127 (2002) MATHEMATICA BOHEMICA No. 4, 531–545

LOCALIZATION OF NONSMOOTH LOWER AND UPPER FUNCTIONS FOR PERIODIC BOUNDARY VALUE PROBLEMS

Irena Rachunková^1, Olomouc, Milan Tvrdý^2, Praha

(Received January 20, 2001)

Abstract. In this paper we present conditions ensuring the existence and localization of lower and upper functions of the periodic boundary value problem u^{′′} + k u = f(t, u), u(0) = u(2 p), u^′(0) = u^′(2p), k ∈ R, k ≠ 0. These functions are constructed as solutions of some related generalized linear problems and can be nonsmooth in general.

Keywords: second order nonlinear ordinary differential equation, periodic problem, lower and upper functions, generalized linear differential equation

MSC 2000 : 34B15, 34C25

1. Introduction

Theorems about the existence of solutions of boundary value problems for ordinary differential equations often suppose the existence of lower and upper functions to the problem studied. For such theorems concerning periodic boundary value problems we can refer e.g. to the papers [1]–[3], [5], [6], [8]–[14] and [15]. We can decide whether the problem has constant lower and upper functions (see e.g. [2], [5]) and to find them provided they exist. In general, however, it is easy neither to find nonconstant lower and upper functions nor to prove their existence which can make the application of such theorems difficult. One possibility how to get nonconstant and possibly nonsmooth lower and upper functions to the periodic boundary value problem

(1.1) u^{′′} + k u = f(t, u), u(0) = u(2p), u^′(0) = u^′(2p), k ∈ R, k ≠ 0

1 Supported by the grant No. 201/01/1451 of the Grant Agency of the Czech Republic and by the Council of Czech Government J14/98:153100011.

2 Supported by the grant No. 201/01/1199 of the Grant Agency of the Czech Republic.

is shown here. (The case k = 0 is solved in [13] and [14].) We make use of fairly general definitions of these notions introduced in [12] and construct them as solutions of generalized periodic boundary value problems for linear differential equations in Sections 2 and 3. (Essentially they are solutions of linear generalized differential equations in the sense of J. Kurzweil, cf. e.g. [4], [17], [18] and [19].) Our next paper [16] will show new effective existence criteria for the problem (1.1). The proofs of them are based on the theorems about the existence and localization of lower and upper functions from this paper.

Throughout the paper we assume that f : [0, 2p] × R → R fulfils the Carathéodory conditions on [0, 2p] × R, i.e. f has the following properties: (i) for each x ∈ R the function f(., x) is measurable on [0, 2p]; (ii) for almost every t ∈ [0, 2p] the function f(t, .) is continuous on R; (iii) for each compact set K ⊂ R the function m_K (t) = sup_{x∈K} |f(t, x)| is Lebesgue integrable on [0, 2p].

For a given subinterval J of R (possibly unbounded), C (J) denotes the set of functions continuous on J, L[0, 2p] stands for the set of functions (Lebesgue) integrable on [0, 2p], L_2 [0, 2p] is the set of functions square integrable on [0, 2p], L_∞ [0, 2p] is the set of functions essentially bounded on [0, 2p], A C [0, 2p] denotes the set of functions absolutely continuous on [0, 2p] and B V [0, 2p] is the set of functions of bounded variation on [0, 2p]. For x ∈ L_∞ [0, 2p], y ∈ L[0, 2p] and z ∈ L_2 [0, 2p] we denote ‖x‖_∞ = sup ess_{t∈[0,2p]} |x(t)|,

y = 1 2p ∫_{2p} 0 y(s) ds, ‖y‖_1 =

∫_{2p} 0 |y(t)| dt and ‖z‖_2 =

( ∫_{2p} 0 z^2(t) dt

) 1_2 . If x ∈ B V [0, 2p], s ∈ (0, 2p] and t ∈ [0, 2p), then the symbols x(s−), x(t+) and Δ^+x(t) are defined respectively by x(s−) = lim_{τ →s−} x(τ), x(t+) = lim_{τ →t+} x(τ) and Δ^+x(t) = x(t+) − x(t). Furthermore, x^{ac} and x^{sing} stand for the absolutely continuous part of x and the singular part of x, respectively. We suppose x^{sing}(0) = 0. L^n [0, 2p], A C^n[0, 2p] and B V^n are the sets of column n-vector valued functions with elements from L[0, 2p], A C [0, 2p] and B V [0, 2p]. For a subset M of R, χ_M denotes the characteristic function of M. For x ∈ L[0, 2p], x^+ and x^− stand respectively for its nonnegative and nonpositive parts.

