130 (2005) MATHEMATICA BOHEMICA No. 1, 107–110

COMPACT ELEMENTS IN THE LATTICE OF VARIETIES

J. Ježek, V. Slavík, Praha

(Received August 10, 2004)

Abstract. We prove that the lattice of varieties contains almost no compact elements. Keywords: variety, lattice, compact element MSC 2000 : 08B15

The lattice L_σ of varieties of σ-algebras (for a signature σ) has been investigated in many papers. For example, the series of papers [1] is a treatment of definability in this lattice (for an arbitrary σ); from the results of [2] and [3] it follows that the problem (still open) to characterize the lattices isomorphic to a principal ideal of L_σ will be very difficult to solve.

In the present paper we investigate compact elements of this lattice. Recall that an element a of a complete lattice L is said to be compact if the following holds: whenever a is below the join of a subset S of L then a is below the join of a finite subset of S. For other terminology and basics of universal algebra the reader is referred to the monograph [4].

The dual of the lattice of varieties is isomorphic to the lattice of equational theories of signature σ. The last lattice is algebraic, i.e., its every element is the join of a set of compact elements. On the other hand, the lattice of varieties itself is not algebraic, with the only exception when the signature is finite and contains no other symbols than those of arity 0: we will see that if there is at least one symbol of arity at least 1 then the lattice contains no compact elements except the least element.

Let F be an operation symbol of arity n � 1 in the signature σ. By a term we mean a term (of this signature) over the infinitely countable set X of variables.

While working on this paper the authors were partially supported by the Grant Agency of the Czech Republic, grant #201/02/0594; the first author was also partially supported by the institutional grant MSM113200007.

Recall that equations are ordered pairs of terms. For two terms u, v we write u � v if there exists a substitution f (i.e., an endomorphism of the algebra of terms) such that f(u) is a subterm of v. By the length of a term t we mean the total number of occurrences of variables and operation symbols in t.

For every term t and every nonnegative integer n we define a term U_n(t) by induction on n as follows: U_0(t) = t; U_{n+1}(t) = F (U_n(t), t, . . . , t). Let x be a variable. For n > 0 denote by V_n the variety determined by the equation (U_n(x), x) and by E_n the corresponding equational theory.

Lemma 1.

(1) Let n, m > 0 be such that n divides m. Then V_n ⊆ V_m. (2) The join of the varieties V_n (n > 0) is the variety of all σ-algebras.

Proof. (1) Clearly, if n divides m then the equation (U_m(x), x) is a consequence of (U_n(x), x).

(2) For n > 0 define a σ-algebra A_n in the following way: its underlying set is the set of the terms t such that U_n(x) � t (clearly, X ⊆ A_n); for a k-ary operation symbol G of σ and a k-tuple a_1, . . . , a_k of elements of A_n let

G^{(An)}(a_1, . . . , a_k) = { G(a_1, . . . , a_k) if G(a_1, . . . , a_k) ∈ A_n, b if G(a_1, . . . , a_k) = U_n(b) for a term b ∈ A_n.

(Observe that the operations are correctly defined.)

Let b ∈ A_n. For m < n we have U_n(x) � U_m(b), so that U_m(b) ∈ A_n and the value of U_m(x) in A_n under the interpretation sending x to b is U_m(b). Since this is true for m = n − 1, the value of U_n(x) in A_n under that interpretation is b. This means that the equation (U_n(x), x) is satisfied in A_n and hence A_n ∈ V_n. (It follows that A_n is the free algebra in V_n over the set X; but we do not need this fact.)

Denote by V the join of the varieties V_n (n > 0). If an equation (u, v) is satisfied in V then it is satisfied in A_n for all numbers n > 0; but if n is chosen to be larger than the length of both u and v, then this is possible only if u = v. We see that V does not satisfy any nontrivial equation, so that V is the variety of all σ-algebras. □

For every n > 0 denote by E^′_n the set of the equations (u, v) such that either u = v or both u and v are terms of length at least n. Also, denote by V^′_n the variety of models of E^′_n. One can easily check that E^′_n is an equational theory, so that an equation is satisfied in V^′_n if and only if it belongs to E^′_n.

Lemma 2.

(1) Let n � m. Then V^′_n ⊆ V^′_m.

(2) The join of the varieties V^′_n is the variety of all σ-algebras.

Proof. This is easy to see. □

Theorem 3. Let σ be a signature containing a symbol F of arity n � 1. The trivial variety is the only compact element of the lattice of varieties of σ-algebras.

Proof. Let C be a compact element of the lattice of varieties. It follows from 1 and 2 that there exists a positive integer n such that C ⊆ V_n and C ⊆ V^′_n. However, the intersection V_n ∩ V^′_n is the trivial variety. □

Theorem 4. Let σ be a signature consisting of nullary symbols only. If σ is finite then the lattice L_σ is finite and every element of L_σ is compact. If σ is infinite then L_σ has precisely two compact elements: the trivial variety and the only minimal variety of σ-algebras.

Proof. The finite case is clear, so let σ be an infinite set of nullary symbols. Denote by K the lattice of equivalences on σ. The lattice L_σ is isomorphic to the ordinal sum of the one-element lattice and the dual of K. So, it is sufficient to prove that K has no dually compact elements except the all-equivalence σ × σ. For this it will be sufficient to construct, for any equivalence E ≠ σ × σ, an infinite chain E_0 ⊃ E_1 ⊃ E_2 ⊃ . . . of equivalences such that E_0 ∩ E_1 ∩ . . . ⊆ E but E_i ⊈ E for all i. We need to distinguish two cases.

Suppose first that E has an infinite block B. Take an infinite sequence a_0, a_1, . . . of pairwise distinct elements of B and an element c ∈ σ − B. We can define E_i for any i � 0 by E_i = id_σ ∪ (H_i × H_i) where H_i = {c, a_i, a_{i+1}, a_{i+2}, . . .}.

The remaining case is when all the blocks of E are finite, so that there are infinitely many of them. Clearly, there exists an infinite sequence a_0, b_0, a_1, b_1, . . . of elements of σ such that (a_i, b_i) /∈ E for all i. We can define E_i for any i � 0 by E_i = {(a_i, b_i), (a_{i+1}, b_{i+1}), . . .}. □

References

[1] J. Ježek: The lattice of equational theories. Czechoslovak Math. J. 31 (1981), 127–152;

573–603; 32 (1982), 129–164; 36 (1986), 331–341.

[2] W. Lampe: A property of the lattice of equational theories. Algebra Universalis 23 (1986), 61–69.

[3] W. Lampe: Further properties of lattices of equational theories. Algebra Universalis 28 (1991), 459–486.

[4] R. McKenzie, G. McNulty, W. Taylor: Algebras, Lattices, Varieties, Vol. I. Wadsworth & Brooks/Cole, Monterey, CA, 1987.

Authors’ addresses: Jaroslav Ježek, MFF UK, Sokolovská 83, 186 75 Praha 8, e-mail: jezek@karlin.mff.cuni.cz; Václav Slavík, Czech Agricultural University, Kamýcká 129, 165 21 Praha 6, e-mail: slavik@tf.czu.cz.