Preprint, Institute of Mathematics, AS CR, Prague. 2007-12-21

AN OPTIMAL CONDITION FOR THE UNIQUENESS
OF PERIODIC SOLUTION FOR LINEAR
FUNCTIONAL DIFFERENTIAL SYSTEMS

S. MUKHIGULASHVILI, I. GRYTSAY

ABSTRACT. Unimprovable effective sufficient conditions are estab-
lished for the unique solvability of the periodic problem

1+1

Z&Juj )+ q:i(t) for 1<i<n-—1,

an u;) (1) + an (1),
=1

()—u](w) for 1<j<n,

where w > 0, ¢;; : C([0,w]) — L([0,w]) are the linear bounded
operators, and ¢; € L([0,w]).
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1. STATEMENT OF PROBLEM AND FORMULATION OF MAIN
REsuLTS

Consider on [0, w] the system
i1
(1.1) 7=
Z Un,j(u5)(8) + qn(t),

with the periodic boundary conditions
(1.2) u;(0) = uj(w) for 1<j<n,

where w > 0, ¢;; : C([0,w]) — L([0,w]) are linear bounded operators
and ¢; € L([0,w]).

By a solution of the problem (1.1), (1. ) we understand a vector
function v = (u;)", with u; € C([0,w]) (i = 1,n) which satisfies the
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system (1.1) almost everywhere on [0,w] and satisfies the conditions
(1.2).

Much work has been carried out on the existence and uniqueness
of the solution for a periodic boundary value problem for systems of
ordinary differential equations and many interesting results have been
obtained (see, for instance, [1-3,5,10] and the references therein). How-
ever, an analogous problem for functional differential equations, even
in the case of linear equations remains less detailed investigated.

Thus, in the present paper, we study the problem (1.1) (1.2) under
the assumptions that ¢, 1,¢; ;41 (i = 1,n — 1) are monotone linear op-
erators. We establish new unimprovable, integral, sufficient conditions
of unique solvability of the problem (1.1),(1.2) which from one hand
generalize the well-known results of A. Lasota and Z. Opial (see the Re-
mark 1.1) obtained for ordinary differential equations in [6], and from
the other hand the results obtained for linear functional differential
equations in our works (see [7-9] ). These results are new also if (1.1)
is the following system of ordinary differential equations

i+1
wy(t) = Zpi,j(t)uj(t) + ¢;(t) for 1<i<n-1,
(1.3) =2

(1) = D s (D05 (8) + 4,(0)

where ¢;, p;; € L([0,w]). The method used for the investigation of the
considered problem is based on the method developed in our previous
papers (see [7-9]) for functional differential equations.

The following notation is used throughout: N(R) is the set of all
natural (real) numbers; R" is the space of n-dimensional column vectors
r = (x;)", with elements x; € R (i = 1,n); R, = [0, +oo[; C([0,w])
is the Banach space of continuous functions v : [0,w] — R with the
norm ||ulle = max{|u(t)| : 0 < t < w}; C([0,w]; R") is the space of
continuous functions u : [0,w] — R"; C([0,w]) is the set of absolutely
continuous functions u : [0,w] — R; L(]0,w]) is the Banach space of
Lebesgue integrable functions p : [0,w] — R with the norm ||p||, =
Is Ip(s)|ds; if € - C([0,w]) — L([0,w]) is a linear operator, then ||¢| =
Do oct 162 1.

Definition 1.1. We will say that a linear operator ¢ : C([0,w]) —
L([0,w]) is monnegative (nonpositive), if for any nonnegative x €
C([0,w]) the inequality ¢(z)(t) > 0 (Y(x)(t) < 0) for 0 <t < w is
satisfied. We will say that an operator ¢ is monotone if it is nonnega-
tive or nonpositive.
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Definition 1.2. For the system (1.1) we define the matrix A; =

(a§1] )iti=1 by the equalities

aﬂ:—l, ag)lzl—lHﬁn,lH, az(}l):O for 2<i<n-—1,

(1.4) i = il =1, ally, = Hamu for 1<i<n—1,

ag}j):O for 1+2<j <n, ag}j):||€i7j|| for 3<j+1<i<n.

(k)
i,J

(15) A2 - Ah

and the matrices Ay = (a7 )i;_y, (k= 2,n) by the recurrent relations

(1.6) alE = o) for 1<k or j¢&{kk+1},

2¥) 2y

k)
a
(17) k+1)_a§§)+ E”) a(k) for k+1<i<n, k<j<k+1
k,k

Theorem 1.1. Let {1,441 @ C([0,w]) — L([0,w]) (: = 1,n—1) be
linear monotone operators,

(1.8) /fnl s)ds # 0, /EHH s)ds#0 for 1<i<n-—1,

the matrices Ay, be defined by the relations (1.4)-(1.7), and
(1.9) al% <0 for 2<k<n.