By a solution of (1.1) we understand a function u: [0, 2p] → R such that u^′ ∈ A C [0, 2p], u(0) = u(2p), u^′(0) = u^′(2p) and

u^{′′}(t) + k u(t) = f(t, u(t)) for a.e. t ∈ [0, 2p].

1.1. Definition. Functions (σ_1, ϱ_1) ∈ A C [0, 2p] × B V [0, 2p] are called lower functions of the problem (1.1), if the singular part ϱ^{sing}_1 of ϱ_1 is nondecreasing on

[0, 2p], σ^′_1(t) = ϱ_1(t) and ϱ^′_1(t) + k σ_1(t) � f(t, σ_1(t)) a.e. on [0, 2p], σ_1(0) = σ_1(2p) and ϱ_1(0+) � ϱ_1(2p−).

Similarly, functions (σ_2, ϱ_2) ∈ A C [0, 2p] × B V [0, 2p] are upper functions of (1.1), if the singular part ϱ^{sing}_2 of ϱ_2 is nonincreasing on [0, 2p], σ^′_2(t) = ϱ_2(t) and ϱ^′_2(t) + k σ_2(t) � f(t, σ_2(t)) a.e. on [0, 2p], σ_2(0) = σ_2(2p) and ϱ_2(0+) � ϱ_2(2p−).

2. Periodic solutions of certain generalized linear differential problems

We want to show that if for a.e. t ∈ [0, 2p] and all x ∈ I_t, where I_t is a subinterval of R, the function f fulfils a condition of the form

(2.1) f(t, x) � β(t) or (2.2) f(t, x) � β(t)

with β ∈ L[0, 2p], then it is possible to construct lower or upper functions for the problem (1.1), respectively.

It is known that if k ≠ n^2 for all n ∈ N ∪ {0}, then the problem

σ^′ = ϱ, ϱ^′ + k σ = β(t) a.e. on [0, 2p],

(2.3) σ(0) = σ(2p), ϱ(0) = ϱ(2p)

(2.4)

possesses a unique solution (σ, ϱ) ∈ A C [0, 2p] × A C [0, 2p] for any β ∈ L[0, 2p]. Consequently, if we have in addition

(2.5) σ(t) ∈ I_t for all t ∈ [0, 2p],

then the functions (σ, ϱ) are lower or upper functions of (1.1) (according to whether (2.1) or (2.2) is satisfied). In general the relation (2.5) need not be true, of course. However, if we admit a more general notion of a solution to the linear problem (2.3), (2.4) and if the intervals I_t of validity of (2.1) or (2.2) are large enough, we can always use the problem (2.3), (2.4) for the construction of lower or upper functions for (1.1). To show this, let us consider a linear differential system on [0, 2p]

(2.6) ξ^′ = P (t) ξ + q(t), where P is an (n × n)-matrix valued function whose entries are from L[0, 2p] and q ∈ L^n [0, 2p]. By a solution of (2.6) on [0, 2p] we mean a function ξ ∈ A C^n[0, 2p] satisfying (2.6) a.e. on [0, 2p]. The corresponding normalized fundamental matrix solution of the system ξ^′ = P (t) ξ is denoted by X, i.e. X is absolutely continuous on [0, 2p] and X(t) = I +

∫_t 0 P (s) X(s) ds on [0, 2p],

where I stands, as usual, for the identity (n × n)-matrix. The inverse matrix X^{−1}(t) is defined for any t ∈ [0, 2p], X^{−1} is absolutely continuous on [0, 2p] and if

(2.7) det ( X^{−1}(2p) − I ) ≠ 0

holds, then for any q ∈ L^n [0, 2p] there is a unique solution ξ ∈ A C^n[0, 2p] of (2.6) on [0, 2p] such that

(2.8) ξ(0) = ξ(2p).

This solution can be written in the form

ξ(t) =

∫_{2p} 0 G(t, s) q(s) ds on [0, 2p],

where

(2.9) G(t, s) = X(t) { ( X^{−1}(2p) − I

)_{−1} for t � s I + ( X^{−1}(2p) − I

)_{−1} for s < t } X^{−1}(s)

is the Green function of the problem (2.6), (2.8).

