ON THE DARBOUX PROBLEM FOR LINEAR HYPERBOLIC
FUNCTIONAL-DIFFERENTIAL EQUATIONS

JIRI SREMR

ABSTRACT. Theorems on the Fredholm alternative and well-posedness of the
characteristic initial value problem

&?u(t, )

-y t, t, ),

S8~ )t 2) + ot 2)
u(t,xo) = p(t) for t € [a,b], u(to,xz) = ¢¥(z) for z € [c,d],

are established, where ¢: C(D;R) — L(D;R) is a linear bounded operator,
q € L(D;R), to € [a,b], zo € [c,d], ¢ : [a,b] = R, ¢ : [¢,d] — R are absolutely
continuous functions, and D = [a, b] X [¢, d]. Some solvability conditions of the
problem considered are given as well.

1. INTRODUCTION

On the rectangle D = [a,b] X [¢,d], we consider the linear partial functional-
differential equation
0?u(t, x)
7’ = 1.1
LD — byt )+ att, ), (1.1)

where ¢£: C(D;R) — L(D;R) is a linear bounded operator and g € L(D;R). As
usual, C(D;R) and L(D;R) denote the Banach spaces of continuous and Lebesgue
integrable functions, respectively, equipped with the standard norms.

A function u € C*(D;R) is said to be a solution to the equation (1.1) if it satisfies
the equality (1.1) almost everywhere on the set D.

Various initial and boundary value problems for hyperbolic differential equations
and their systems are studied in literature (see, e.g., [4,8,9,11,14-16,19,26,28,29]
and references therein). We shall consider the so-called characteristic initial value
problem (Darboux problem). In this case, the values of the solution u of (1.1) are
prescribed on both characteristics t = tg and x = xg, i.e., the initial conditions are

u(t,z0) = p(t) fort € [a,b], u(to, ) = (z) for x € [c,d], (1.2)

where ¢ty € [a,b], ®o € [¢,d], and ¢: [a,b] — R, ¢: [¢,d] — R are absolutely
continuous functions such that ¢(tg) = (o).

A particular case of the problem (1.1), (1.2) (if o = @ and z¢ = ¢) is studied in
the paper [23]. The aim of this preprint is to generalize the paper mentioned and
prove the Fredholm alternative and well-posedness of the problem (1.1), (1.2) (see
Sections 4 and 6). Moreover, some conditions are given in Section 5 under which
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the problem (1.1), (1.2) has a unique solution. The results obtained are applied for
the equation with deviating arguments
2
TUED) ot apu(rt, ) (e, ) + q(t,2), (1.1
where p, ¢ € L(D;R) and 7: D — [a, b], p: D — [c,d] are measurable functions.
Let us note that analogous results for the “ordinary” functional-differential equa-
tions and their systems are given in [2,10,12,13].

2. NOTATIONS AND DEFINITIONS

The following notation is used throughout the paper.
(1) N is the set of all natural numbers. R is the set of all real numbers, Ry =
[0, +oo[. Ent(x) denotes the entire part of the number x € R.
(2) D =la,b] x [c,d], where —co < a < b < 400 and —o0 < ¢ < d < +00.
(3) The first and the second order partial derivatives of the function v: D —

R at the point (t,z) € D are denoted by v[y(t,z) (or v (t,z), Bv((gtt,x))’

vl (8, @) (or vy (t, ), ZUE2) o (¢ ) (or v (t, 2) M) and vl (¢, )
[2]\™ xz\by ’ Ox > Y[12]\™ tx\by s 9toxr ) [21]\™

(or vy (t, z), a';z;(g,z;)).
(4) C(D;R) is the Banach space of continuous functions v: D — R equipped

with the norm [jv]|c = max {|v(t,z)| : (t,z) € D}.

(5) AC(Jev, B];R), where —oco < a < 8 < 400, is the set of absolutely continu-
ous functions u: [«, 8] — R.

(6) C*(D;R) is the set of functions v: D — R admitting the representation

v(t,x) =e+ /at k(s)ds + /j l(m)dn + /at /CI f(s,m)dnds for (t,z) € D,

where e € R, k € L([a,b];R), | € L([¢,d];R), and f € L(D;R). Equivalent
definitions of the class C*(D;R) are presented in Proposition 2.1 below.

