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OSCILLATION OF A NONLINEAR DIFFERENCE EQUATION
WITH SEVERAL DELAYS
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Abstract. In this paper we consider the nonlinear difference equation with several delays
m
(azn1+bzn)* = (czn)® + Y pi(n)zn_g, =0
i=1

where a,b,c € (0,00), k = q/r,q,r are positive odd integers, m, o; are positive integers,

{pi(n)},i=1,2,...,m, is a real sequence with p;(n) > 0 for all large n, and lim inf p;(n) =
n—oo
p; < 00,1 =1,2, ..., m. Some sufficient conditions for the oscillation of all solutions of the

above equation are obtained.

Keywords: nonlinear difference equtions, oscillation, eventually positive solutions, char-
acteristic equation

MSC 2000: 39A10

1. INTRODUCTION

Consider the nonlinear difference equation
m
(1) (a1 + bxn)* = (cxn)® + > pi(n)al_,, =0
i=1

where a,b, ¢ € (0,00), ¢ > b, k = q/r,q, r are positive odd integers, m, o; are positive
integers, {p;(n)} are real sequences with p;(n) > 0 for all large n, and lim inf p;(n) =
n—oo
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pi < 00,4 =1,2...,m. It is easy to see that if ¢ < b then (1) cannot have an
eventually positive solution. The corresponding “limiting” equation of (1) is

m

(2) (azpi1 + bxp)® — (cx,)* + Zpixfl_m_ =0
i=1

with the characteristic equation

(3) (@A +b)F ="+ piaTho =o.

=1

For the special case where k = a = 1,¢ = b + 1, equation (1) reduces to the linear
difference equation

m
Tpt1 — Tp + Zpi(n)mn_ai =0.
i=1
There have been a lot of activities concerning the oscillation of solutions of linear
difference equations. But there have been few results for the oscillation of solutions
of the nonlinear equation (1). Under the condition that 0 < <% < 1, a sufficient
condition of nonexistence of eventually positive solutions for (1) was obtained in
[5], [6]. In this paper we obtain several new sufficient conditions for oscillation of

all solutions of (1) by removing the condition <2

< 1. A sufficient and necessary
condition for oscillation of all solutions of (2) is obtained as well.

A solution {z,,} of equation (1) is said to oscillate about zero or simply to oscillate
if the terms x;, of the sequence {x,,} are neither eventually all positive nor eventually
all negative. Otherwise, the solution is called nonoscillatory.

2. MAIN RESULTS

Lemma 1 [3]. If z,y are positive numbers and x # y, then
re” N —y)=a" —y" >y e —y) for r>1.
Theorem 1. If (3) has no positive roots, then every solution of (1) oscillates.

Proof. By way of contradiction, assume that {z,} is an eventually positive
solution of (1). By (1) we have

k m k
(4) (aSEZJrl + b) — Zpi(n) (%) =0.
i=1 "

n
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For sufficiently large n, set 2. = 3,,. Then eventually

0< <2,
a
and (4) yields
m o; k
(5) @0 =4 (T2, ) =0
i=1 j=1
Set
limsup 3, = (.

It follows from (5) that 0 < 8 < <2. We also claim that

(@B +b)* ="+ piB 7 <o

=1

Indeed, by virtue of liminf p;(n) = p; < o0, for every € € (0,1) there exists an n. > 0
n—oo

such that

pin) =1 —¢e)p;, for i=1,2,...,m and n >n..

Therefore,

m T k
(a,@’ner)kck+(15)2pi<H6;1j> <0 for n>=ne.
j=1

i=1
Let N. > n. be such that
Bn < (14+¢€)p for m > N..

Then

m

(aBy, +b)F — ¥ + (1 —¢) Zpi(l +e)koigThkoi <0 for n> N, + oy,

i=1

ie.,
(B +0)F <= (1=2) Y pi(l+e)~r g7,
i=1
which implies
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As this is true for every ¢ € (0,1), it follows that

(6) (@B+b)F <= pis o,
i=1

which proves our claim. Set

(7) F(\) = (aA+b)F —cF + ipz)\*k‘”.

i=1

Then F(0+) = 400 and F(8) < 0. It follows that (3) has a positive root. This
contradiction completes the proof. O

Corollary 1. Every solution of (2) oscillates if and only if (3) has no positive

roots.

Proof. Sufficiency can be directly derived from Theorem 1. So it suffices to
prove Necessity. Suppose that (3) has a positive root .
Let

Then we have

(azpi1 + bx,)" — (cx)® + Zpiacfl_ai = \kn [(a)\ +b)F —cF + Zpi)\k"i] =0.

i=1 i=1

Hence, {x,} is an eventually positive solution of (2). This contradiction completes
the proof. 0O

Corollary 2. Assume that liminfp;(n) = p; < o0, i = 1,2,...,m, k > 1, and
n—oo
that

m

piaka'.; (kO'Z 4 1)ko'i+1

1.
kck=1(c — b)koit1 (ko ko >

i=1

Then every solution of (1) oscillates.