2.1. Definition. Let τ ∈ [0, 2p) and d ∈ R^n be given. By a solution of the problem (2.6), (2.8),

(2.10) Δ^+ξ(τ) = d

we mean a function ξ ∈ B V^n[0, 2p] such that the relations (2.8) and

(2.11) ξ^′(t) = P (t) ξ(t) + q(t) a.e. on [0, 2p]

are satisfied and ξ − d χ_{(τ,2p]} ∈ A C^n[0, 2p].

2.2. Proposition. Assume (2.7). Then for any τ ∈ [0, 2p), any d ∈ R^n and any q ∈ L^n [0, 2p], the problem (2.6), (2.8), (2.10) possesses a unique solution ξ and this solution is given by

(2.12) ξ(t) = G(t, τ) d +

∫_{2p} 0 G(t, s) q(s) ds on [0, 2p],

where G is defined by (2.9).

Proof. For any c ∈ R^n the functions

x(t) = X(t) c + X(t)

∫_t 0 X^{−1}(s) q(s) ds, t ∈ [0, 2p], and y(t) = X(t)X^{−1}(2p) c − X(t)

∫_{2p} t X^{−1}(s) q(s) ds t ∈ [0, 2p],

are the unique solutions of (2.6) on [0, 2p] such that x(0) = c and y(2p) = c, respectively. Define ξ(t) = x(t) for 0 � t � τ and ξ(t) = y(t) for τ < t � 2p. Then ξ ∈ B V^n[0, 2p] fulfils (2.8), (2.11) and

Δ^+ξ(τ) = X(τ) [X^{−1}(2p) − I] c − X(τ)

∫_{2p} 0 X^{−1}(s) q(s) ds.

Consequently, if we put

c = M^{−1} ( X^{−1}(τ) d +

∫_{2p} 0 X^{−1}(s) q(s) ds ) , where M = X^{−1}(2p) − I, then ξ verifies (2.10). Moreover, ξ − d χ_{(τ,2p]} ∈ A C^n[0, 2p]. Finally, using the relation X^{−1}(2p) M^{−1} = I + M^{−1}, we get

ξ(t) = X(t) ( M^{−1} [ X^{−1}(τ) d +

∫_{2p} 0 X^{−1}(s) q(s) ds ] + ∫_t 0 X^{−1}(s) q(s) ds )

for 0 � t � τ and

ξ(t) = X(t) ( [I + M^{−1}] [ X^{−1}(τ) d +

∫_{2p} 0 X^{−1}(s) q(s) ds ] − ∫_{2p} t X^{−1}(s) q(s) ds )

for τ < t � 2p, wherefrom the representation (2.12) of ξ follows. □

2.3. Remark. Clearly, for any solution ξ of (2.6), (2.8), (2.10) we have ξ^{ac} = ξ − d χ_{(τ,2p]}, ξ^{sing} = d χ_{(τ,2p]} and ξ is left-continuous on (0, 2p].

2.4. Remark. The problem (2.6), (2.8), (2.10) can be rewritten as the integral equation

ξ(t) = ξ(0) +

∫_t 0 P (s) ξ(s) ds +

∫_t 0 q(s) ds + d (χ_{(τ,2p]}(t) − χ_{(τ,2p]}(0)), t ∈ [0, 2p],

which is a very special case of generalized differential equations introduced by J. Kurzweil in [4].

Now, we will apply Proposition 2.2 to the problem (2.3), (2.4) generalized in the sense of Definition 2.1. In the case k = −α^2 we get the following result:

2.5. Corollary. Let k = −α^2, α ∈ (0, ∞), τ ∈ [0, 2p), δ ∈ R and β ∈ L[0, 2p]. Then the problem

(2.13) σ^′ = ϱ, ϱ^′ + k σ = β(t), σ(0) = σ(2p), ϱ(0) = ϱ(2p), Δ^+σ(τ) = 0, Δ^+ϱ(τ) = δ

possesses a unique solution (σ, ϱ). Moreover, σ ∈ A C [0, 2p], ϱ^{sing} = δ χ_{(τ,2p]} and

(2.14) σ(t) = g(|t − τ|) δ +

∫_{2p} 0 g(|t − s|) β(s) ds on [0, 2p],

where

(2.15) g(t) = − cosh(α (p − t)) 2 α sinh(αp) on [0, 2p].

Proof. The fundamental matrix solution X of the corresponding homogeneous system σ^′ = ϱ, ϱ^′ = α^2 σ is given by

X(t) = ( cosh(α t) , sinh(α t) α α sinh(αt) , cosh(α t) ) on [0, 2p]

and det ( X^{−1}(2p) − I ) = −4 sinh(αp) ≠ 0.