(7) L(D;R) is the Banach space of Lebesgue integrable functions p: D — R
equipped with the norm ||p||z = [, |p(t, z)|dtdz.

(8) L(D) is the set of linear bounded operators £: C'(D;R) — L(D;R).

(9) mes A denotes the Lebesgue measure of the set A C R™, m = 1, 2.

(10) If X, Y are Banach spaces and T: X — Y is a linear bounded operator

then || T|| denotes the norm of the operator T, i.e.,

IT|| = sup {|T(2)lly : z € X, [|lz]|x <1}
(11) A~ B stands for the symmetric difference of the sets A and B, i.e., A+B =
(A\B)U (B\ A).
The following proposition dealing with the equivalent characterization of func-

tions absolutely continuous in the sense of Carathéodory plays very important role
in our investigation.

Proposition 2.1 ([22, Thm. 2.1]). The following three statements are equivalent:

(1) the function v: D — R is absolutely continuous on D in the sense of
Carathéodory';

(2) ve C*(D;R);

(3) the function v: D — R satisfies the conditions:

IThis notion is introduced in [3] (see also [22]).
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(a) v(-,x) € AC([a,b];R) for every x € [c,d], v(a,-) € AC([c,d]; R);
(b) Ufl} (t,-) € AC([c,d];R) for almost every t € [a,b];
(c) vy € L(D;R).

Remark 2.1. Tt is clear that the conditions (3a)-(3c) stated in the previous propo-

sition can be replaced by the symmetric ones, i.e.,

(3) the function v: D — R satisfies the conditions:
(A) v(-,¢) € AC([a,b];R), v(t, ) € AC([¢c,d];R) for every t € [a, b];
(B) UEQ](~, x) € AC([a,b];R) for almost every x € [c, d];
(C) vy € L(D;R).
Moreover, for an arbitrary function v € C*(D;R), the equality
Vg () = vjoy (t, ) fora.e. (t,z) €D
holds.

Definition 2.1. Let ¢y € [a,b] and z¢ € [¢,d]. An operator £ € L(D) is said to
be an (o, zo)—Volterra operator if, for an arbitrary rectangle Dy C D and every
function v € C(D;R) such that ({9, zo) € Dy and

v(t,x) =0 for (¢t,x) € Dy,

the relation
L(v)(t,x) =0 for a.e. (t,x) € Dy
is fulfilled.

Remark 2.2. If the operator ¢ appearing in the equation (1.1) is a (to, xo)—Volterra
one, then the problem (1.1), (1.2) can be restricted to an arbitrary rectangle Dy C D
containing the point (tg,xo).
Let the operator £ € L(D) be defined by the formula
L(v)(t,z) = p(t,z)v(7(t, ), u(t,z)) for a.e. (t,z) € D and allv € C(D;R), (2.1)

where p € L(D;R) and 7: D — [a,b], p: D — [¢, d] are measurable functions. The
following statement can be derived from Definition 2.1.

Proposition 2.2. Let ¢y € [a,b] and zo € [c,d]. Then the operator ¢ defined by the
formula (2.1) is a (to, xo)—Volterra one if and only if the conditions

Ip(t, z)|(7(t,x) — t)(7(t,x) —to) <O fora.e. (t,x) €D (2.2)
and

Ip(t, )| (u(t, x) — x)(u(t,x) —x9) <0 for a.e. (t,x) € D (2.3)
are satisfied.

3. AUXILIARY STATEMENTS

The following proposition plays a crucial role in the proofs of statements given
in Sections 4-6.

Proposition 3.1. Let ty € [a,b], zo € [c,d], and £ € L(D). Then the operator
T: C(D;R) — C(D;R) defined by the formula

T(v)(t,x) = /t /T L(v)(s,m)dnds  for (t,z) € D, v € C(D;R) (3.1)

is completely continuous.
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The statement stated above can be easily proved in the case where the operator
¢ is strongly bounded, i.e., if there exists a function n € L(D;R,) such that

[6(v)(t, )| < n(t,z)||v]|c for a.e. (t,z) € D and all v € C(D;R). (3.2)

H. H. Schaefer proved however that there exists an operator ¢ € L£(D), which is
not strongly bounded (see [21]). To prove Proposition 3.1 without the additional
requirement (3.2) we need a number of notions and statements from functional
analysis. Note here that the proof is analogous to the proof of Proposition 2.9 of
[10].