Let moreover

(1.10) / 1n1(1) ‘dSH/ |£.5+1(1)(s)|ds <4nH’au
0

Then the problem (1.1), (1.2) has a unique solution.

Definition 1.3. For the system (1.3) we define the matrix A; =
(agj )ii=1 by the equalities (1.4)-(1.7) with

(1) (@)t = pig(B(t) for ijeTm, o eC(0w)
Corollary 1.1. Let

(1.12) 0<oupna(t) £0, 0<oipiita(t) Z0  for 1<i<n-—1

where o; € {—1,1} (i = 1,n), the matrices Ay be defined by the rela-
tions (1.5)-(1.7), (1.11) and

(1.13) a,”C <0  for 2<k<n.
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Let moreover

w n—1 w n .
(1.14) / P (9)lds [ / Py (s)lds < 47T 1)
j=1 j=2

Then the problem (1.3), (1.2) has a unique solution.

Now, assume that
(1.15) ;=0 for j#2, 4,;=0 for j& {i,i+1}, i=2,n—1,
' lp; =0 for j=2,n—1
Then the system (1.1) is of the following type
ui(t) = lra(u2)(t) + a1 (1),
u, (t) = U1 (u1)(t) + Lon (un) () + Gn(2),

and from Theorem 1.1 we obtain

Corollary 1.2. Let l,1,0; ;11 (i = 1,n — 1) be linear monotone oper-
ators, the conditions (1.8) hold and

(1.17) /Ow er(1)(s)lds <1 for 2<k<n.

Let moreover

[ 1t \dsH / £5541(1)(s)lds <
0

< 4" / 1;;(1 |ds

Then the problem (1.16), (1.2) has a unique solution.

(1.18)

It is clear that for the cyclic feedback system

wi(t) = €;(uiq)(t) + qi(t) for 1<i<n-—1,
Uy () = Cn(ur) (1) + qu(t),

from Corollary 1.2 we get

Corollary 1.3. Let ¢; : C([0,w]) — L([0,w]) (i = 1,n) be the linear
monotone operators,

(1.19)

(1.20) il #0 for i=T.n,
and
(1.21) [T el <4

=1

Then the problem (1.19), (1.2) has a unique solution.
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Remark 1.1. It is clear that the problem

(1.22) u’(t) = p)u(t) + q(t), u(0)=u(w), v'(0) =u'(w),

is equivalent to the problem (1.19), (1.2) with n = 2, (i (z)(t) =
£(t), La(x)(t) = p(t)(t), qu(t) = 0 amd 4o(t) = (1)

Then if p,q € L([0,w]), p(t) < 0 and [ p(s)ds # 0 from the corol-
lary 1.3 it follows that the problem (1.19), (1.2) and then the problem
(1.22), has a unique solution if the condition [ |p(s)|ds < 2 is ful-
filled, which follows from the well-known result of A. Lasota and Z.
Opial (see [6]).

Example 1.1. The example below shows that condition (1.21) in
Corollary 1.3 is optimal and it cannot be replaced by the condition

(1.21y) [Tl < am
=1

Define the functions ug € C([0,1]) on [0,1/2], and [1/2, 1] by the equal-
ities
up(t) =up(l —t) for 1/2<t <1,

1 for0 <t <1/8
up(t) = < sinw(1 —4t) for 1/8 <t <3/8.
-1 for 3/8 <t <1/2

Now, let a measurable functions 7; : [0,1] — [0,1], and the linear
nonnegative operators ¢; : C([0,1]) — L([0,1]), (i = 1,n) be given by
the equalities:

1/8i for 0 < w)(t)
10 {1/2 s Tt o SO0 = l0le()

Then it is clear that uo(0) = uo(1), ¢; # ¢; if i # j, and ||4]| =
fol [0;(1)(s)|ds = 167 f11//84 cos(1 — 4s)ds = 4 for i = 1,n. Thus, all
the assumptions of Corollary 1.3 are satisfied except (1.21), instead
of which the condition (1.21;) is fulfilled with w = 1. On the other
hand, from the relations u}(t) = |uf(t)|uo(7:(t)) = li(uo)(t) (i = 1,n),
it follows that the vector function (u;(t))™, if u;(t) = ue(t) (i = 1,n)
is the nontrivial solution of the problem (1.1), (1.2) with w =1, ¢(t) =
0, which contradicts the conclusion of Corollary 1.3.

