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Abstract

A weak solution of the Neumann problem for the Stokes system in
Sobolev space is studied in a bounded Lipschitz domain with connected
boundary. A solution is looked for in the form of a hydrodynamical single
layer potential. It leads to an integral equation on the boundary of the
domain. Necessary and sufficient conditions for the solvability are given.
Moreover, it is shown that we can obtain a solution of this integral equa-
tion using the successive approximation method. Then the consequences
for the direct boundary integral equation method are treated. A solution
of the Neumann problem for the Stokes system is the sum of the hydro-
dynamical single layer potential corresponding to the boundary condition
and the hydrodynamical double layer potential corresponding to the trace
of the velocity part of the solution. The boundary behavior of potentials
leads to an integral equation on the boundary of the domain where the
trace of the velocity part of the solution is an unknown. It is shown that
we can obtain a solution of this integral equation using the successive
approximation method.
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1 Introduction.

The use of a harmonic single layer potential for solving the Neumann problem for
the Laplace equation has a long history. If we look for a solution of the Neumann
problem in the form of a harmonic single layer potential with an unknown
density, we obtain an integral equation on the boundary of the domain. (It is so
called indirect boundary integral equation method.) It is a classical result that a
solution of this integral equation can be constructed by the Neumann series for a
bounded convex domain (see [19], [20], [21], [22], [12], [11], [7]). (For the history
of the problem see [30].) In 2001 O. Steinbach and W. L. Wendland studied a
weak solution in H'(G) of the Neumann problem for the Laplace equation on
a bounded domain G with connected Lipschitz boundary in R? and R? by the
indirect boundary integral equation method ([27]). They proved that a solution
of the corresponding integral equation can be calculated by the Neumann series.
In 2007 the same result was proved by different methods by M. Constanda (see



[3]) and D. Medkova (see [15]). (A similar result for more general open sets
can an interested reader find in the paper [16] published in 2009.) O. Steinbach
and W. L. Wendland used their result in the study of the Neumann problem
for the Laplace equation by the direct integral equation method (see [26] and
[9]). This method utilizes the fact that a harmonic function v € H'(G) is the
sum of the harmonic double layer potential with density given by the trace of u
and the harmonic single layer potential corresponding to the normal derivative
of u. Using the boundary behavior of harmonic potentials we obtain an integral
equation on G, the boundary of G, where the trace of u is an unknown density.
Since this equation is adjoint to the integral equation obtained for the indirect
boundary integral equation method, they deduced that a solution of the integral
equation can be calculated by the Neumann series.

In this paper we obtain a similar result for the Neumann problem of the
Stokes system. We construct a solution u € H*(G), p € L*(G) of the Neumann
problem for the Stokes system

Au=Vp in G, V-u=0 in G, (1)

T(u,pn® =g on 0G (2)

using methods of hydrodynamical potential theory. Here G is a bounded domain
with connected Lipschitz boundary in R™, n® is the outward unit normal vector
of G, u= (u1,...,un) is a velocity field, p is a pressure and

T(u,p) = 2Vu — pI (3)

is the corresponding stress tensor. Here I denotes the identity matrix and
- 1
Vu = [Vu+ (Vu)™ (4)

is the strain tensor, with (Vu)? as the matrix transposed to Vu = (9;uy),
(k,j=1,...,m). Remark that V-u = d1u; + -+ - + Oty is the divergence of
u.

Many authors have studied the Neumann problem for the Stokes system.
Y. Shibata, S. Shimizu studied in [25] the Neumann problem for the Stokes
system on bounded domains with C*2 boundary and boundary conditions given
by the trace of functions from W19(G). The Neumann problem for the Stokes
system with boundary condition g € L?(dG) was studied in [4]. M. Kohr
studied by the integral equation method classical solutions of the Neumann
problem for the Stokes system on domains with smooth boundary (see [10]).
The same problem was studied by the author in [17]. The authors of [10] and
[17] found necessary and sufficient conditions for the existence of a classical
solution of the problem. The solution of the problem was looked for in the form
of a hydrodynamical single layer potential and it was shown that the original
problem is equivalent to some boundary integral equation on the space of Holder



continuous functions on the boundary. It was shown in [17] that a solution of the
integral equation can be calculated by the Neumann series and the successive
approximation method converges.

In the present paper we develop necessary and sufficient conditions for the
existence of a solution of the Neumann problem for the Stokes system in H!(G),
where G is bounded domain with connected Lipschitz boundary in R™. First
we study the problem using the indirect integral equation method. We look for
a solution in the form of a hydrodynamical potential with an unknown density
from H~1/2(0G).We construct a solution of the integral equation in the form
of a Neumann series. We also prove that a solution of the integral equation can
be approximated using the successive approximation method. Then we turn to
the direct integral equation method. We shall show again that a solution of the
corresponding integral equation can be obtained by the successive approxima-
tion. The integral equations corresponding to the direct and indirect BEM are
not uniquely solvable. It might be a problem. In a numerical application we
substitute the boundary condition g by some function g which is close to g.
Now we want the solution of the integral equation S¥ = g to be close to the
solution of the original equation SW¥ = g. But the new equation might not be
solvable. So, we shall find a modified integral operator S such that the integral
equation SW = g is uniquely solvable and the corresponding solution ¥ is also
a solution of the original integral equation SW = g provided only this equation
is solvable. Then we shall construct a solution of the modified integral equation
S® = g in the form of a Neumann series and prove that a solution of the inte-
gral equation S® = g can be approximated using the successive approximation
method.

2 The surface potentials

The aim of this section is to assemble some basic facts on hydrodynamical
potentials.

Let G C R™ be an open set with compact Lipschitz boundary 0G. Denote
G° := R™\ clG its complement with 9G® = 0G. Here cl G denotes the closure
of G and JG the boundary of G.

If X(M) is a vector space of real functions (or distributions) on a set
M denote by X(M,C) its complexification, i.e. X(M,C) = {v1 + ivg;v1 €
X(M,R) = X(M),vo € X(M)}. If K =Ror K =C and k € N, we denote
X(M,K*)={u=(u,...,up);u; € X(M,K) for j =1,... k}.

Denote by w,, the surface of the unit sphere in R™. For x € R™ and
J.k=1,...,m define

N S i
Eup(x)={ n o+ ] w2 (5)
J - 1 1 ;T _
in |:6]k In m + I;‘Qk 5 m = 2,



Tk

Qr(x) = (6)

For ¥ = [¥,...,¥,,] € L'(0G, R™) define the hydrodynamical single layer
potential with density ¥ by

wm\x|m'

(Eq®)( /Ex y)®(y) dy (7)

whenever it makes sense and the corresponding pressure

Qo) (x /Qx— (y)dy, xcR™\0G. (8)

Then EqW¥ € C*°(R™\0G,R™), Qc¥ € C*(R™\0G,R'), VQc¥ —AEc¥ =
0, V-Eg¥ =01in R™\ 0G. We have the following decay behavior as |x| — oo:

Eq®(x) = O(|x[*™™), m > 2,
Ec¥(x) =0(nlx|), m=2,
Q¥ (x), [(VEG®)(x)| = O(|x|'~™).

/‘I’(y) dy =0
oG

Ec¥(x) =O(x|™), [VEc¥(x)|=O0(x["?).