Definition 3.1. Let X be a Banach space, X* be its dual space.

We say that a sequence {z,,};7>% C X is weakly convergent if there exists z € X
such that f(x) = lim,_, 4o f(xn) for every f € X*. The element z is said to be
a weak limit of this sequence.

A set M C X is called weakly relatively compact if every sequence of elements
from M contains a subsequence which is weakly convergent in X.

A sequence {x,,}7>% of elements from X is said to be weakly fundamental if the
sequence {f(r,)} > is fundamental in R for every f € X*.

We say that the space X is weakly complete if every weakly fundamental sequence

of elements from X possesses a weak limit in X.

Definition 3.2. Let X and Y be Banach spaces, T': X — Y be a linear bounded
operator. The operator T is said to be weakly completely continuous if it maps
a unit ball of X into a weakly relatively compact subset of Y.

Definition 3.3. We say that a set M C L(D;R) has a property of absolutely
continuous integral if, for every £ > 0, there exists 6 > 0 such that the relation

//E p(t, x)dtdx

holds whenever a measurable set £ C D is such that mes F < §.

<e forevery pe M

The following three lemmas can be found in [6].
Lemma 3.1 (Theorem IV.8.6). The space L(D;R) is weakly complete.

Lemma 3.2 (Theorem VI.7.6). A linear bounded operator mapping the space
C(D;R) into a weakly complete Banach space is weakly completely continuous.

Lemma 3.3 (Theorem IV.8.11). If a set M C L(D;R) is weakly relatively compact
then it has a property of absolutely continuous integral.

Proof of Proposition 3.1. Let M C C(D;R) be a bounded set. We will show that
the set T(M) = {T(v) : v € M} is relatively compact in C(D;R). According to
Arzela-Ascoli’s lemma, it is sufficient to show that the set T'(M) is bounded and
equicontinuous.

Boundedness. 1t is clear that

T () (t2)] < / / ") (s, mldnds < 4@z < 1] e

for (t,x) € D and every v € M. Therefore, the set T'(M) is bounded in C(D;R).
Equicontinuity. Let € > 0 be arbitrary but fixed. Lemmas 3.1 and 3.2 yield
that the operator ¢ is weakly completely continuous, that is, the set ¢(M) = {£(v) :
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v € M} is weakly relatively compact subset of L(D;R). Therefore, Lemma 3.3
guarantees that there exists § > 0 such that the relation

‘//E L(v)(t, z)dtdx

holds for every measurable set E C D satisfying mes E < max{b — a,d — c}J.
On the other hand, for (t1,z1), (t2,22) € D and v € M, we have

T (v)(ta, z9) — T(v)(t1,21)| =

/t: /a: e(v)(s,n)dnds_/: /zj U(o)(5.m)dnds

< ‘ / 5 é(v)(s,n)dsdﬁ‘ + ‘ / |, () m)dsd

< % for ve M (3.3)

<

)

where measurable sets E1, E; C D are such that mes Fy < (d — ¢)|ta — t1] and
mes Ey < (b — a)|ze — x1|. Hence, by virtue of (3.3), we get

|T(v)(te, 22) — T(v)(t1,21)| < €
for (tl,.lfl), (tg,xg) €D, |t2 — t1| + ‘.1‘2 — 331‘ < (5, and v € M,
i.e., the set T(M) is equicontinuous in C'(D;R). O

4. FREDHOLM PROPERTY

The main result of this section is the following statement on the Fredholmity of
the problem (1.1), (1.2).

Theorem 4.1. For the unique solvability of the problem (1.1), (1.2) it is sufficient
and necessary that the homogeneous problem

O*u(t,x)
“Htoa L(u)(t,x), (1.1p)
u(t,zg) =0 fort € [a,b], u(to,x) =0 forx € [e,d], (1.20)

has only the trivial solution.
To prove the theorem we need a result stated in [22].

Lemma 4.1 ([22, Proposition 3.5]). Let f € L(D;R) and

u(t,x) = /t /w f(s,m)dnds  for (t,x) € D.