2. AUXILIARY PROPOSITIONS

Lemma 2.1. Let the matrices Ay (k = 1,n) be defined by the equalities
(1.4)-(1.7). Then the following relations

(2.1,,) ag;) >0  for i#j, m=1n,

(220> anl,)l = arz,?
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(2.2,,) agf‘j) < aE?) for i>m>2 j>m, A<m,
hold.

Proof. From the definition of A;, A, immediately follows that the in-
equalities (2.17) and (2.25) are true. Now, we assume that (2.1,,)
holds for m = 3,..,mp (mo < n) and prove (2.1,41). If i < mg or
J & {mo, mo+ 1}, from (1.6) there immediately follows the inequality
(2.1,041), and if ¢ > mg+1, j € {mg, mo+ 1}, then (2.1,,,41) follows
from (1.7).

Now we prove the inequality (2.2,,). First assume that j > m + 1.
Then from (1.6) it is clear that

(2.3) agj\j) = az(:\jﬂ) =..= aggb) for j>m+1,i>m, A<m.
Now, let j = m. Then from (1.6) we get agi,)l = ag,’\nfl) =..= aETZ{l) for

i >m, A < m. By the last equalities and (2.1,,), from (1.7) it follows

(m—1)
m) _ (m-1), Ym-1m  (m-1) o (m-1) _ (A .
Cli,m - Yi,m (m—1) im—1 2 a’i,m = O/Lm for 1 2 m, A S m,
’am—l,m—l

From this inequality and (2.3) we conclude that (2.2,,) is fulfilled for
all 7 > m and i > m. The equality (2.2y) immediately follows from
(1.5) and (1.6). O

Also we need the following simple lemma proved in the paper [10].

Lemma 2.2. Let 0 € {—1,1} and ol : C([0,w]) — L([0,w]) be a

nonnegative linear operator. Then
—m[l(1) ()| < ol(z)(t) < M(1)(t)] for 0<t<w, ze€C(0,w]),

where m = — Orglgnw{dt)}, M = Orgta;i{x(t)}.

Now, consider on [0, w] the homogeneous problem

i+1
(2.4)) Vi) =) Li(v)(t)  for 1<i<m,
=2
(2.5) v;(0) = vj(w) for 1<j<n,
where the operator ¢, ,,+1 and function v,1; are defined by the equal-
ities 4,41 = p1 and v, = v1. Also define the functional A; :

C0.11 B) — . by the equality Ai(v) = max {u(8)} — min {0,(8)
(i = I, n) for any vector function v = (v;)", and let A,y = A,
Lemma 2.3. Let {;;41 : C([0,w]) — L([0,w]) (i = 1,n) be linear

monotone operators,

(2.6) /OW liiva(1)(s)ds #0  for 1<i<n,
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the matrices Ay, be defined by the equalities (1.4)-(1.7) and
(2.7) a,gf; <0 for 2<k<n.

Let, moreover v = (v;)_, be a nontrivial solution of the problem ((2.4;))";,
(2.5) for which such ki € {2,...,n} exists that vy, # 0. Then if

(2.8) ko = min{k € {2,...,n} : vx #Z 0},
the inequalities
(2.9) 0 <lluklle < Ak(v)  for k=1, ko <k <n,

(2.10) 0< a,(clf,)gAk(v) + a,(c]fllHAkH(v) for ko <k <mn,
with aS}lH = a;{)l, hold.
Proof. Define the numbers My, my, € R, t,,t] € [0,w] by the relations

(2.11;) Me=ve(th) = max{ve()},  —m = v(ty) = min {ve(t)},

and if ¢}, < t], the sets I,gl) = [t} t7], ],ig) =1\ [lgl). From (2.8) it is
clear

(2.12) iy 2 0.

On the other hand, from (2.4;,-1) by (2.8) we obtain

(2.13) /0 1 (030)(5)ds = 0.

From (2.13), in view of (2.6) and Lemma 2.2 there follows the existence
of such ty € [0, w] that vk, () = 0. Then from (2.12) we get (2.9%,).