Thus, we can apply Proposition 2.2 to the problem (2.6), (2.8), (2.10) with

ξ(t) = ( σ ϱ ) , q(t) = ( 0 β ) and d = ( 0 δ ) , obtaining that the problem (2.13) possesses a unique solution (σ, ϱ). Since, in particular, Δ^+σ(τ) = 0 and Δ^+ϱ(τ) = δ, it follows from Definition 2.1 that σ ∈ A C [0, 2p] and ϱ − δ χ_{(τ,2p]} ∈ A C [0, 2p] (i.e. ϱ^{sing} = δ χ_{(τ,2p]}). Furthermore, substituting for X into (2.9), we get

G(t, s) =

− sinh(α(p + t − s))

2 sinh(αp) , − cosh(α(p + t − s)) 2 α sinh(αp) − α cosh(α(p + t − s)) 2 sinh(αp) , − sinh(α(p + t − s)) 2 sinh(αp) if 0 � t � s � 2p,

sinh(α(p + s − t))

2 sinh(αp) , − cosh(α(p + s − t)) 2 α sinh(αp) − α cosh(α(p + s − t)) 2 sinh(αp) , sinh(α(p + s − t)) 2 sinh(αp) if 0 � s < t � 2p,

which implies that σ has the form (2.14), where g is defined in (2.15). □

2.6. Remark. We can verify that for any α ∈ (0, ∞) the Green function g from (2.15) satisfies the relations

(2.16) − coth(αp) 2 α � g(t) � − 1 2 α sinh(αp)

< 0 for t ∈ [0, 2p]

and (2.17)

∫_{2p} 0 g(|t − s|) ds = − 1 α^2 for t ∈ [0, 2p].

The next result concerns the case k = α^2.

2.7. Corollary. Let k = α^2, α ∈ (0, ∞) \ N, τ ∈ [0, 2p), δ ∈ R and β ∈ L[0, 2p]. Then the problem (2.13) possesses a unique solution (σ, ϱ). Moreover, σ ∈ A C [0, 2p], ϱ^{sing} = δ χ_{(τ,2p]} and σ has the form (2.14), where

(2.18) g(t) = cos(α (p − t)) 2 α sin(αp) on [0, 2p].

Proof. Substituting X in (2.9) by

X(t) = ( cos(α t) , sin(α t) α −α sin(α t) , cos(α t) ) , t ∈ [0, 2p], we get

G(t, s) =

− sin(α(p + t − s))

2 sin(αp) , cos(α(p + t − s)) 2 α sin(αp) −α cos(α(p + t − s))

2 sin(αp) , − sin(α(p + t − s)) 2 sin(αp) if 0 � t � s � 2p,

sin(α(p + s − t))

2 sin(αp) , cos(α(p + s − t)) 2 α sin(αp) − α cos(α(p + s − t))

2 sin(αp) , sin(α(p + s − t)) 2 sin(αp) if 0 � s < t � 2p

and since under our assumptions we have det ( X^{−1}(2p) − I ) = 4 sin^2(αp) ≠ 0, the proof follows from Proposition 2.2 similarly as the proof of Corollary 2.5. □

2.8. Remark. For the function g from (2.18) and any α ∈ (0, ∞) \ N we have

(2.19) ‖g^−‖_∞ � ‖g^+‖_∞ = ‖g‖_∞ = 1 2 α | sin(αp)| and (2.20)

∫_{2p} 0 g(|t − s|) ds = 1 α^2 for t ∈ [0, 2p].

Furthermore, if α ∈ (0,^1_2 ], then

(2.21) 0 � cotan(αp) 2 α � g(t) � 1 2 α sin(αp) for t ∈ [0, 2p].

In the rest of this section we will derive some estimates for solutions of the problem

(2.22) σ^{′′} + k σ = b(t), σ(0) = σ(2p), σ^′(0) = σ^′(2p),

which will be useful for the proofs of Section 3.

2.9. Lemma. Let p ∈ L_∞ [0, 2p], b ∈ L[0, 2p] and b = 0. Then | | | | ∫_{2p} 0 p(s) b(s) ds | | | | � p^∗ ‖b‖^1, where p^∗ =

‖p^+‖_∞ + ‖p^−‖_∞ 2 .

