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Sládek I.2/, Kozel K.1/, Jaňour Z.2/

1/ U12101, Faculty of Mechanical Engineering, Czech Technical University in Prague.

2/ Institute of Thermo-mechanics, Academy of Sciences, Prague.

Abstract

The paper deals with description of the validation model, flow conditions and mainly it presents
some numerical results. Reference and input data for the validation study are based on work
of Eidsvik [6].

The mathematical model is based on the system of RANS-equations closed by two-equation
k − ε turbulence model together with wall functions. The thermal stratification is modeled
using transport equation for the potential temperature. The finite volume method and the
explicit Runge–Kutta time integration method are utilized for the numerics.

1 Mathematical formulation

The flow itself is assumed to be a turbulent, viscous, incompressible, stationary and indiffer-
ently/stably stratified. The mathematical model is based on the RANS approach modified
by the Boussinesq approximation, according to which the following decomposition is utilized,
Jaňour [1]

p = p0 + p′, % = %0 + %′, Θ = Θ0 +Θ
′

where 0 denotes synoptic scale part and ′ concerns the deviation from the synoptic part due
to local conditions. Then the governing equations can be re-casted in the conservative and
vector form also using the artificial compressibility approach
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(1)
where

~W = (p′/β2, u, v, w, Θ′ )T , ~f = (0, 0, +g
Θ′

Θ0
, 0)T (2)

where ~W stands for the vector of unknown variables and ~f for the buoyancy force due to the
thermal stratification.

The velocity vector components read u, v, w, term g is the gravity acceleration, the parameters
K, K̃ refer to the turbulent diffusion coefficients and β is related to the artificial sound speed.

The synoptic scale part of the potential temperature is taken as Θ0 = Θw + γz where Θw is
the wall potential temperature and γ refers to the wall-normal potential temperature gradient
to be > 0 for stable thermal stratification and = 0 for the indifferent one.
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2 Turbulence model

Closure of the system of governing equations (1) is achieved by a standard k − ε turbulence
model without damping functions [8], [1]. Two additional transport equations are added to
the system (1), one for the turbulent kinetic energy abbreviated by k and one for the rate of
dissipation of turbulent kinetic energy denoted by ε. The thermal stratification is taken into
account

(ku)x + (kv)y + (kw)z = (K
(k) kx)x + (K

(k) ky)y + (K
(k) kz)z + P +G− ε (3)

(εu)x + (εv)y + (εw)z = (K
(ε) εx)x + (K

(ε) εy)y + (K
(ε) εz)z +

Cε1(1 + Cε3Rf )
ε

k
(P +G)− Cε2

ε2

k
(4)

where G = βΘ g νT
σΘ

∂Θ
∂z abbreviates the buoyancy term, P = τij

∂vi
∂xj

denotes the turbulent

production term for the Reynolds stress written as

τij = −
2

3
k δij + νT

(

∂vi
∂xj

+
∂vj
∂xi

)

(5)

and the terms K(k), K(ε) stand for the diffusion coefficients represented by the following
expressions

K(k) = ν +
νT
σk

, K(ε) = ν +
νT
σε

, K̃ = ν +
νT
σΘ

. (6)

Finally, the turbulent viscosity is evaluated from

νT = Cµ
k2

ε
. (7)

The model constants are as follows

Cµ = 0.09, σk = 1.0, σε = 1.3, Cε1 = 1.44,

Cε2 = 1.92, Cε3 = 0.7, Rf = −
G

P
. (8)

Note that the buoyancy term G = 0 in case of neutral stratification.

3 Boundary conditions

The system (1)+(3)+(4) is solved with the following boundary conditions [1], [8]

• Inlet: u = u∗

κ ln
(

z
z0

)

, v = 0, w = 0, k = u∗2√
Cµ

(

1− z
D

)2
, ε =

C
3/4
µ ·k3/2

κ·z , Θ′ = 0

where the expression for u velocity component is used to cover the boundary layer depth
D while constant value u = U0 is prescribed above the boundary layer depth up to the
top of computational domain.

• Outlet: homogeneous Neumann conditions for all quantities

• Top: u = U0, v = 0,
∂w
∂z = 0,

∂k
∂z = 0,

∂ε
∂z = 0,

∂C
∂z = 0,

∂Θ′

∂z = 0
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• Wall: standard wall functions are applied and ∂C
∂n = 0 for the concentration and Θ′ = 0

for the potential temperature deviation which is equivalent to Θ0 = 300K

where U0 represents the free-stream velocity magnitude, u∗ is the friction velocity, κ = 0.40
denotes the von Karman constant, z0 represents the roughness parameter and the parameter
D refers to the boundary layer depth.

The wall–function approach enable to apply a wall–coarser grid where near–wall profiles of
computed quantities are reconstructed using the algebraic relations. Hence, the CPU–time
of computer simulations can be reduced. Remark, that correct use of this approach is for
non–separated turbulent boundary layer flows only where the production of turbulent kinetic
energy is balanced by its dissipation [4]. However, the wall–functions of different forms are
widely used in engineering practice for complex flow applications.

4 Validation case

A ”Witch of Agnesi” symmetric 2D-hill h(y) ≡ H/(1 + (x/1667)2) of height H = 1 km and
base length about 12 km was selected, Eidsvik [6]. Totally three different stratified cases plus
one indifferent case have been tested and compared.