Let the numbers My,,my, € R, t;,t; € [0,w] be defined by the
relations (2.11y,) and #j, < tj (the case tj; <t can be proved anal-
ogously). The integration of (2.4;,) on I,gz), by virtue of (2.5) and (2.8)
results in

Au(v) = (1) / Coo ko (0,)(5)ds + / brg 1 (1) ()]

(r) (r)
Iko Ik0

(2.14)

for r = 1,2. From the last equality, by virtue of (1.4), (2.7), (2.9%,) and
(2.24,) with A =1, i = j = ko we get

215)  0< =l A00) < (1 [ frpslogi)(s)ds
ko
for r = 1,2. Assume that vg,41 is a constant sign function. Then

in view of the fact that the operator ¢y, 1,+1 is monotone we get the
contradiction with (2.151) or (2.159), i.e., vg,+1 changes its sign. Then

(216) Mko+1 > O, Miy+1 > O,

and the inequality (2.94,41) holds ((2.91) if kg = n). If £i, k,+1 is a non-
negative operator, from (2.15,) (r = 1,2) in view of (2.16) by Lemma



8 S. MUKHIGULASHVILI, I. GRYTSAY

2.2 we get 0 < —a(kO) Ak (V) < Mg fllgl) ko ko+1(1)(8)|ds, 0 <
0

—ak %o ) Ao (v) < My flé? ko ko+1(1)(8)|ds. By multiplying these es-

timates and applying the numerical inequality 4AB < (A + B)? in
view of the notations (1.4) we obtain 0 < ako koAko( v) + 3 (Migs1 +

mko-i-l)(fjlg;) |€k0,/€0+1(1> ‘d8+fjl<€(2)) |£k07k0+1( )( )’dé‘) - aklzolloAko( )

a,(i))’koHAkOH( ), (0 < ann A n(V) + a;{)lAl(U) if ky = n), from which by
(2.20) if kg = n and (2.2,) with A =1, i = ko, j = ko + 1 if kg < n,
follows (2.10,). Analogously from (2.15,) we get (2.10,), in the case
when the operator {, 1,41 is non-positive.

Consequently we proved the proposition:

i. Let 2 < kg < n, then the inequalities (2.9x,), (2.9%,+1) ((2.91) if
ko = n) and (2.10g,) hold.

Now, we shall prove the following proposition:

ii. Let k; € {ko,...,n—1} be such that the inequalities (2.9y),(2.10;)
for (k = ko, k1), and (2.94,41) hold. Then the inequalities (2.9, ) if
ki <n—2, (2.91) if k; =n — 1 and (2.104,+1) hold too.

Define the numbers My, 11, mp, 11 € R, t), 1,151 € [0,w] by the
relations (2.11;,11) and let ¢, <t} ,, (the caset] ., <t ,, can be
proved analogously). The integration of (2.4x,41) on [ lg)ﬂ? by virtue
of (2.5) and (2.8) results in

k1+2

I Bl = (7Y [ sl 6)ds

j=ko k1+1

for r = 1, 2. From this equality, by the conditions (1.4),(2.7),(2.9x) with
k = ko, ceey ]{?1 + 17 and (22k0) with A = ].7 1= kl + 17 j = k‘o, ...,kl +1
we get

k1+1

(218) 0=y ol 8(0) + (1) /m byt 2(vr,2) (s)ds

J=ko k41

for r = 1, 2. By multiplying (2.10;) with ak +1 k/|a | for k € {ko,...,k1}
in view of the inequalities (2.7) we obtain

al®)
(2.19%) 0 < —apy;  Ak(v) + ,‘"’(’;y a1 Ak (v).
A
Now, summing (2.18) and (2.19,) by virtue of (1.7) with k = ko, i =

ki +1, j =ko+ 1, we get

ki1+1

ko+1) k
0< i(clgrl kot18%0+1(0) + Z al(cl(ﬁl,jAj(U)"i_
j=ko+2
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+(_1) /() €k1+1,k1+2(vk1+2>(8>ds7

T
from which by (2.2y,11) with i = k; + 1, j > ko + 2, A = ko, we obtain
ki1+1
(2.20) 0< Z kk‘fllj )+ (=1)" /( Y U1 o1 +2 (U +2) (8)ds
Jj=ko+1 I

for r = 1,2. Analogously, by summing (2.20) and the inequalities
(2.19) for all k = ko + 1, ..., k; we get

k T
221) 0< ol 0 dun(@) " [ fnsalon)(6)ds
Pt

for r = 1,2. By the same way as the inequality (2.9;,41) and (2.10y,)
follow from (2.15,), the inequalities (2.9%,12) ((2.91) if kg =n—1) and
(2.10g, 41) follow from (2.21).

From the propositions i. and ii. by the the method of mathematical
induction we obtain that the inequalities (2.9;), (2.9x) and (2.10y)
(k = ko,n) hold. O

3. PROOFS

Proof of Theorem 1.1. It is known from the general theory of boundary
value problems for functional differential equations that if ¢;; (i,j =
1,n) are strongly bounded linear operators, then the problem (1.1),
(1.2) has the Fredholm property (see [4]). Thus, the problem (1.1),
(1.2) is uniquely solvable iff the homogeneous problem (2.4;)" ,, (2.5)
has only the trivial solution.