Proof. First, notice that b^+ = b^− and ‖b‖_1 = 4pb^+ = 4 pb^− holds whenever b ∈ L[0, 2p] and b = 0. Thus, if p(s) � 0 a.e. on [0, 2p], then | | | | ∫_{2p} 0 p(s) b(s) ds | | | | � ‖p‖^∞ 2p b^+ = ‖p^+‖^∞

‖b‖_1 2 . In the general case, we have | | | ∫_{2p} 0 p(s) b(s) ds | | | = | | | ∫_{2p} 0 p^+(s) b(s) ds +

∫_{2p} 0 p^−(s) (−b(s)) ds | | | � (‖p^+‖_∞ + ‖p^−‖_∞)

‖b‖_1 2 = p^∗ ‖b‖_1. □ 2.10. Lemma. Let k ≠ 0, b ∈ L[0, 2p] and b = 0. Then σ = 0 holds for any solution σ of (2.22).

Proof. In virtue of the periodicity conditions we have σ^{′′} = 0. Thus, integrating the differential equation from (2.22) over [0, 2p], we get 0 = σ^{′′} = −k σ + b, i.e. σ = 0. □ 2.11. Lemma. Let k = −α^2, α ∈ (0, ∞), b ∈ L[0, 2p], b = 0 and let σ be a solution of (2.22). Then ‖σ‖_∞ � Φ(α) ‖b‖_1, where

(2.23) Φ(α) = min { p 6 , coth(αp) 4 α } . If b ∈ L_2 [0, 2p], then σ moreover fulfils ‖σ‖_∞ �

√_p 6 ‖b‖_2.

Proof. Multiplying the relation

(2.24) −σ^{′′}(t) = −α^2 σ(t) − b(t) for a.e. t ∈ [0, 2p]

by σ(t), integrating it over [0, 2p] and using the Hölder inequality, we get

‖σ^′‖^2 = −α^2 ‖σ‖^2 +

∫_{2p} 0 b(t) σ(t) dt � ‖b‖_1 ‖σ‖_∞.

Furthermore, by Lemma 2.10 we have σ = 0, and thus σ satisfies the Sobolev inequality (see [7, Proposition 1.3])

(2.25) ‖σ‖_∞ � √ p 6 ‖σ^′‖_2.

Hence ‖σ^′‖_2 �

√_p 6 ‖b‖_1 and, using the Sobolev inequality (2.25) once more, we obtain

(2.26) ‖σ‖_∞ � p 6 ‖b‖_1.

On the other hand, by Corollary 2.5,

(2.27) σ(t) =

∫_{2p} 0 g(|t − s|) b(s) ds on [0, 2p]

with g defined by (2.15). Hence, according to Lemma 2.9 and (2.16) we also have

‖σ‖_∞ � coth(αp) 4 α ‖b‖_1.

This together with (2.26) completes the proof of the first assertion of the lemma.

Now, suppose b ∈ L_2 [0, 2p]. Using the Schwarz inequality, we deduce from (2.24) that ‖σ^′‖^2 � ‖b‖_2 ‖σ‖_2. Since σ satisfies the Wirtinger inequality (see [7, Proposition 1.3])

(2.28) ‖σ‖_2 � ‖σ^′‖_2,

we get ‖σ^′‖_2 � ‖b‖_2. This together with the Sobolev inequality (2.25) completes the proof of the second assertion of the lemma. □

2.12. Remark. Since the function φ(α) =^{coth(αp)}_{4 α} is decreasing on (0, ∞), φ(0+) = ∞ and lim_{x→∞} φ(x) = 0, there is exactly one α^∗ ∈ (0, ∞) (α^∗ ≈ 0.51624) such that φ(α^∗) =^p_6 , while φ(α) >^p_6 for α ∈ (0, α^∗) and φ(α) <^p_6 for α ∈ (α^∗, ∞). This means that the function Φ from (2.23) can be described by Φ(α) =^p_6 if α ∈ (0, α^∗] and Φ(α) = φ(α) if α ∈ (α^∗, ∞).

2.13. Lemma. Let k = α^2, α ∈ (0, ∞) \ N, b ∈ L[0, 2p], b = 0 and let σ be a solution of (2.22). Then ‖σ‖_∞ � Ψ(α) ‖b‖_1, where

(2.29) Ψ(α) = min { p 6(1 − α^2) , 1 4 α sin(αp) } if α ∈ (0,^1_2 ], min { p 6(1 − α^2) , 1 2 α sin(αp) } if α ∈ (^1_2 , 1), 1 2 α | sin(αp)| if α ∈ (1, ∞) \ N.

If b ∈ L_2 [0, 2p] and α ∈ (0, 1), then σ moreover fulfils ‖σ‖_∞ �

√_p 6 ‖b‖_2(1 − α^2)^{−1}.