Then:
(i) there exists a set E C [a,b] such that mes E =b— a and

Uﬁ] (t, ) = / flt,n)dn forte E and x € [c,d);
(ii) there exists a set F' C D such that mes F = (b —a)(d — ¢) and
upg () = f(t,x) for (t,x) € F.
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Proof of Theorem 4.1. Let u be a solution to the problem (1.1), (1.2). It is clear
that u is a solution to the equation

v=T@W)+f (4.1)
in the space C(D;R), where the operator T is given by the relation (3.1) and

F(t,2) = —olto) + o(t) + () + / / “g(smdnds for () €D, (4.2)

Conversely, if v € C(D;R) is a solution to the equation (4.1) with f given by (4.2)
then it is easy to verify that v € C*(D;R) (see Proposition 2.1) and, by virtue of
Lemma 4.1(ii), v is a solution to the problem (1.1), (1.2). Hence, the problem (1.1),
(1.2) and the equation (4.1) are equivalent in this sense.

Note also that u is a solution to the homogeneous problem (1.1p), (1.2¢) if and
only if u is a solution to the homogeneous equation

v="T(v) (4.3)

in the space C(D;R).

According to Proposition 3.1, the operator T is completely continuous. It follows
from the Riesz-Schauder theory that the equation (4.1) is uniquely solvable for
every f € C(D;R) if and only if the homogeneous equation (4.3) has only the
trivial solution. Therefore, the assertion of the theorem holds. O

Definition 4.1. Let the problem (1.1y), (1.2¢) have only the trivial solution. An
operator 2 : L(D;R) — C(D;R) which assigns to every g € L(D;R) the solution u
of the problem (1.1), (1.2¢) is called the Darboux operator of the problem (1.1y),
(1.29).

Remark 4.1. Tt is clear that the Darboux operator {2 is linear.

If the homogeneous problem (1.1p), (1.29) has a nontrivial solution then, by
virtue of Theorem 4.1, there exist functions ¢, ¢, and @ such that the problem
(1.1), (1.2) has either no solution or infinitely many solutions. However, as it
follows from the proof of Theorem 4.1, a stronger assertion can be shown in this
case.

Proposition 4.1. Let the problem (1.1p), (1.20) have a nontrivial solution. Then,
for arbitrary ¢ € C([a,b],R) and ¥ € C([c,d],R) satisfying p(to) = ¥(xo), there
exists a function ¢ € L(D;R) such that the problem (1.1), (1.2) has no solution.

Proof. Let ug be a nontrivial solution to the problem (1.1p), (1.2¢), and let ¢ €
C(la,b],R) and ¢ € C([c, d],R) be such that ¢(tg) = ¥(x).

It follows from the proof of Theorem 4.1 that wug is also a nontrivial solution
to the homogeneous equation (4.3), where the operator T' is given by the relation
(3.1). Therefore, by the Riesz-Schauder theory, there exists f € C'(D;R) such that
the equation (4.1) has no solution.

Then the problem (1.1), (1.2) has no solution for ¢ = ¢(z), where

z(t,x) = f(t,x) + ¢(to) — ¢(t) —¢(x) for (t,z) € D.

Indeed, if the problem indicated has a solution u then the function u+ z is a solution
to the equation (4.1), which is a contradiction. O
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5. EXISTENCE AND UNIQUENESS THEOREMS

In this section, we shall establish some efficient condition guaranteeing the unique
solvability of the problems (1.1), (1.2) and (1.1"), (1.2). We will prove, in particular,
that the problem (1.1), (1.2) has a unique solution provided that the operator ¢
is a (tg, xo)—Volterra one. We first formulate all the results, their proofs are given
later.

Introduce the following notation.

Notation 5.1. Let ¢ € £(D). Define operators ¥ : C(D;R) — C(D;R), k =
0,1,2,..., by setting

Do(v) =v, Ip(v) =T (Ik-1(v)) forve C(D;R), k€N, (5.1)
where the operator T is given by (3.1).
Theorem 5.1. Let there exist m € N and « € [0, 1] such that the inequality
[0m (w)llc < allullc (5:2)

is satisfied for every solution u of the homogeneous problem (1.1y), (1.20). Then
the problem (1.1), (1.2) is uniquely solvable.

Remark 5.1. The assumption « € [0, 1] in the previous theorem cannot be replaced
by the assumption « € [0, 1] (see Example 7.1).