Assume that, on the contrary, the problem (2.4;)"_,,(2.5) has a non-
trivial solution v = (v;) ;. Let

(3.1) vZ£0, v;,=0 for 2<i<n.

Thus from (2.4,) and (2.4,,) it follows that v} (¢) = 0 and ¢,,1(v1)(t) = 0,
i.e., in view of the fact that the operator ¢, ; satisfies (1.8) we obtain
that v; = 0, which contradicts (3.1). Consequently such kg € {2,...,n}
exists that vy, # 0. Then all the conditions of Lemma 2.3 are satisfied,
from which it follows that 0 < ||v1]|c < A1(v), i.e., v1 Z Const and in
view of the condition (2.5) the function v] changes its sign. Thus from
(2.4;1) by the monotonicity of the operator ¢; 5, we get that vy changes
its sign too. Consequently if My, msy are the numbers defined by the
equalities (2.115) then

(32) My >0, mo >0,

and if k¢ is the number defined by the equality (2.8), then ky = 2.
Thus from Lemma 2.3 it follows that the inequalities (2.91), (2.9;) and
(2.10%) (k = 2,n) hold.



10 S. MUKHIGULASHVILI, I. GRYTSAY

Now, assume that the numbers M;, mq, and ¢}, ¢} € [0, w| are defined
by the equalities (2.11;) and ¢} < ¢{ (the case t] < t| can be proved

analogously). By integration of (2.4;) on the set ]1(” we obtain

(3.3) Ay(v) = (=1)" /I | D1a(v2)(s)ds

1
for r = 1,2. First assume that the operator ¢, is non-negative (the
case of non-positive ¢, 5 can be proved analogously), then from (3.3)
by (2.91), (3.2) and the Lemma 2.2 we obtain

0< A1<U) < my /(1) |€172(1)(8)|d3, 0< Al(l)) < M, /(2) |£172<1)(S)|d3.
A A

By multiplying these estimates and applying the numerical equality
4AB < (A+ B)? and the equalities (1.4) we get 0 < ag iA (v)+ 3 (ma+

25)( [y 1a2(D)(6)lds + [0 112(D($)lds ) = af1Au(v) + $12a00),
i.e., all the inequalities (2.10;) (k = 1,n) are satisfied.
On the other hand from (1.4)—(1.6) and Lemma 2.1 it is clear that
)
1

1 1 k 1
GO all=1 a =al) el =all = (el
for 1 < k <n — 1. By multiplying all the estimates (2.10k) (k=1,n)
and applying (3.4) we get the contradiction to the condition (1.10).
Thus our assumption fails, and v; =0 (i = 1, n). d

Proof of Corollary 1.1. From (1.11) and (1.12) it is clear that £, ; and
l; ;11 are monotone operators and (1.8) holds. Also, from (1.13) and
(1.14), the conditions (1.9) and (1.10) follow. Consequently all the

conditions of Theorem 1.1 for the system (1.3) are fulfilled. O
Proof of Corollary 1.2. From (1.4), (1.6), and (1.15) it is clear that
(3.5) af Y =al = L =al) = ||l -1 for 2<k<n,
and
a,(fk Zl 2 agfk__i;m =..= a,(cl,)C ;=0 for 3<k—17<mn,
(3.6) @
asq = 0.
From (1.7), (1.15) and the first equality of (3.6) we get
(k—2) (k—2)
(k=1) _ (k=2) , Y%—2k—1 (k—2)  Dh—2k-1 (k-2)
U1 = Q1 T gy Okk—2 = oz Ckk—2 =

57 ’&k—2,k—2 ‘ak 2,k—2
( . ) (k—2) (k—3) (J)

p_ok—1 Ap—3k—2 (k-3) (2) Gjg+1 _

(k—2) —3) | Mkp—3 = - T Qg2
|ak 2,k— QH ~3,k—3 = ’J,J

for k> 3. From (3.7) and the second equality of (3.6) it is clear that
(3.8) ai =0  for  2<k<n
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Then from (1.7) by (3.5) and (3.8) we obtain
k k-1 k=1) (k=1) ;| (k=1
ain =t + a5l /1Sl = el = 1
Thus from the conditions (1.17) and (1.18) it follows that (1.9) and
(1.10) hold. Consequently all the conditions of Theorem 1.1 for the
system (1.16) are fulfilled. O
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