Proof. We have −σ^{′′}(t) = α^2 σ(t) − b(t) a.e. on [0, 2p]. According to Lemma 2.10, σ satisfies both the Sobolev inequality (2.25) and the Wirtinger inequality (2.28). Thus, proceeding similarly as in the proof of Lemma 2.11, we get ‖σ^′‖^2 � α^2 ‖σ^′‖^2 +

√_p 6 ‖b‖_1 ‖σ^′‖_2, i.e. ‖σ^′‖_2 (1 − α^2) �

√_p 6 ‖b‖_1. If α ∈ (0, 1), then using (2.25) once more, the relation

‖σ‖_∞ � p 6 (1 − α^2)

‖b‖_1

follows.

Further, σ has the form (2.27), where g is given by (2.18) and satisfies (2.21) if α ∈ (0,^1_2 ] and (2.19) for α ∈ (^1_2 , ∞) \ N. Therefore Lemma 2.9 implies that

‖σ‖_∞ �

‖b‖_1 4 α sin(αp) if α ∈ (0,^1_2 ] and ‖σ‖_∞ �

‖b‖_1 2 α | sin(αp)| if α ∈ (^1_2 , ∞) \ N.

Finally, let b ∈ L_2 [0, 2p] and α ∈ (0, 1). Then we can argue as in the proof of Lemma 2.11 and derive the inequalities ‖σ^′‖^2 � α^2 ‖σ^′‖^2 + ‖b‖_2‖σ‖_2 and ‖σ^′‖_2 (1 − α^2) � ‖b‖_2, where from the second assertion of the lemma follows. □

2.14. Remark. For α ∈ (0, 1) denote ψ_1(α) =^p_{6(1−α2)} and ψ_2(α) =^1_{4 α sin(αp)} . It can be verified that there is exactly one α^∗_1 ∈ (0, 1) (α^∗_1 ≈ 0.412036) such that ψ_1(α^∗_1) = ψ_2(α^∗_1), ψ_1(α) > ψ_2(α) for α ∈ (0, α^∗_1) and ψ_1(α) < ψ_2(α) for α ∈ (α^∗_1, 1). Similarly, there is exactly one α^∗_2 ∈ (0, 1) (α^∗_2 ≈ 0.628308) such that ψ_1(α^∗_2) = 2 ψ_2(α^∗_2), ψ_1(α) < 2 ψ_2(α) for α ∈ (^1_2 , α^∗_1) and ψ_1(α) > 2 ψ_2(α) for α ∈ (α^∗_2, 1). This means that for the function Ψ from (2.29) we have Ψ(α) = ψ_1(α) if α ∈ (0, α^∗_1] or α ∈ (^1_2 , α^∗_2], Ψ(α) = ψ_2(α) if α ∈ (α^∗_1,^1_2 ] and Ψ(α) = 2 ψ_2(α) if α ∈ (α^∗_2, ∞) \ N. (Cf. Fig. 1.)

3. Lower and upper functions

Consider the problem (1.1) and suppose that k > 0 and that there exist a ∈ R, A_1 ∈ (0, ∞), b ∈ L_∞ [0, 2p] such that

(3.1) f(t, x) � a + b(t)

holds for a.e. t ∈ [0, 2p] and all x ∈ (A_1, ∞). Then we can find r_1 ∈ (A_1, ∞) such that k r_1 � a + ‖b‖_∞ � f(t, r_1) for a.e. t ∈ [0, 2p], which means that if we put σ_1(t) = r_1 ψ_1(α)ψ_2(α) α^∗_1α^∗_20.250.50.7511.251.51.752 2ψ_2(α)

2ψ_2(α) 12345 Fig. 1

and ϱ_1(t) = σ^′_1(t) = 0 on [0, 2p], the functions (σ_1, ϱ_1) are lower functions for (1.1). Similarly, if

(3.2) f(t, x) � a + b(t)

holds for a.e. t ∈ [0, 2p] and all x ∈ (−∞, −A_2), we can find r_2 ∈ (−∞, −A_2) such that k r_2 � a − ‖b‖_∞ � f(t, r_2) for a.e. t ∈ [0, 2p], which means that the functions (σ_2(t), ϱ_2(t)) = (r_2, 0) on [0, 2p] are upper functions of (1.1). We see that the constant function σ_1 has to be quite large and positive and the constant function σ_2 has to be sufficiently small negative. Similar observations can be done for k < 0.