Corollary 5.1. Let there exist j € N such that

to xo to d
/ / pj(s,n)dnds <1, / / p;(s,m)dnds < 1
a c a xo
b xo b d
/ / pj(s,m)dnds < 1, / / pj(s,m)dnds < 1
to Jc to Jxo

where p1 = |p| and

(5.3)

Prea(t,z) =
T(t,x) pp(t,z)
= Ip(t. ) sen (r(t, )~ to)(ut) ~w) [ [ pulomdnds
t() Zxo
fora.e. (t,x) € D, ke N. (5.4)
Then the problem (1.1), (1.2) is uniquely solvable.

Remark 5.2. Example 7.1 shows that neither of the strict inequalities (5.3) in Corol-
lary 5.1 can be replaced by the nonstrict one.

Theorem 5.2. Let £ be a (to, xo)—Volterra operator. Then the problem (1.1), (1.2)
has a unique solution.

Corollary 5.2. Let the conditions (2.2) and (2.3) hold. Then the problem (1.1'),
(1.2) has a unique solution.
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Proofs. Now we prove statements formulated above.

Proof of Theorem 5.1. According to Theorem 4.1, it is sufficient to show that the
homogeneous problem (1.1p), (1.2¢) has only the trivial solution.
Let u be a solution to the problem (1.1p), (1.29). Then it is clear that

t T
u(t,z) = / / L(u)(s,m)dnds = T'(u)(t, ) = Y1 (u)(t,z) for (¢,x) € D.
to Y xo
Using the last relation, we get
u(t,z) =T (V1 (u))(t,z) = 92 (u)(t,x) for (t,z) € D,
and thus u = 94 (u) for every k € N. Therefore, (5.2) implies

lulle = [[9m(u)lle < elluflo,

which guarantees u = 0. O

Proof of Corollary 5.1. Let the operator ¢ be defined by the relation (2.1). It is
clear that

|’L9k(11)(t,1‘)| <

< sgn ((t — to) (z — 70)) / / 95, M1 (0) (75 m). (s, ) |dds <

< ollesgm ((t — to) (@ — o)) / / " pi(s, m)dnds

for (t,x) € D, k€N, v € C(D;R).

Therefore, the assumptions of Theorem 5.1 are satisfied with m = j and

o = max {sgn ((t — to)( — o)) /tt / ps(s,m)dnds : (1,2) € D} .

O
To prove Theorem 5.2 we need the following lemma.
Lemma 5.1. Let ¢ € L(D) be a (to, zo)-Volterra operator. Then
lim 9 =0, (5.5)

k— o0

where the operators Uy, are defined by the relations (5.1).

Proof. Let € €]0,1[. According to Proposition 3.1, the operator 1, is completely
continuous. Therefore, by virtue of Arzela-Ascoli’s lemma, there exists § > 0 such
that

/ty | / Hsmydnds = /ty / bw)(s,m)dnds

for (y1,21), (y2,22) €D, |y2 —y1| + |22 — 21| < §, w € C(D;R). (5.6)

<ellwlle

Let

o= s o (20= DY gy (20=00),
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Ent (2(%6_ C”) ,Ent (2(d _63:0))> } +1.

Choose yn+1 € [a,to], Yn+2 € [to,b] and z,41 € [¢, o], 2nt2 € [x0,d] such that
Ynt+2 — Ynt1 < 0/2 and 2,49 — 241 < 0/2, and put

g — (1 — k) 2 for k=1,2,...,n
Y= yk:yn+2+(kfn72)b_y+“ fork=n+3n+4,...,2n+ 2,

Zng1 — (D41 — k) =2 fork=1,2,...,n
2L =
g zk=yn+z+(k—n—2)b—ZT”“ fork=n+3n+4,...,2n+ 2,
and
Di = [Yn+2—k> Ynt+1+k] X [Znt2—k, 2nt14k] for k=1,2,... ,n+ 1

It is clear that, for any j,r =1,2,...,2n 4+ 1, we get

[to —ti| + |xe — 21| < for (t1,21), (t2,22) € [Yj,Yj+1] X [2r, Zr41]- (5.7)
Having w € C(D;R), we denote
lwll; = lwllcm,;r)y fori=1,2,...,n+1.
Let v € C(D;R) be arbitrary but fixed. We shall show that the relation
19:@)ls < ai(R)e ullc for k € N (5.3)
holds for every i =1,2,...,n+ 1, where
ai(k) = k"™ forkeN, i=1,2,...,n+1 (5.9)
and
a1 =1, a1 =i+1+iq; fori=1,2,...,n. (5.10)

