume that u(suppz) =1, ie. |z| = @71(1 — &(b(®)))e; = /(1 — (b(P))")e; for

some ¢ € N. Then

: (yi=e@y) )
fo | oG ao@y | = (Viomr) = (b(®))" < 1.

oe) @

Simultaneously, for A < w, we have that @ > b(P), whence Iy (f) = oo and

consequently ||z||, = w_

Assume now that u(supp x) > 2 Then there exists §, > 0 such that |z(i)] <

O (1—P(b(P = /1 - — 6, for any i € suppz. Then

N iem%ﬁ'x“)'” (= @) - (p(@)”
®\ 2 la-20@) (3/1-w@)m)" 1 — (b(®))"

oe) UOIR

< 1.

Since ® € Ay(0), there exists A < &A@ gych that I (

(@)
2 (1-2(b(9)))
b(®) )

§) < 1, so [|z]y <

In the next example we will find an Orlicz function ®, for which

sup {|[zlg : Jo(z) = 1 = @((®)} = ——A5—

Example 3.2. Let

U for we [O, %)
O(u) =< du— % for ue [%, %}
00 for u > %.
Then b(®) = 2, @ (2) = &, 0 (1@ () = & (3) = &, @ (“58) = & and
1 (4) = & %0

For z such that p(supp(z)) = 2 and |2(i)] = 15 for ¢ € supp(z), we have that Is(z) =

1_(1)(%):_&1(1(1[@(%):5(9-i)———1 whence [|z], = 1.
2

Notice also that if [x| = Ze; for some i € N, then Io(z) = 2 and |zfl, = 3 <

5
9
Finally, let us take arbltrary  such that Ie(z) = 5, p(supp(z)) > 2 and |z(i)| # 5 for
some i € supp(z). It is easy to see that we can find j € supp(zx) for which |z(j)| < %

1
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Moreover, ®(u) > u for any u > 0. Hence, denoting by ¢(t) the right hand-side derivative
of the Orlicz function ®, we have

() - 5 o)

i€supp()
= X (2(F0) -o6m)+ X o6
icsupp(x) icsupp(x)
(i) (i)
= Y /gp(t)dt+0,2< > /5dt+0,2
isupp(z) 2(s) isupp(z) 2(;)

9
= 5(5—1>in+0,2§1.

This inequality and ® € Ay(0) imply that ||z < 2

In the last example we will show that for some Orlicz functions ®,

(1 — 2(b())

S o1 =1—®b(P))} > ma ,8 "
(el £ o) =1 = @(0(@)} > max § =B s
Example 3.3. Let
U for u e [0, %
11 20
CD(U) _ ou — 100 for w € (m, 1—(1?]
20 2
6u — 100 for u S (m’l_()ﬂ]
00 for u > %
Then b(®) = 25, ® (b(®)) = 5 and @7 (1 — @ (35)) = D7 () = 1, 50
O (12 () 8
b(P) 15
Since -2 ( %) < % > 2, we have
100 _ 1-¢ (%) _ 2
n 10n
for n > 2. Obviously @' (1) = L for n > 10, whence
d— 1 1 q>(100)
(=)
IO
for the same n. By &1 (%) < % forn =2,...,9, we get &1 (%) = % for the same

n. Thus for such n (i.e. for n =2,...,9) we get
100)>
= 25 25

R G B

&(
d-1 T — 100+44n 25 11 S 4_7
(%) 500m +1lln
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Finally,
1 (1-0(3))
Pl(1—d(2hy) O (—n > ) 8
max su = —.
H(@) e ol (L) 15
Simultaneously, for z such that |z| = %e@- + 1%06]- for some 7,7 € N, we obtain that

Ip(z) = 2 and ||z||p = 505, so sup {||z]lg : To(z) =1— P (35)} > &.
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