Now we define a hydrodynamical double layer potential. Fix y € G such
that there is the unit outward normal n%(y) of G at y. For x € R™\ {y},
J,ke{l,...,m} put

If m =2 and

then

m (y; — x; —x —x)-n¢
KS(x,y) = E(y; J)(yTx_;)S;Q ) (y)’

Givy = 2 [ We—a)ly —x)-n%y)  nf(y)
et "Y)_wm{ ly — x|m+2 +Iyxm}

For ¥ = [¥y,...,¥,,] € L'(0G,R™) define the hydrodynamical double layer
potential with density ¥ by

(De¥)(x /KG x,y)¥(y) dy (9)

and the corresponding pressure

(Mo )(x) = / % (x, y) T (y) dy (10)
oG



in R™\ 0G. Then Dg® € C>(R™\ 0G, R™), llc® € C>*(R™ \ 9G, R') and
VIigW — ADg® =0, V-Dg® =0 in R™ \ 9G. We have the following decay
behavior as |x| — oo:
(De®)(x) = O(|x['™™),
[(VDa¥®)(x)], He¥(x) = O(]x|™™).

Now we gather boundary properties of hydrodynamical potentials. For ¥ =
[Uy,...,¥,] € LY0G, R™) and x € OG define

Ka®(x) = lim / K°(x,y)®(y) dy,
OG\B(x;e)

K = li K9 d
c¥(x) = lim / (v, x)¥(y) dy
OG\ B(x;€)
whenever these limits exist.
If x € G, a > 0 denote the non-tangential approach regions of opening a
at the point x by

Iy(x):={y € G;|x —y| < (1 +a)dist(y,0G)}.

Denote
Io(x) =={y € G |x —y| < (1 +a)dist(y,0G)}

the non-tangential approach regions of opening a at the point x corresponding
to G¢ = R™\ clG. We fix a > 0 large enough such that x € clT',(x) NclT
for every x € 0G. We shall write I'(x) = I'p(x), I'*(x) = I'¢(x). If now v is
a vector function defined in G and x € JG then the non-tangential maximal
function of v is defined by

vi(x) = sup v(y)
yer(x)

and
Vi) = lim v(y)
y — X
y € I'(x)
is the non-tangential limit of v at x with respect to G. Similarly, if v is a vector
function defined in G¢ and x € OG then

o= lm o v(y)
y € (%)

is the non-tangential limit of v at x with respect to G°.
If ¥ € L?(0G,R™) then there is KoW¥(x) at almost all x € dG and K¢
is a bounded linear operator in L?(0G, R™) (see [14], Proposition 3.2 and [14],



Corollary 3.3; compare also [4], [6]). Moreover, if G is bounded then [DgW®]* €
L?(0G, R') and

D] (x) = S ¥(2) + Ko¥(z), [D¥]_(x) =~ ¥(2) + Ko¥(z) (1)

for almost all x € G (see [14], Proposition 3.2).

We shall study the Neumann problem in the Sobolev space H'(G;R™).
We denote by H*(G) the Sobolev-Slobodetski space of order s. Remark that
H°(G) = L*(G) and HY(G) = {f € L*(G); Vf € L*(G; R™)} is equipped with

the norm
1/2
I fllzra) = {/{f2 + |Vf|2] dx} .
G

If ¢ is a Lipschitz function on R™~1 and S = {[x, p(x)];x € R™1} we say
that f € H*(S) if f(x,¢(x)) € H*(R™!). Since G has Lipschitz boundary
there are bounded open sets Uy, ..., Uy and Lipschitz functions ¢1, ..., ¢ such
that 0G C Uy U--- U U and for each j € {1,...,k} there is a coordinate
system such that U; NdG = U; N S; with S; = {[x, p;(x)];x € R™~'}. Choose
w; € C*(R™) supported in U; with 0 < w; < 1 for j = 1,...,k such that
w1 + wy + ...wr = 1 on a neighborhood of dG. We say that f € H*(9G) if
wif e H?(S;) for j=1,... k.

Recall that H'/2(dG) is the space of traces of H'(G) endowed with the norm

||UHH1/2(8G) = inf{||u||H1(G);u € Hl(G), v = u|(’)G} (12)

and H~'/2(0G) is the dual space of H'/?(9G).
If G is bounded and ¥ € H'/2(0G; R™) then Dg® € H'(G; R™) and there
is a constant C' depending only on G such that

Dc¥| 1 (G;rmy < Cl1 ¥ g1/2(56;rm)

(see [14], Theorem 4.4). Since H'/2(0G; R™) C L*(0G; R™), we see using the
relation (11) that ¥ 4+ K¢ W is the trace of Dg®. Moreover, K¢ is a bounded
linear operator on H'/2(9G; R™) (compare [14], Proposition 4.5).

K, is a bounded linear operator in L?(0G, R™) which is the adjoint operator
of Kg. If ¥ € L?(0G, R™) then there is K, ¥(x) at almost all x € G. If G
is bounded then [Eg®]* € LG, R') , [VEgU]* € L*(3G, R'), [Qc¥]* €
L2(0G, RY). For almost all x € G we have

[Ec¥]:(x) = [Eq¥]-(x) = Ec¥(x), (13)
T(Ee®, Qe®)]s (x)n(x) = 3 ¥(x) ~ KL () (14)
(T(Be®,Qa®)] - () (x) = 3 (x) ~ KeW(x). (15)



(Compare [14], [6],[4]).

If G is bounded then F¢g : ¥ +— EgW represents a bounded linear operator
from H~'/2(0G, R™) to H'(G, R™) and Qg : ¥ + EgW is a continuous linear
operator from H~'/2(0G,R™) to L*(G, R') (see [14], Theorem 4.4). If ¥ €
H~Y2(0G, R™) then EgW¥ is the trace of Eg®¥ on dG. Moreover, Eg : ¥
EqW¥ is a bounded linear operator from H~'/2(dG; R™) to H'/?(dG; R™) (see
[14], Proposition 4.5). Since K is a bounded linear operator on L?(9G, R™) and
on HY?(dG, R™) the operator K, ¢ can be extended as a bounded linear operator
on H~'/2(9G, R™) which is the adjoint operator of K. If ¥ € H~/2(dG, R™)
we can understand %'Il — K,¥ as T(Eqg¥,Qc¥)n® on 0G. Again Eq¥ €
C>®(R™\0G,R™), Q¥ € C*(R™\0G,R"), VQc¥ —AEc¥ =0, V-Eg¥ =
0in R™\ OG.

It is well-known that for G bounded, u € C?(clG, R™) and p € C'(clG, R')
a classical solution of the Neumann problem for the Stokes system (1), (2) with
boundary condition g in G we have

u(x) = Eqg(x) + Dou(x), (16)

p(x) = Qeg(x) + Hgu(x) (17)

(compare [13], Chapter 3, § 2). If u =0, p = 1 then g = —n® and (16), (17)
give
Egn® =0, Qgn®=-1 inG. (18)

3 Weak solution of the problem

If A,B € R™*™ are matrices with A = (4;;), B = (B;;) denote

3
A:B= Z A”B”

i,j=1

If G is a bounded open set with smooth boundary, (u, p) is a classical solution
of the Neumann problem for the Stokes system (1), (2) and v € C?(R™, R™),
then the Green formula yields

/[T(u,p)nG] vdy = 2/@u Vv dy — /p(V -v) dy (19)
oG G G

(see for example (2.15) in [2]). It is well known that if u € H'(G, R™;div) =
{ve H (G,R™);V-v=0in G}, p € L*(G, R') and

2/@u:@vdy—/p(v-v) dy =0
G G



for each v € C°°(G; R™) with compact support in G then u, p is a solution of
the Stokes system (1) in G. Using this fact we formulate a weak solution of the
problem (1), (2) as follows:

Let g € H-'Y/2(0G,R™) and G C R™ be a bounded open set with Lipschitz
boundary. We say that u € H(G, R™;div), p € L*(G, R') is a weak solution
of the problem (1), (2) if

2 [ Vu: Vv dy — p(V-v)dy ={g,v) (20)
A

for each v € HY(G,R™).