Proof. Let
F(A) = (aA+0)F — & + Y " piahe,

i=1

Then

FA) >0 for A> C;
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For \ < %b, by Lemma 1, we have

PO) > ¢ = (ax+0)'} {”chmj—k;—w}'

Since

mln
0<A< =2

)\—kai - akai(kgi + 1)kai+1
kck=1(c —aX—b) | kck=1(c — b)koitl(kgi)koi’

by the condition of Corollary 2 we get

i(ko; + 1)koitl —-b
F(\) = {c*—(ar+b)* { 1+Z kc Dy gy (70 for A< T
By Theorem 1, every solution of (1) oscillates. The proof is completed. (I

Define a sequence {\;} by

1

c—b 1 - ko \ F
(8) M=, Al+1=5[<ck—2pikl“) —b],l:l,Q,...
i=1

Lemma 2. Suppose that {\;} is defined by (8). Then 0 < A\, < A; < <2 and
lim A, = \., where A, is the largest root of equation (3) on (0, <2].

l—o00

Proof. First, we prove the sequence {)\;} is nonincreasing. Since

1
1 = —kos \ * c—b
(D R RE

hence, by induction, supposing that \; < A\;—1, we have

N1 = [<c 72])&\ ’Ww) b} Kc prz)\ ’“’1) b] =\.

Hence, the sequence {\;} is nonincreasing. From (3) it is obvious that A\; > A, and

by induction

1 m * 1 " *
Ny1=—|[c"— I5 Pl I Y g f e A7) b = A
I+1 GKC ;P ! ) ] a[(C ;P *
Hence, {\;} is nonincreasing and bounded. Therefore, hm A exists. Letting [ — oo

in (8) and noting that A, is the largest root of (3), we conclude hm Al = A«. The
proof is completed. O
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Theorem 2. Assume that (3) has positive roots, A, is the largest root of (3) and

m 1 k m
1 NN g
i=1

n— oo ;
=1

Then every solution of (1) oscillates.

Proof. Suppose that {z,} is an eventually positive solution of (1). Then there
exists nq > 0 such that z,, >0 and ,,—,, > 0,7 =1,2,...,m, for n > n;. From (1)

we have

(azp+1 + bxn)k - (an)k =- Zpi(n)mﬁ,gi <0,
i=1

ie.,
(aTpt1 + by )k < (cxn)k

Since k = ¢/r, q,r are positive odd integers, we have

(10) Tpy1 < Oz, for n>ng,

where 6 = %b. By virtue of liminf p;(n) = p; < oo, for every € € (0,1) there exists
n—oo

an n. > ny such that

(11) pi(n) > (1—¢e)p; for i=1,2,...,m and n>n..

Define a sequence {p;(¢)} by

() = 6, jusa(e) = 2{[&<1e>ipi<m<s>>-m]% o} =12,

From (10) we get
(12) ah g > (ua(e) "2l for n>ne +o;

n

From (1), (11), and (12) we have

(aZn41 +bwn)* < (cxn)® = (1 —¢) Zpi(ul(a))"“iwii,

ie.,
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That is

Tn+1 < M2(€)xn7 n 2 Ne + gy,
which gives
T < pia(€)Tn—1 < (12(€))Tn—2 < ... < (12(2)) " Tno,, 1 = ne + 205,

ie.,
Tn—oy 2 (,U/Q (5))_% Ty

Repeating the above process, we obtain

1 m %
< - k _ ) _ 7}(}0’1' _
Tn+l1 X a{ |:C ;:1 Pz(Ml 1(5)) :| b}xna

ie.,
(13) Tnt1 < w(€)xn, n=2ne+ (1 —1)o;.

Since lir% wi(e) = Ay and llim Al = Ay, for a sequence {g;} with ¢, > 0 and g — 0 as
E— o0

[ — oo, by (13) there exists a sequence {n;} such that n; — oo as | — oo and

(14) Tn+1 < (A F &)z, n > ny,
and
(15) Tn—o; = (A +€1) % xn, n>n;+ 0.

On the other hand, from (1) we have

ie.,
(16) (= bF)ak > ipl(n)xﬁg
From (15) and (16) we obtain
(= 1)k > 3 pm) O+ 2 e,
i=1
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ie.,

1

k
(17) “n { bk sz Y(As + 1) (1 ‘”)] , n>n + o

From (1) we have

n b n
(18) o (M) +sz

From (15), (17) and (18) we obtain

m L k
1 NN
<> { [a(ick — Zpi(n + 1)\ + gl)k(l 1)) + b}

(19) i=1

+sz J( A +e1) Iwi}-

n

Let I — oo, then (19) implies

. 1 = k(1—0s) —ko; k
llﬂsolip{{a<m; pi(n+ 1)As > er} +sz )AL < ¥,
which contradicts (9) and completes the proof. O

Remarks 1. Theorems 1 and 2 extend the results on linear difference equations
in [2], [9).

Example 1. Consider equation (1). Let

4 3

p1(0) = 3 p1(l) = T pi(n+2)=pi(n) for n=0,1,2,...,
3 1

pQ(O):Za p2(1):§a p2(n+2):p2(n) for n:071727"-7

k=3, a=1,b=1,¢c=2,01=1, 09 =2, m=2.

Then 3 1
liminf py(n) = 7 liminf pa(n) = 9

and
pia k"'(ka + 1)ka'i+1

kck 1(C _ b)ko’l""l(kjg‘i)ko'i =132...>1.

i=1

Thus according to Corollary 2, every solution of (1) oscillates.
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Example 2. Consider equation (1). Let

pl(o):17 pl(l):77 pl(n+2):pl(n) for n:05172a"'a
k=3,a=1,b=1,¢c=2,01=1, m=1.

Then

liminf p; (n) = 1.

n—oo

Hence, the characteristic equation (3) has the largest root A, = 0.8586. Therefore,

m 1 k m
1 N |
1imsup{[a(m > " piln+ 1AL 1)) +b] + Z§_1pi(n))\*_km} = 9.5799 > 8.

n—oo

i=1

Thus according to Theorem 2, every solution of (1) oscillates.
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