In the case that b is not essentially bounded or if we need other localization of σ_1 or σ_2, this approach fails. However, we can construct and localize lower and upper functions by means of the results from Section 2.

If k < 0, we can write (1.1) in the form

(3.3) u^{′′} − α^2 u = f(t, u), u(0) = u(2p), u^′(0) = u^′(2p).

3.1. Theorem. Let α ∈ (0, ∞) and let a ∈ R, τ ∈ [0, 2p), δ ∈ [0, ∞), b ∈ L[0, 2p] be such that b = 0 and (3.1) holds for a.e. t ∈ [0, 2p] and all x ∈ [A(t), B(t)], where

(3.4) A(t) = g(|t − τ|)δ − a α^2

− Φ(α)‖b‖_1 and B(t) = A(t) + 2 Φ(α)‖b‖_1 on [0, 2p] and g and Φ are given by (2.15) and (2.23), respectively.

Then there exist lower functions (σ, ϱ) of (3.3) such that

(3.5) A(t) � σ(t) � B(t) on [0, 2p].

Proof. Let us put β(t) = a + b(t) for a.e. t ∈ [0, 2p]. By Corollary 2.5 there is a unique solution (σ, ϱ) of (2.13), where k = −α^2, and, in view of (2.17), we have

(3.6) σ(t) = g(|t − τ|) δ − a α^2 + ∫_{2p} 0 g(|t − s|) b(s) ds on [0, 2p],

where g is given by (2.15). Denote

(3.7) σ_0(t) =

∫_{2p} 0 g(|t − s|) b(s) ds for t ∈ [0, 2p].

Then σ_0 is a solution to (2.22) and by Lemma 2.11 the estimate

(3.8) ‖σ_0‖_∞ � Φ(α) ‖b‖_1

is true. Substituting (3.7) into (3.6) and using (3.4) and (3.8), we get (3.5). This together with (3.1) and (2.13) means that ϱ^′(t)−α^2 σ(t) = β(t) = a+b(t) � f(t, σ(t)) is true a.e. on [0, 2p], i.e. (σ, ϱ) are lower functions of (3.3). □

In the case k > 0 we will write the problem (1.1) in the form

(3.9) u^{′′} + α^2 u = f(t, u), u(0) = u(2p), u^′(0) = u^′(2p).

3.2. Theorem. Let α ∈ (0, ∞) \ N and let a ∈ R, τ ∈ [0, 2p), δ ∈ [0, ∞), b ∈ L[0, 2p] be such that b = 0 and (3.1) holds for a.e. t ∈ [0, 2p] and all x ∈ [A(t), B(t)], where

(3.10) A(t) = g(|t − τ|) δ + a α^2

− Ψ(α) ‖b‖_1 and B(t) = A(t) + 2Ψ(α) ‖b‖_1

and g and Ψ are given by (2.18) and (2.29), respectively.

Then there exist lower functions (σ, ϱ) of (3.9) fulfilling (3.5).

Proof. By Corollary 2.7, the problem (2.13) with k = α^2 and β(t) = a + b(t) a.e. on [0, 2p] has a unique solution (σ, ϱ) and, with respect to (2.14), (2.20),

(3.11) σ(t) = g(|t − τ|) δ + a α^2

+ σ_0(t) on [0, 2p], where σ_0 and g are defined by (3.7) and (2.18), respectively. Thus, σ_0 is a solution of (2.22). By Lemma 2.13 we have

(3.12) ‖σ_0‖_∞ � Ψ(α) ‖b‖_1.

Furthermore, since (3.10)–(3.12) yield (3.5), according to (3.1) and (2.13) we have ϱ^′(t) + α^2 σ(t) = a + b(t) � f(t, σ(t)) a.e. on [0, 2p], i.e. (σ, ϱ) are lower functions of (3.9). □

The next two assertions are dual respectively to Theorems 3.1 and 3.2 and their proofs can be omitted.

3.3. Theorem. Let α ∈ (0, ∞) and let a ∈ R, τ ∈ [0, 2p), δ ∈ (−∞, 0], b ∈ L[0, 2p] be such that b = 0 and (3.2) holds for a.e. t ∈ [0, 2p] and all x ∈ [A(t), B(t)], where A(t), B(t) are defined by (3.4), (2.15) and (2.23).

Then there exist upper functions (σ, ϱ) of (3.3) fulfilling (3.5).

3.4. Theorem. Let α ∈ (0, ∞) \ N and let a ∈ R, τ ∈ [0, 2p), δ ∈ (−∞, 0], b ∈ L[0, 2p] be such that b = 0 and (3.2) holds for a.e. t ∈ [0, 2p] and all x ∈ [A(t), B(t)], where A(t), B(t) are defined by (3.10), (2.18) and (2.29).