Remark that if G C R™ is a bounded open set with Lipschitz boundary,
g € HY2(0G, R™) and u € H*(G, R™;div), p € L?>(G, R") is a weak solution
of the problem (1), (2) then

2/@u Vv dy = (g,v) Vve HYG,R™;div). (21)
G

Denote R,, = {f(x) = Ax + b;b € R™ A is a skew symmetric matrix
(AAT = —A)} the space of rigid body motions. Easy calculation yields that
Vw =0and V-w = 0 for each w € R,,. Remark that dimR,, = m(m +1)/2.

Lemma 3.1. Let Q be a domain in R™, u € L}, (Q, R™). Then Vu =0 in Q

loc
in the sense of distributions if and only if u € R,,.

Proof. Easy calculation yields that Vu = 0 in classical sense for each u €
R'HL'

Let now Vu =0 in Q. Since 0,us + dsu, = 0 for arbitrary r,s € {1,...,m}
and 0;0,u; = Or0ju; in the sense of distributions, we obtain for fixed j,k,l €
{1,...,m}

1 1
0;0ku = 510;(Okw) + Ox(85w)] = — 5[0 (Grur) + Ok (Fruy)]

1
= —561(8jUk + aku]‘) =0.

Since VOgu; = (0,...,0) in Q, Lemma 6.4 in [28] gives that Jyu; is constant in
Q). This means that wu; is affine. Thus there is a matrix A of the type m x m
and a vector b € R™ such that u(x) = Ax + b. Since Vu = 0, the matrix A is
a skew symmetric matrix.

Proposition 3.2. Let G C R™ be a bounded domain with Lipschitz boundary
0G, g € H-Y2(0G,R™), u € HY(G, R™;div), p € L*(G, R"). If (21) holds true
then {(g,v) = 0 for each v € R,,. If u, p is a weak solution of the problem (1),



(2) then {(u+ w,p);w € R,,} is the set of all weak solutions of the problem
(1), (2).
Proof. If v € R,, then Vv =0, V-v =0 and (21) gives

<g7v>:2/@uzﬁvdy—/p(V~v) dy = 0.
a a

Let u, p be a weak solution of the problem (1), (2). If w € R,, and v €
HY(G,R™) then

2G/Wu+w>:?vdy—!p(vv> dy

22/@u:?vdy—/p(v-v)dyz(g,v>
G G

and u+ w, p is a solution of the problem (1), (2). Let now v, ¢ be a solution of
the problem (1), (2). Put w=v —u. Since V-w =V -v — V.-u =0 we have

0= {QZ@V:@wdy—G/q(V-w) dy} - [ZG/?uzﬁwdy—G/p(V-w) dy}
:2(}/@W:?wdy

Since Vw = 0 almost everywhere in a domain G, Lemma 3.1 gives w € R,,.
Fix ¢ € C*(G,R') and j € {1,...,m}. Put ® = (®y,...,P,,) with &; = ¢,
®). =0 for k # j. Then

0= {QG/@V:@{)dyG/q(V-tI))dy}{2(}/@u:@¢>dya/p(v-{>)dy}

— /(p—q)(V~‘I’) dy = /(p—Q)ajSO dy.
G G

Since V(p — ¢) = 0 in G in the sense of distributions, (p — ¢) is constant (see
Lemma 6.4 in [28]). If ¢ and j is as above we have from the Green formula

/nj(p—Q)w dy = /(p—Q)anD dy = 0.
oG G

Since ¢ was arbitrary we infer that n;(p —¢) = 0 on dG. Since j was arbitrary
we have [p —q| = [(n1(p —q), ..., nm(p — q))| = 0.



4 Indirect BEM

In this section we shall study the problem using the indirect boundary integral
equation method. We shall look for a solution in the form of a hydrodynamical
single layer potential Eq¥ with a density ¥ € H~/2(dQ).

Lemma 4.1. If G C R™ is bounded open set with Lipschitz boundary then
there is a sequence of C*° domains G; with following properties:

o clG; CG.

o There are a > 0 and homeomorphisms A; : 0G — 0G}, such that A;(y) €
I'o(y) for each j and each y € OG and sup{|ly — A;(y)|;y € 0G} — 0 as
Jj — oo.

e There are positive functions w; on OG bounded away from zero and infinity
uniformly in j such that for any measurable set E C 0G,

/wjdy: / 1 dy,

E A;(E)
and so that w; — 1 pointwise a.e. and in L?(0G, R").

e The normal vectors to G;, n(A;(y)), converge pointwise a.e. and in
L?(0G, R™) to n(y).

(For the proof see [29], Theorem 1.12.)

Proposition 4.2. Let G C R™ be a bounded open set with Lipschitz boundary,
m>2 W ge H '/?(0G,R™). Then u = EqW¥, p= QaW¥ is a weak solution
of the Neumann problem for the Stokes system with the boundary condition g
(1), (2) if and only if ¥ — K, ¥ = g.

Proof. Suppose first that ¥ € L?(0G, R™). Then h = %\IJ - K.¥ €
L%*(0G,R™) ¢ H™Y%(0G,R™). Fix v € C*(R™,R™). Let G; be domains
from Lemma 4.1. Since Eg® € H'(G,R™), Qc¥ € L*(G) we obtain using
(19), Lemma 4.1, properties of hydrodynamical potentials and Lebesgue lemma

J—

2/©u:@vdy—/p(v-v)dy: lim [2/@u:@vdy—/p(V~v) dy}
G G G,

J

= ]lggo{ / [T(u,p)n] - v dy} = /[T(u,p)n] v dy
G oG
—/B\II—K’G'II} v dy:/h~de: (h,v).
G oG

10



Since C*°(R™, R™) is a dense subset of H!(G, R™) we have

2/@u:@v dy—/p(V-v) dy = (h,v) VYveH (G R™).
G G

Let now ¥ € H~Y/2(9G, R™). Then there are ¥; € L?(0G, R™) such that
¥, —» ¥ in H-Y2(0G,R™). Denote h = 1¥ — K/ ¥, h; = 1¥ — K/ V,.
Since Eq¥; — Eg¥ in HY(G,R™), Qc¥; — Q¢¥ in L*(G,R') and h; — h
in H=/2(0G, R™) we have for v € H'(G,R™)

J—o0

2/@u:@v dy—/p(V-v) dy = lim [2/(@EG\IIJ-):@V dy
G G G

J—00

- [@ow)¥ V) dy] = lim (b, v) = (b, v).
G

Proposition 4.3. Let G C R™ be an open set with compact Lipschitz bound-
ary, m > 2. Let ¥, ¥, € H_1/2(6G, R™). If m = 2 and G is unbounded
suppose moreover that (¥1,c) = (¥y,c) =0 for each ¢ € R™. Then

1 . .
<2\1: — KW, EG\IJ2> = 2/(VEG\1:1) - (VEGW,) dy. (22)

Put ¥ = ¥, 4 ¢W¥, where ¢ is the imaginary unit. Denote W = U, — iU, the
conjugate of . Then

1 — - N
<2‘I’ — Ké;‘I’,EG\I’> = 2/(|VEG‘I’1|2 + |VEG"I’2|2) dy > 0. (23)

Proof. We show (22). Suppose first that G is bounded. Proposition 4.2 gives
that u = EqW¥q, p = QW is a weak solution of the Neumann problem for the
Stokes system (1), (2) with g = 1 ¥, — K, ¥;. Since v = Eq¥, € H'(G; R™)
and V- EgW, =0 in G we have