Our computational domain is < −15, +25 > × < 0, 10 > measured in km and the hill summit
is located just at the stream-wise position x = 0 km. The domain is divided into a structured
hexahedral, non-orthogonal control cells 100x40 (40/60 cells before/after hill summit) forming
the computational grid with non-uniform distribution around hill top and also close to wall
using the expansion ratio parameters ax = 1.04 and ay = 1.10 leading to minimum space
increments ∆xmin = 165m and ∆ymin = 20m, see figures 1, 2.

The Reynolds number is Re = 6.7 · 108 based on the free-stream air velocity U0 = 10.05m/s
and the hill height H. The inlet velocity profile is ”frozen” from ground height about 100m
to amplify the effect of the lee-waves behind the hill under thermal stratification conditions.

Note, that details regarding grid spacing used by Eidsvick are not available in the reference
paper [6].
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Fig. 1: Whole 2D-computational domain.
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Fig. 2: Computational grid 100x40 cells.
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Fig. 3: Zoom to computational grid
around hill summit.

The flow–field input data as used in [6]: the free-stream air velocity U0 = 10.5m/s, boundary
layer depth of D = 100m, the friction velocity u∗ = 0.406m/s, the roughness parameters
z0 = 5mm and the Reynolds number based on U0, hill height H and the air kinematic viscosity
ν = 1.5 · 10−5m2/s is Re = 6.7 · 108.

The inlet profiles for velocity vector components u, v, w, turbulence quantities k, ε as well as
for potential temperature deviation Θ′ were constructed as described in the section 3.

Totally three different computations have been performed, labeling them as N0, N1, N2 and
N3 as done by in [6]. Specifically, the following thermal stratifications of atmospheric boundary
layer were tested

• N0-case: neutral stratification conditions γ = ∂Θ0
∂z = 0K/m

• N1-case: weak stable stratification conditions γ = ∂Θ0
∂z = 3.09 · 10

−3K/m

• N2-case: middle stable stratification conditions γ = ∂Θ0
∂z = 12.36 · 10

−3K/m

• N3-case: strong stable stratification conditions γ = ∂Θ0
∂z = 27.80 · 10

−3K/m

4.1 Some numerical results

Separation zone behind hill was found in N0-case under neutral stratification conditions having
separation point at x1 = 0.9H and reattachment point at x2 = 3.3H downstream from the
hill top, see figure 4. The recirculation zone in our case is smaller compared to Eidsvick [6]
under the same flow conditions where his separation, reattachment points are x1 = 0.8H,
x2 = 5.3H, respectively.
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Fig. 4: Zoom to separation zone in N0-case under neutral stratification conditions.

Contours of the wall-normal velocity component w are shown in the following four figures 5–8
corresponding to N0-, N1-, N2- and N3-case under neutral, weak, middle and strong stratifi-
cation conditions, respectively. All contours are labeled using levels of w velocity component
in [m/s].

3

5

5

7

7

7

7

9

9

9

11

11

13

13

13
15

15

X [m]

Y
[m

]

-5000 0 5000 10000 150000

2000

4000

6000

8000

10000
Level

w:
1

-1.0
3

-0.7
5

-0.4
7

-0.1
9

0.1
11
0.4

13
0.7

15
1.0

Fig. 5: Contours of the wall-normal w velocity component in N0-case under neutral
stratification conditions.
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Fig. 6: Contours of the wall-normal w velocity component in N1-case under weak
stratification conditions.
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Fig. 7: Contours of the wall-normal w velocity component in N2-case under middle
stratification conditions.
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Fig. 8: Contours of the wall-normal w velocity component in N3-case under strong
stratification conditions.

The lee-waves in cases N1, N2 and N3 are very well captured as closed contours of the wall-
normal w velocity component changing sign from ”+” zone where the wave has an increasing
slope to ”-” zones where it has a decreasing slope.
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According to theory of the internal gravitational waves [7], it is possible to estimate the
wavelength of lee-waves depending on selected stratification conditions. The relation can be
written as

λ = 2πU0

(

g

Θ0

∂Θ0
∂z

)−1/2

(9)

The computed wavelength is in a reasonable agreement with the predictions by Eidsvick [6].
However, one can see the increasing difference between our predictions and theoretical wave-
length values as the thermal stratification approaches the N3-case. This finding can be also
attributed to a stretched nature of the computational grid which was applied mainly in the
wall-normal direction along wall and it will be further investigated

• N0-case: no lee-waves present

• N1-case: λcomputed = 6.5 km, λEidsvick = 6.5 km, λtheoretical = 6.3 km

• N2-case: λcomputed = 4.0 km, λEidsvick = 3.7 km, λtheoretical = 3.1 km

• N3-case: λcomputed = 2.8 km, λEidsvick = 2.5 km,λtheoretical = 2.1 km.

It is also possible to observe a decreasing tendency of the lee-waves amplitude as moving
further downstream from the hill summit due to a viscous nature of flow. Note also, that a
significantly increasing flow velocity magnitude was found on the lee-side of the hill as the
thermal stratification was increasing.

5 Conclusion

The mathematical and numerical 3D-model suitable for thermally stratified atmospheric flow
modelling has been formulated. The 2D validation test case was defined and some numerical
results presented based on reference data by Eidsvik [6]. A reasonable agreement was found
in wavelength of lee-waves between our predictions and those by Eidsvik.
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GA CR and by the Research Plan VZ6840770010.
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