Then there exist upper functions (σ, ϱ) of (3.9) fulfilling (3.5).

References

[1] C. De Coster, P. Habets: Lower and upper solutions in the theory of ODE boundary value problems: Classical and recent results. F. Zanolin (ed.) Non Linear Analysis and Boundary Value Problems for Ordinary Differential Equations. CISM Courses Lect. 371, Springer, Wien, 1996, pp. 1–78.

[2] R. E. Gaines, J. Mawhin: Coincidence Degree and Nonlinear Differential Equations.

Lect. Notes Math. 568, Springer, Berlin, 1977.

[3] P. Habets, L. Sanchez: Periodic solutions of some Liénard equations with singularities.

Proc. Amer. Math. Soc. 109 (1990), 1035–1044.

[4] J. Kurzweil: Generalized ordinary differential equations and continuous dependence on a parameter. Czechoslovak Math. J. 7 (1957), 418–449.

[5] J. Mawhin: Topological degree methods in nonlinear boundary value problems. Regional Conf. Ser. Math. 40, AMS, Rhode Island, 1979.

[6] J. Mawhin: Topological degree and boundary value problems for nonlinear differential equations. M. Furi (ed.) Topological Methods for Ordinary Differential Equations. Lect. Notes Math. 1537, Springer, Berlin, 1993, pp. 73–142.

[7] J. Mawhin, M. Willem: Critical Point Theory and Hamiltonian Systems. Applied Mathematical Sciences 74, Springer, Berlin, 1989.

[8] P. Omari: Nonordered lower and upper solutions and solvability of the periodic problem for the Liénard and the Reyleigh equations. Rend. Ist. Mat. Univ. Trieste 20 (1988), 54–64. (Fasc. supplementare).

[9] P. Omari, W. Ye: Necessary and sufficient conditions for the existence of periodic solutions of second order ordinary differential equations with singular nonlinearities. Differential Integral Equations 8 (1995), 1843–1858.

[10] I. Rachůnková: Lower and upper solutions and topological degree. J. Math. Anal. Appl.

234 (1999), 311–327.

[11] I. Rachůnková: Existence of two positive solutions of a singular nonlinear periodic boundary value problems. J. Comput. Appl. Math. 113 (2000), 27–34.

[12] I. Rachůnková, M. Tvrdý: Nonlinear systems of differential inequalities and solvability of certain nonlinear second order boundary value problems. J. Inequal. Appl. 6 (2001), 199–226.

[13] I. Rachůnková, M. Tvrdý: Method of lower and upper functions and the existence of solutions to singular periodic problems for second order nonlinear differential equations. Mathematical Notes, Miskolc 1 (2000), 135–143.

[14] I. Rachůnková, M. Tvrdý: Construction of lower and upper functions and their application to regular and singular boundary value problems. Nonlinear Analysis, Theory, Methods Appl. 47 (2001), 3937–3948.

[15] I. Rachůnková, M. Tvrdý, I. Vrkoč: Existence of nonnegative and nonpositive solutions for second order periodic boundary value problems. J. Differential Equations 176 (2001), 445–469.

[16] I. Rachůnková, M. Tvrdý, I. Vrkoč: Resonance and multiplicity in singular periodic boundary value problems. To appear in Math. Bohem.

[17] Š. Schwabik, M. Tvrdý, O. Vejvoda: Differential and Integral Equations: Boundary Value Problems and Adjoints. Academia and D. Reidel, Praha and Dordrecht, 1979.

[18] Š. Schwabik: Generalized Ordinary Differential Equations. World Scientific, Singapore, 1992.

[19] M. Tvrdý: Generalized differential equations in the space of regulated functions (Boundary value problems and controllability). Math. Bohem. 116 (1991), 225–244.

[20] M. Zhang: A relationship between the periodic and the Dirichlet BVP’s of singular differential equations. Proc. Royal Soc. Edinburgh 128A (1998), 1099–1114.

Authors’ addresses: Irena Rachůnková, Department of Mathematics, Palacký University, Tomkova 40, 779 00 Olomouc, Czech Republic, e-mail: rachunko@risc.upol.cz; Milan Tvrdý, Mathematical Institute, Academy of Sciences of the Czech Republic, Žitná 25, 115 67 Praha 1, Czech Republic, e-mail: tvrdy@math.cas.cz.