1 - .
<2‘I’1 — K&‘I’l,EG\I’2> = 2/(VEG‘I’1> : (VEG‘I’Q) dy

- [ Qoui(V - Eowa) dy =2 [ (VEaw:) s (VEws) dy.
G G

Let now G be unbounded. Fix R > 0 such that G C B(0; R) and denote
G(R) =GN B(0;R). Put ¥; =0 = W3 on 0B(0; R). Then

N - 1
2 / (VEG\I’l) : (VEG‘I/Q) dy = <2‘I’1 - K&(R)‘I’l,EG‘I’2>
G(R)

11



1 .
= <2‘I’1 - Klg‘IllaEG‘I’2> + / [T(Eq®:,Qc¥:)nP R . Eow, dy.
oB(0:R)

If R — oo then the decay properties of hydrodynamical potentials give (22).
Using (22) we get

1 — 1 1
<2\I: ~ KLW, EGq:>_ <2\1:1 _ Kg;\pl,EG\IJ1>+<2\1:2 _ KL, EG\II2>
1 1 A
—i<2\I’1 - Ké;‘I’l,EG\I’2> + 7:<2\I’2 - Ké;‘I’g,EG\I’1> = 2/ |VEG\:[11‘2 dy
G

+2/|@EG@2|2 dy — 22'/(@EG\I:1) : (VEG®,) dy
G G
+2i /(@EG\L) . (VEqW,) dy =2 /[WEG%F + |VEqW,|?] dy > 0.
G G

Corollary 4.4. Let G C R™ be an open set with compact Lipschitz boundary,
m > 2. Let ¥ € H-Y2(8G,C™). If m = 2 suppose moreover that (¥,c) = 0
for each c € R™. Then

(U, Eq®) =2 / |VEx®|? dy > 0. (24)
R™\OG

If G is connected and (¥, EgW) = 0 then Eg¥ = 0 in R™ and there is a

constant ¢ such that ¥ = cn€.

Proof. Put C' = R™ \ clG. Since K{, = —K{, we get using Proposition 4.3

_ 1 _ 1 _
(U, EqW) = <2\11 - Kg;\If,EglI/> + <2\Il + Ké;\II,EG\II>
1 / O 1 ! T v 2
=(5¥ ~KG¥.Eq¥ ) + (¥~ Ko®, Eg¥ ) =2 | [VEG®[* dy
G

+2 / \VEq®|? dy =2 / ([VEc®|? dy > 0.
R™\clG R™\OG
Suppose now that G is connected and (¥, EgW¥) = 0. Then VEq¥ =0
in R™\ 0G by (24). Lemma 3.1 gives that there are v,w € R,, such that
Eq¥ =von G, Eg¥P = w on C. For definiteness we can suppose that G is

bounded and C' be unbounded. Since Eq¥(x) — 0 as |x| — oo, we infer that
w = 0. The boundary behavior of a hydrodynamical single layer potential gives

12



v =FEqg¥ =w =0 on dG. Since v = (v1,...,V) € Ry, we see that v; are
linear function and Awv; = 0. The maximum principle for harmonic functions
gives that v; = 0. Thus Eq¥ = 0 in R™. Since u = Eqg¥, p = Qg¥ is a
solution of the Stokes system (1) in R™ \ G, we have VQq¥ = AEq¥ =0 in
R™\ OG. So, there are constants ¢, co such that Q¥ = ¢; on G, Q¥ = 2
on C. According to boundary behavior of a hydrodynamical potential

v — B\I, _ K&\IJ] - {_;qf - K’G\II} = [T(Ec¥®,Qc%®)];n%

—[T(Eqg®,Qg%®)]_n® =T(0,¢;)n® — T(0,c2)n® = —¢;n% + ¢onC.

Definition 4.5. Lex X be a Banach space. Denote by I the identity operator
on X. If M is a subspace of X denote by dim M the dimension of M. IfY
is a subspace of X such that X = M @Y, ie. X is the direct sum of M
and Y, denote by codimY = dim M the codimension of Y. If T is a bounded
linear operator in X, denote by KerT = {z € X;Tx = 0} the kernel of T,
a(T) =dimKerT, 5(T) = codimT(X). We say that T is upper semi-Fredholm
if T(X) is a closed and o(T) < oo. For an upper semi-Fredholm operator T
denote i(T') = a(T) — B(T') the index of T. We say that T is Fredholm if T' is
upper semi-Fredholm and 3(T) < oo. If X is a complex Banach space denote by
o(T) the spectrum of T and by r(T) = sup{|A|; A € o(T)} the spectral radius
of T.

Lemma 4.6. Let G C R™ be a bounded domain with connected Lipschitz
boundary, m > 2. Then (31 — K;;)n® = n“. Denote RS, = {u+iviu,v €
R}, HY2(0G;C™) N E_1(R¢,) = {¥ € HY2(0G;C™); Eg¥ € RS, in
G}. Then H-Y2(0G;C™) N E_1(RS,) = Ker(3I — K[,) @{cen®;c € C} and
dimKer(31 — K;) < dim RS, = m(m +1)/2.

Proof. According to (18) we have Egn® = 0 in G, (%I - K;)n% =
T(Egn®, Qen®)n® =T(0,-1)n% = n%.

Ifwe Ker(%[ — K{,) then u = Eq¥, p = Q¢¥ is a weak solution of the
Neumann problem for the Stokes system (1), (2) with the boundary condition
g = 0 (see Proposition 4.2). Proposition 3.2 gives that u = EgW¥ € R¢,. Let
now & ¢ H1/2(0G; C™)NE_1(RE,). Since Eg® € RS, inG andu = Eq®, p =
Qc® is a solution of the Stokes system (1) in G, we obtain VQg® = AE;® =0
in G. Since G is connected there is a constant ¢ such that Qa® = c in G. Put
¥ = & + cn®. Since Qen® = —1, Egn® = 0 in G by (18), we have Eq¥ =
Eq® € RS, Qa¥ = 0 in G. Easy calculation yields that EqW¥, Qa¥ solves
the Neumann problem for the Stokes system in GG with zero boundary condition.
Proposition 4.2 gives that ¥ € Ker(3I — K(;). Since n% ¢ Ker(3I — K(;), we
infer that Ker(17 — K{,) P{cn®;c € C} = H-1/2(0G;C™) N E_1(RS,).

Clearly, dimKer(3] — K(;) < m + dim{® € Ker(3I — K(,); (¥,c) = 0Vc €
R™}. Let now ¥ € Ker(31 — K(;), (¥,c) = 0 for each ¢ € R™. If Eq¥ =
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b € C™ on G, the continuity properties of a hydrodynamical potential gives
Eg® = b on 9G and 0 = (¥,b) = (¥, EgW¥). Corollary 4.4 gives that ¥ =
dn€ for some d € C. Since n® ¢ Ker(3I — K(;), we infer that ¥ = 0. This
gives dim{¥ € Ker(1I — K(;); (¥,c) = OVc € R™} < dim RS, — m. Hence
dimKer(%I — K() <dimR§, = m(m+1)/2.

Proposition 4.7. Let G C R™ be a bounded domain with connected Lipschitz
boundary. If A € C' is an eigenvalue of the operator I — K(, in H='/*(0G,C™)
then 0 < \ < 1.

Proof. Let ¥ be an eigenfunction corresponding to an eigenvalue \. If
¥ = cn%, c € O, then A = 1 by Lemma 4.6. Suppose now that ¥ # ¢n®. Then
(U, EcT) =2 / IVEZ|?* dx > 0

RnL\aG

by Corollary 4.4. According to Proposition 4.3 and Corollary 4.4

2/ \VEq®(z)|? dx = <;x11 - Kg\p,EG\I/>
G

— (AW, E W) = 2) / VEw ) dx.
R™\OG

Since

[|VEq®|? dx
G

[ |VEq®|? dx
R™\8G
we infer 0 < \ < 1.

Proposition 4.8. Let G C R™ be a bounded domain with Lipschitz boundary,
T be a bounded linear operator from H'(G, R™) to R, such that Tw = w for
every w € R,,. Then there is a positive constant L such that

Iw = Tw| 2 mm) < LIVW] g2 mm)
for each w € H' (G, R™).
(For the proof see [1], Theorem 5.2.)

Corollary 4.9. Let G C R™ be a bounded domain with Lipschitz boundary,
X be a closed subspace of H'(G, R™) such that H*(G, R™) = X @ Ry,. Then

||@W|\L2(G,Rm) is a norm on X which is equivalent to the norm induced from
HY(G,R™).

Proof. Let T be the projection of H(G, R™) onto R,, along X. According
to Proposition 4.8 there is a constant L such that

Wl 1 (@, rmy = [|[W — TW| g1(,rm) < LIVW| £2(0,mm)
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for each w € X. Since

||$W||L2(G1Rvn) S ||W||H1(G_’R'm),
both norms are equivalent.

Proposition 4.10. Let G C R™ be a bounded domain with connected Lips-
chitz boundary, m > 2. Denote

HY?2(0G, R™) Nnt = {u € HY*(0G, R™); (n®, u) (: /u : nGdy> = O}
oG

and by H-'/2(0G, R™) N n* the closure of HY?(dG,R™) N nt in the space
H~Y2(0G, R™). Then Eg is a continuously invertible linear operator from the
space H=/?(dG, R™) Nn' onto H'/?(0G, R™) N n't.

Proof. Recall that H°(0G, R™) = L*(0G, R™), H' (0G, R™) = H'(0G, R™)
and H~1(0G, R™) is the dual space of H!(9G, R™). Denote

H°(0G,R™)Nn* = {u € HI(GG,Rm);/u~nGdy = 0},
oG

HY(0G, R™)Nnt = HY(0G, R™)N(H°(0G, R™)Nn') and by H~1(0G, R™)N
n' denote the closure of H°(0G, R™) Nn* in H~'(dG, R™). The operator Eg
is one-to-one linear operator H°(9G, R™) Nnt onto H'(AG, R™) N nt by [6],
p. 792. Since H*(0G, R™), H-1(0G, R™) are dual spaces and H~!(0G, R™) =
{en%;c € RY@ H1(0G, R™) N'nt, there is a nonzero u € H'(G, R™) such
that (¥, u) = 0 for each ¥ € H~1(0G, R™)Nnt. For ¥ € H~1(0G, R™) Nnt
and a € R put S(¥ + an®) = Eg® + au. Then S is a bounded one-to-
one linear operator H°(9G, R™) onto H'(AG,R™). Since S is a continuously
invertible operator H°(dG, R™) onto H'(9G, R™)(see [5], Theorem 1.42), its
adjoint operator S’ is a continuously invertible operator H ~'(dG, R™) onto
H°(0G,R™). If ¥, ® € H°(0G,R™)Nnt Cc H~Y(0G,R™)Nn' and a,b € R
then Fubini’s theorem gives

(an® + ¥, S(bn% + ®)) = ab(n® u) + a(n®, Eg®) + b(¥,u) + (¥, EcP)

= /[abnG~u+\IJ-Eg<I>] dy = /[abnG~u+<I>~Ec;\Il] dy = (S(an®4¥), in® +&).
oG oG
Since H°(OG, R™) is a dense subset of H~1(0G, R™), we deduce that S’ = S.
Since S is a continuously invertible operator H°(dG, R™) onto H'(0G,R™)
and H~1(0G, R™) onto H°(OG,R™), the real interpolation gives that S is a
continuously invertible operator H~'/2(0G, R™) onto H'/?(0G, R™). Thus
S(H='2(0G, R™) N n%) is a closed subspace of H'/2(dG, R™) of codimen-
sion 1 and S is a continuously invertible operator H~/2(dG, R™) N n< onto
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S(H-/2(0G, R™) N n%). Since S = Eg on H~'/?(dG, R™) N n% we see that
E¢ is a continuously invertible operator the space H~/2(dG, R™) N n® onto
S(H-2(0G, R™) Nn®) = Eq(H-Y?(0G,R™) N n%) c H'/?(0G,R™) N nC.
Since the image Eq(H~/2(0G, R™)Nn%) is a subset of H'/2(0G, R™) of codi-
mension 1, we infer Eq(H~Y?(0G, R™) Nn%) = H'/2(0G, R™) N n¢.
Proposition 4.11. Let G C R™ be a bounded domain with connected Lips-
chitz boundary, m > 2. Then there is a closed subspace Y of H='/?(9G, R™)
with finite codimension such that \/{[(1/2)I — K;]¥,Eq¥), \/(¥, Ec¥), and
|EG¥ || gr1/2(5¢) are three norms on 'Y which are equivalent to the norm induced
from H=1/2(0G, R™).

Proof. First we show that there are a closed subspace X of H~/2(dG, R™)
with finite codimension and a constant C; such that

1P g-1/206) < C1llEc® | gi/2(06) TP € X. (25)

If m > 2 we can put X = H~'/2(dG, R™) N n* and use Proposition 4.10. Let
now m = 2. We can suppose that 0 € G. Denote by diam G the diameter of G.
Fix r > diam G. Put U = {x/r;x € G}. Then diamU < 1. According to [23],
Lemma 2.2 there is a closed subspace Z of H~/2(9U, R?) with codimension 1
and positive constant L such that

1 g-1/2000) < LV(®, Eu®), e Z
If ¥ e Z\ {0} then
1 -1/200) < L(¥, Eu®) /¥ -1/200) < LIEUE || 517200y

Denote Jiu(x) = u(rx). Then J; is a continuously invertible linear operator
from H'/?(0G, R?) onto H'/?(9U, R?). Moreover, there is a continuously invert-
ible operator J, from H~/2(dG, R?) onto H~/2(0U, R?) such that J, = .J; on
HY2(0G,R?). Put X = {® € H-'/2(0G, R?); J,¥ € Z,(¥,c) = 0 Vc € R?}.
Then X is a closed subspace of H~1/2(0G, R?) of finite codimension. Easy cal-
culation yields that there is a positive constant b such that J, EqW = bEy JoW
for ¥ € X. If ¥ € X then

1% [lir-2200) < 192 11 T22 -2 o0y < L2 I B0 S22 o0y

= Lo |5 NI Ec® s ouy < LIS I Ba® a2 oc)-
If ¥ € X then Proposition 4.3 and Corollary 4.4 give

0<([(1/2)I - K5|¥, E¥) < (¥, Ec¥) < [|[Ec¥| /2 (06) |l -1/2(06)

< ||EGHH—1/2(8G)—>H1/2(6G)H‘IIH%FIM(@G)'
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So, it is enough to prove that there is a closed subspace Y of X with finite
codimension and a constant C' such that

||\II||H71/2(39) < C{[(1/2)I — K;|¥,Eq®) V¥ €Y.

Denote

V:{veHl(G,Rm);/w-vdy:0VWeRm}.

Since HY(G, R™) = V @ R, Corollary 4.9 gives that there is a positive con-
stant Cy such that

IVlmia) < Cal Vvl Vv e V. (26)

Denote Y = {¥ € X; Eg € V}. Since Eg is a continuously invertible operator
X onto Eg(X) € HY(G, R™) (compare (25) and (12)) and V is a closed subspace
of H*(G, R™) with finite codimension, we infer that X is a closed subspace of
H~1%(G, R™) with finite codimension. Fix ¥ € X. Since EgW is the trace of
Ec¥ on 0G we obtain using (25), (12) and Proposition 4.3

||‘I’||%/V71/2(aa,pbm) < OlHEG‘I'”?A/IM(aG,Rm) < ClHEG‘I’H%il(G,Rm)

et
D)

< Clcz/WEG\I:P d ([(1/2)I — KL)%, Eq®).

Theorem 4.12. Let G C R™ be a bounded domain with connected Lipschitz
boundary, m > 2. Then o(1I — K{;) C (0,1) in H='/2(0G,C™) and 11 — K,
is a Fredholm operator with index Q.

Proof. According to Proposition 4.11 there is a closed subspace Y of the
space H~1/2 (0G, R™) with finite codimension and a positive constant L such
that H‘I’H?{fl/’z(ac) < L{(P, Eq®), ||\IIHH 1200G) S L((%I— K )¥,Eq¥) for
each ¥ ¢ Y. Put Z = {‘I’ = v, —‘r’L\I’Q,‘I’l,\I’Q € Y and <‘I’,C> =0 Vc €
C™}. Then Z is a closed subspace of H~/2(dG, C"™) with finite codimension.
Proposition 4.3 and Corollary 4.4 give

11 -1 /200) < LAY Ec®), [ -1/2000) < L<[21 K%, Eq¥) (27)

for each ¥ € Z.
If A € R then (27 ) gives

([(1/2=NI-KG]¥, Eq¥) = (((1/2)] - K5|®, Ec®) - M(¥, Eq¥) € R. (28)
If A <0 then (27) and (28) give
L([(1/2 = NI = KGl®, Ec®) > L([(1/2)] = Kg|®, Ec®) > [ ¥][3-1/2 gc)-
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If A > 1 then Corollary 4.4, Proposition 4.3 and (27 ) give

LI([(1/2 = NI = KG|®, Eg¥)| > L{N®, Ec¥) — ([(1/2)] - K;]¥, Ec¥)}

= 2L\ / |VE;®|? dy—2L/ IVEq®|> dy > 2L(A—1) / |VEq®? dy
G

R™M\OG RM\OG

= L= )W, B®) = (A= DI¥ 2 g
IFA=X+id2€C, Ay #0and ¥ € Z then (27) and (28) give
([(1/2 = NI = KG®, Ec®)| = [([(1/2 = M)I — Kg|®, Eq¥) — X (¥, Eg V)|
> [A[(®, Eq®)| > \A2|L_1||‘I’||§1—1/2(ac)-

Fix A € C'\ (0'1). We have proved that there is a positive constant M such
that
H‘I’H%{fl/z(aa) < M{[(1/2 = NI - Kg|¥, Eg¥).

for each W € Z. If ¥ € Z\ {0} then
1€ 517200y < M(1/2 = NI = KG|®, Ec®)/|[ ¥ g-1/2 (00

< M| Ecllg-1/2006)—m-1/200) I(1/2 = NI = K1 g-12(06) -

So, the operator %I—K& — Al is upper semi-Fredholm by [18], § 16, Theorem 8.
Since the index i(3I—K(,—ul) is constant on C'\ (0, 1) (see [18],§ 18, Corollary 3)
and 11 — K(, — pul is invertible for |u| > |31 — K| (see [24], Lemma 6.5), we
infer that i(31 — K{; — AI) = 0. Thus 31 — K{, — Al is a Fredholm operator
with index 0. If A\ # 0 then (3] — K, — AI) = 0 by Proposition 4.7 and
i(31 — K{; — M) = 0 forces that the operator 1 — K{; — A is onto. Therefore
i1 — K{, — M is a continuously invertible operator (see [5], Theorem 1.42).

Proposition 4.13. Let G C R™ be a bounded domain with connected Lip-
schitz boundary. Then (31 — Ki)(H™Y/2(0G,C™)) = {¥ € HY/*(0G,C™);
(T, w) =0Vw € RS} and H-Y/2(9G,C™) is the direct sum of Ker(31 — K(;)
and (31— K)(H~Y?(0G,C™)). If we denote by K, the restriction of K/, onto
(31 — KL)(H™Y*(0G,C™)) then o(31 — K) C (0,1).

Proof. If {¥ € H-Y2(dG,C™) then u = Eq¥, p = Q¥ is a solution
of the Neumann problem for the Stokes system with the boundary condition
(11 — K{;,)¥ by Proposition 4.2. Proposition 3.2 gives that (¥, w) = 0 for all
w € RS,. Thus (31— KL)(H™Y2(0G,C™)) C {¥ € H-Y2(0G,C™); (¥, w) =
0Vw € RS} and codim(31 — K(,)(H~Y/%(0G,C™)) > dim RS, = m(m +1)/2.
Since dim Ker(31 — K(;) < dim RS, = m(m+1)/2 by Lemma 4.6, Theorem 4.12
gives codim(3] — K()(H'/?(0G,C™)) = dimKer(3I — K;) = dimRS, =
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m(m + 1)/2, and thus (31 — K;)(H™Y/2(0G,C™)) = {¥ € H~Y*(0G,C™);
(T,w) =0Vwe RS,

Let now ¥ € Ker(31 — K) N (31 — K)(H™Y2(8G,C™)). Then (¥, w) =
0 Vw € RS,. Since Eg¥ € RS, by Lemma 4.6, we obtain (¥, Eg®¥) = 0.
Since (¥,c) = 0 for each ¢ € C™, Corollary 4.4 gives that ¥ = bn® for
some b € R'. Since n® ¢ Ker(41 — K(;) by Lemma 4.6, we infer that b = 0.
Since W € Ker(31 — K{,) N (31 — K)(H™Y2(0G,C™)) = {0} and codim (31 —
K{)(HY2(0G,C™)) = dimKer (31 — K{;), we deduce that H~'/2(8G,C™) =
Ker(31 — K4) @31 — KL)(H- 206, Cm™).

Since H~1/2(0G,C™) = Ker(31 — K) D (31 — KL)(HY2(0G,C™)), we
have o (31 — K.) C o(3I — K{;) C (0,1). Moreover, the operator (31 — K.) is
one-to-one and onto. Thus 0 ¢ o(51 — KZ,) (see [5], Theorem 1.42.)
Proposition 4.14. Let X be a Banach space, T' be a bounded linear operator
on X. Suppose that X is the direct sum of Ker(I —T) and (I —T)(X). Denote
by T the restriction of T onto (I — T)(X). Suppose that

lim || 7717 < 1. (29)
j—oo
Fix nowy € (I — T)(X), zo € X. Put
zjip1=Tzj+vy (30)
for a nonnegative integer j. Then there exists

r = lim z;
Jj—o00

and _
lz = 2]l < C¢ ([lyll + llzoll) (31)
for arbitrary j, where C > 0, 0 < g < 1 are constants depending only on T'.
(For the proof see ([17]), Proposition 3.)

Theorem 4.15. Let G C R™ be a bounded domain with connected Lipschitz
boundary, m > 2. Fixg € H~'/?(0G, R™). Then there is a weak solution of the
Neumann problem for the Stokes system (1), (2) with the boundary condition
g if and only if
(g, w) =0Vw € R (32)

Suppose now that g satisfies (32) and ¥y € H~1/2(9G, R™). For a nonnegative
integer k put

Wy = [(1/2)] + K| Py + g (33)
Then there is ¥ € H~'/2(0G, R™) such that ¥, — ¥ in H-'/?(0G, R™) as
k — oo . Moreover, there are constants 0 < ¢ < 1, C' > 0 depending only on G
such that

L (T TR L ety R CT)
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If we put u= Eg%¥, p= Q¥ then u, p is a weak solution of the problem (1),
(2).

Proof. Suppose first that there is a weak solution of the Neumann problem
for the Stokes system in G with the boundary condition g. Proposition 3.2 gives
that (32) holds.

Suppose now that that (32) holds. Put T = (1/2)I + K}, T the restric-
tion of T onto [(1/2)I — KL|(H~/?(0G,C™)). Proposition 4.13 gives that
H='2(0G, R™) = Ker(I-T) @(I-T)(H-Y?(0G, R™)) and o(I-T) C (—1,1).
Since r(T) < 1, [31], Chapter VIII, §2 gives (29). According to Proposi-
tion 4.14 there exists ¥ € H~Y?(dG,R™) such that ¥, — ¥ as k — oo
in H='/2(dG, R™) and (34) holds with constants 0 < ¢ < 1, C' > 0 depending
only on G.

Put u = Eq¢¥, p = Qg¥. Letting &k — oo in (33) we get ¥ = [(1/2)] +
K[]® + g. Proposition 4.2 forces that u, p is a weak solution of the problem

(1), (2).

5 Direct BEM

Let now G C R™ be a bounded domain with connected Lipschitz boundary,
m > 2, g€ H /2(0G, R™) be such that (g, w) = 0 for all w € R,,,. According
to Theorem 4.15 there is a weak solution u, p of the Neumann problem for the
Stokes system (1), (2) with the boundary condition g. Denote by @ the trace
of u. Since

u(x) = Eag(x) + Daii(x), (35)

p(x) = Qcg(x) + llgu(x) (36)

in G it is enough to determine u. Using boundary behavior of hydrodynamical
potentials we get

1
§1~1 - Kgﬁ = EGg on 0G. (37)

Proposition 5.1. Let G C R™ be a bounded domain with connected Lipschitz
boundary, m > 2. Then %I — K¢ is a Fredholm operator with index 0 in
H'?(0G,C™), H'?(0G,C™) = Ker(31 — Ka) B(51 — Ke)(H'*(9G,C™))
and Ker(31 — K¢) = RE,. If we denote by K¢ the restriction of K¢ onto
(31 — Kg)(HY?(8G,C™)) then o(31 — K¢) C (0,1).

Proof. Since %I — K¢ and %I — K, are adjoint operators, %I — Kg is a
Fredholm operator with index 0 by Theorem 4.12 and [24], Theorem 5.15 and
o(31 — Kg) C (0,1) by Theorem 4.12 and [24], Theorem 6.24. According to
Proposition 4.13 and [24], Chapter 3, §3.3, we have (31— Kg)(H'/?(0G,C™)) =
{w e HY/2(0G,C™); (¥, w) = 0 V¥ € Ker(3I — K,)} and Ker(3I — K¢) =
{w € HY2(0G,C™); (¥, w) = 0 V¥ € (3] — KL)(H™Y2(0G,C™))} = RS,
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Since H=Y/2(0G,C™) = Ker(LI — K[,) P (A1 — K;)(HY?(0G,C™)) we de-
duce HY/2(0G,C™) = Ker(31 — K¢) (31 — Kg)(HY?(0G,C™)). This forces
o(3I - Kg) C (0,1).

Theorem 5.2. Let G C R™ be a bounded domain with connected Lipschitz
boundary, m > 2, g € H='/2(0G, R™) be such that (g, w) =0 for all w € R,,.
Fix iy € H'/?(0G, R™). For a nonnegative integer k put

1 = [(1/2)] + K¢glu, + Egsg. (38)

Then there is . € H'/?(dG, R™) such that @i, — 1 as k — oo in HY/?(dG, R™).
Moreover, there are constants 0 < ¢ < 1, C > 0 depending only on G such that

nﬁk—-ﬁnHLu@x;Rm><:0qk(ngnHUzgx;Rm>+-nﬁonHU2wGwa). (30)

The function 0 is a solution of the equation (37). If u, p are given by (35), (36)
in G, then u, p is a weak solution of the problem (1), (2) and u is the trace of
u on 0G.

Proof. Put T = (1/2)I + K¢ and denote by T the restriction of T' onto
[(1/2)I — Kg](HY?(0G,C™)). Proposition 5.1 gives that H'/2(0G, R™) =
Ker(I — T)@(I — T)(HY?(dG, R™)) and o(I — T) C (—1,1). Since r(T) < 1,
[31], Chapter VIII, §2 gives (29). According to Theorem 4.15 there is a weak
solution v, ¢ of the problem (1), (2). By virtue of (35), (36) and (37) we
receive that Eqg € (I — T)(H'/?(0G, R™)). Proposition 4.14 gives that there

is @ € H'/?(0G, R™) such that @, — 1 as k — oo in H'/2(0G, R™) and
nmmmmwmwsé&@&gmwmmm+WNmmmwQ.

holds with constants 0 < ¢ < 1, C' > 0 depending only on G. So, (39) holds
with C = C(1 + || Eg]))-

Letting k — oo we get that 1 is a solution of the equation (37). Since v is also
a solution of the equation (37), Proposition 5.1 forces that w = a4 — v € R,,.
Since v, ¢ is a solution of the problem (1), (2), we have v = Egg + Dgv,
¢ = Qgg + Ilgv in G. Since v + w, ¢ is a solution of the problem (1), (2)
(see Proposition 3.2), we have also v+ w = FEgg + Dg(v+w) = u, ¢ =
Qeg+1lg(v+w)=pin G. Thus G = v+ w is the trace of u = v+ w on 9G.

6 Invertible integral operator for the indirect
method

Let g € H-Y/2(0G, R™). Suppose that the Neumann problem (1), (2) is solv-
able. We know that there is a solution in the form u = Eq¥, p = Q¢¥, where
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W is a solution of the integral equation %\Il — K, ¥ = g. In the numerical
practice we approximate g, so we solve the equation %\il — K’G\il = g where
g is close to g. But there exists a sequence g such that g — g and the
equation %lIl — K = g, is not solvable. We would like to find a modified
integral operator M’ such that the integral equation %\Il — M'¥ = g is uniquely
solvable and if the Neumann problem for the Stokes system with boundary con-
dition g is solvable and W is a solution of the equation %\IJ — M'¥ = g then
%\IlfKé;\Il = g. By virtue of Proposition 4.2 the functions u = EqW¥, p = QoW
solve the problem (1), (2).

Let f1,. .. f,,(m41)/2 form a basis of the space of rigid body motions R,,. Let

C1y- -+ Cm(m+1)/2 be nonzero constants. Put
m(m+1)/2
MO =Kp®+ > of(U,f)).
j=1

We shall show in Proposition 6.2 that the integral equation %\Il -MY =g
is uniquely solvable and if W is a solution of the equation %\Il — M'¥P =g for
g € H'/2(0G, R™) such that (g, w) = 0 for all w € R,,, then %‘I’—K&‘I’ =g.
So, we can solve the equation %\II—M ' = g instead the original equation %\Il —
K.,® =g Ifgc H'?0G,R™), |g — gl < eand ¥, % ¢ H /%3G, R™)
are solutions of ¥ — M'¥ =g, ¥ — M'¥ = g, then |¥ — ¥|| < |(3] -
M")7Ye. If we want to express M ! in the form of a Neumann series or to
use the successive approximation method for the evaluation of a solution ¥ of
the equation %\Il — M’'¥ = g, we need the spectrum of M to be in the same
half space. For this aim we need a particular choice of fi,... £, (n41)/2 and
Cly- s Cm(m+1)/2 (see Proposition 6.3 bellow).

Lemma 6.1. Let G C R™ be a bounded domain with connected Lipschitz
boundary, m > 2, g, ¥ € H~'/2(0G, R™), 1 - MU =g If(g,w) =0 for all
W € R, then (¥, w) =0 for all w € R,,.

Proof. For j, k € {1,2,...,m(m+ 1)/2} put
ai = /fj(x) i (x) dx.
oG

Since f1, ... f,,(m1)/2 is a basis of a finite dimensional subspace of L?(0G,R™),
the matrix {a;x} is regular.
For j € {1,2,...,m(m +1)/2} put

dj = c; (¥, 1))
Fix k € {1,2,...,m(m + 1)/2}. Since f;, € R,,, Proposition 4.13 gives

1 m(m+1)/2 m(m+1)/2
0=(gfi) = (5¥ — Ke¥.fi) - dooagdi=— Y ard;
j=1 j=1
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Since the matrix {a,} is regular we infer that d; =0 for j =1,...,m(m+1)/2.
Since (¥,f;) = 0 for j = 1,...,m(m+1)/2 we deduce (¥,w) = 0 for all
wE R,

Proposition 6.2. Let G C R™ be a bounded domain with connected Lipschitz
boundary, m > 2. Then the operator %I — M’ is a continuously invertible in
H-Y2(0G,R™). If ¥,g € H-'/2(0G,R™), 3% — M'¥ = g and (g, w) = 0 for
all w € R,,, then %‘Il - K,¥ =g

Proof. Suppose first that ¥, g € H-Y2(dG, R™),
(g,w) =0 for all w € R,,. Lemma 6.1 gives that (¥, w
Since f1, ... f,,(m+1)/2 form a basis of R, we deduce

1

1
S¥ K= T -MT=g

¥ — M'¥P = g and

1
2
y=0for all w € R,,.

Now we prove that %I — M’ is one-to-one. Suppose %I — M'® = 0. Then
(¥, w) =0 for all w € Ry, by Lemma 6.1 and 1 ¥ — K[, ¥ = 3¥ — M'¥ = 0.
Since 11 — K, is injective on {f € H~1/2(0G, R™); (f,w) = 0 for all w € R, }
by Proposition 4.13, we infer that ¥ = 0.

The operator M’ — K, is a finite rank operator and therefore compact (see
[24], p. 88). Since %I — K, is a Fredholm operator with index 0 by Theo-
rem 4.12, the operator %I — M’ is a Fredholm operator with index 0, too (see
[18], § 16, Theorem 16). Since 11— M’ is one-to-one it is also onto and therefore
continuously invertible (see [5], Theorem 1.42).

Proposition 6.3. Let G C R™ be a bounded domain with connected Lipschitz
boundary, m > 2. Suppose that

Jom ama={ | Tk

oG
andcj =—1forj=1,..., m(m+1)/2, i.e. M'® = K, ¥ — " {;(¥,f;). Then
there is an equivalent norm on H~1/2(0G,C™) such that |31 + M'|| < ¢ < 1.
Let now g € H~Y/2(0G,C™) be such that (g,w) = 0 for all w € R,,. Fix
W, € H-Y2(dG,C™). For a nonnegative integer k put

1
Wy = (2I—|—M/) U, +g.

Then ¥, — ¥ in H~Y2(0G,C™), 1 — M'¥ = g and | ¥ — ¥,|| < ¢’[||g] +
[ ®o||] for arbitrary j.

Proof. Let A be an eigenvalue of %I — M’ and ¥ be a corresponding eigen-
vector. Then ¥ = f + g, where g € RS, and (f,w) = 0 for each w € R,,,. We
obtain

M+ g = (;I—M’)'Il: (;I—Kg)qurg.
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Since H~/2(0G,C™) is the direct sum of [(1/2)I — KL](H~Y/?(0G,C™)) =
{® € HY?(0G,C™); (®,w) = 0 Yw € RS} and R¢, (compare Proposi-
tion 4.13), we infer that

[(1/2)] — KL)® =M, Jg=g.

If g #0then A = 1. If g = 0 then ¥ = f € [(1/2)] — K,](H'/2(0G,C™)).
Since A is an eigenvalue of [(1/2)I — KJ], Theorem 4.13 and Proposition 6.2
give that 0 < A < 1.

Fix A € C'\ (0,1). The operator 1I — K{, — M is a Fredholm operator
with index 0 by Theorem 4.12. Since M’ — K, is a finite rank operator and so
compact (see [24], p. 88), the operator 1 — M’ — Al is a Fredholm operator
with index 0 (see [18], §16, Theorem 16). If A € o(31 — M’) then X is an
eigenvalue of %I — M'. We have proved that X is not an eigenvalue of %I — M.
Thus (31 — M’) C (0,1). Since o(31 + M') C (0,1) we have r(31 + M') < 1.
If we fix (1] + M’) < g < 1 then there exists an equivalent norm || - || on
H~Y2(dG,C™) such that |31 + M’|| < q. (see [8]). The rest is a consequence
of Proposition 4.14.

7 Invertible operator for the direct method

Let g € H~Y/2(9G, R™). Suppose that the Neumann problem (1), (2) is solv-
able. If u, p solves the Neumann problem (1), (2), then ju — Kgu = Egg. If
f is a solution of the equation

1
5 — Kof = Egg, (40)

then there is a rigid body motion w such that f = u+ w (see Proposition 5.1).
If we put v = u+w, then v, p solves the Neumann problem (1), (2). Moreover,

v =FEgg+ Dcf, p=Qcg+Ilsf.

So we would like to find any solution of the integral equation (40). If we ap-
proximate Egg then the new equation %f' — Kgf = h might not be solvable.
We shall study instead of this equation a modified equation which is uniquely
solvable and a solution of this new equation solves also the equation (40).

Let f1, ... fi(m+1)/2 form a basis of the space of rigid body motions R,. Let

C1y -+ Cm(m+1)/2 be nonzero constants. Put
m(m+1)/2
M¥ =KW+ Y ¢fi(Tf)
j=1

Remark that M is the adjoint operator to the operator M’ constructed in the
previous section.
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Proposition 7.1. Let G C R™ be a bounded domain with connected Lips-
chitz boundary, m > 2. The operator %I — M is continuously invertible in

HY2(0G,c™). If f € HY?(0G,C™), h € (3] — K¢)(H'?(0G,C™)) and
%f—Mf: h, then %f—KGvf:h.

Proof. Since %I — M’ is continuously invertible by Proposition 6.2, its adjoint
operator 31 — M is also continuously invertible (see [24], Theorem 6.24). We
have HY/2(0G,C™) = R¢, P(AI — Kg)(HY?(9G,C™)) by Proposition 5.1.
Since if — Kof € (31 — Kg)(H'Y2(0G,C™)), (K — M)f € RS, and h = [Af —
Kef|+ (Kg—M)f € (%I—KG)(HI/Q(aG, C™)), we infer that (Kg — M)f = 0.
Proposition 7.2. Let G C R™ be a bounded domain with connected Lipschitz
boundary, m > 2. Suppose that

1 for j =k,
oG
andc; =—1forj=1,... m(m+1)/2, ie. MY = Kq® — > {;(¥, f;). Then
there is an equivalent norm on H'/?(9G,C™) such that |1+ M| < q < 1. Let
now h € H'/2(0G,C™). Fix fy € H'/?(dG,C™). For a nonnegative integer k
put

1
fk—i—l = <2I+M>fk + h.

Then f, — f in HY/?(0G,C™), %f — Mf =h and |f — £|| < ¢[|h|| + ||f]|] for
arbitrary j.

Proof. Since there is an equivalent norm on H~/2(9G,C™) such that ||+
M'|| < ¢ <1 (see Proposition 6.3), we have ||[+] + M|| = |31+ M'| < ¢ <1
(see [24], Theorem 3.3). The rest is a consequence of Proposition 4.14.
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