By virtue of (5.6) and (5.7), it is easy to verify that, for any w € C(D;R) and
i=1,2,...,n+ 1, we have

/ / (s,m)dnds
to

We first note that the previous relation immediately implies that
|91 (v)]l; <iellv|lc fori=1,2,....,n+1. (5.12)

Furthermore, on account of (5.6), (5.7), and the fact that ¢ is a (tg, zo)—Volterra
operator, we obtain

/ / 19k (s,n)dnds

Hence, by virtue of (5.12), we get
0% (v)|l1 < € ||vllc for k €N,

and thus the relation (5.8) is true for ¢ = 1.
Now suppose that the relation (5.8) holds for some i € {1,2,...,n}. We shall
show that the relation indicated is also true for i + 1. With respect to (5.7), we

obtain
t T
||19k+1(v)||i+1:max{/ / £(95(v)) (s, m)dnds
t() o

<iellw|c for (t,x) € D;. (5.11)

|Ot1(v)(t,2)| = <eld()|l1 for (t,z) € Dy, k€ N.

(tx) € Diﬂ} =




10 JIRI SREMR

— /t:k /g:: 0(95(v)) (5,m)dnds| < /t:k /z:k £(0k(v)) (s,m)dnds| +
+ /: szf(ﬁk(v))(s,n)dnds—/:k /ﬂjkf(ﬁk(v))(sm)dnds for k € N,

where (t§,2}) € Diy1, (tk, #1) € Di, and |t} —t|+|zf—dx| < 0 for k € N. Therefore,
on account of (5.6), (5.11), and the fact that £ is a [tg, h]-Volterra operator, we get

1941 ()1 < € 19k @) ]li1 + i€ 196 ()i < € 19 (0) i1 + i (k) e ollc

for k € N. Consequently,

k1)l < (e P ()i + d il = 1) ¥ o) +
+ia;(k) " v||lc for k € N.

Continuing this procedure, on account of (5.12), we obtain

[10%41(0)[lig1 < (z +1+i(ai(1)+-+ Oéi(k‘))) vl for ke N. (5.13)
Using (5.9) and (5.10), it is easy to verify that

i+1+i () + o Fagk)) =i+ T io (1 4 4 k) <

<itl4iokk ™ =i+ 1l+iak <
<(i+14ia)k" = a1 k' < iy (B4 1).
Therefore, (5.12) and (5.13) imply
[9x(@)lli41 < aig1 (B Jolle for k€ N.

Hence, by induction, we have proved that the relation (5.8) is true for every i =
1,2,...,n+1.
Now it is already clear that, for any k € N, the estimate

19k (@)llc = 196 (0) lnt+1 < g1 k" ¥ Jv]c for v € C(D;R)
holds, and thus
9] < ny1 k™e® for k € N.
Since we suppose € €]0,1[, the last relation yields the validity of the condition
(5.5). -

Proof of Theorem 5.2. According to Lemma 5.1, there exists mg € N such that
[[9mo |l < 1. Moreover, it is clear that

[Pmo (W) llo < ([P, || lv]lc - for v e C(D;R),

because the operator ¥,,, is bounded. Therefore, the assumptions of Theorem 5.1
are satisfied with m = mg and o = ||9p, || O

Proof of Corollary 5.2. The assumptions (2.2) and (2.3) guarantee that the opera-
tor £ given by the relation (2.1) is a (to, xo)—Volterra one. Therefore, the validity
of the corollary follows immediately from Theorem 5.2. g
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6. WELL-POSEDNESS

In this part, the well-posedness of the problems (1.1), (1.2) and (1.1'), (1.2) are
investigated. We first formulate all the results, their proofs are given later.

For any k € N, along with the problem (1.1), (1.2) we consider the perturbed
problem

% zzk(u)(t"r)—i_(bf(tax): (11k)
u(t,zy) = px(t) for t € [a,b], u(ty, ) = Yi(z) for z € [¢,d], (1.2)

where ¢, € L(D), ¢ € L(D;R), ti, € [a,b], zx € [c,d], and ¢ € AC([a,b];R),
Y € AC([c,d]; R) are such that ¢k (tr) = Vi (xg).
Introduce the following notation.

Notation 6.1. Let A € L(D), t* € [a,b], and z* € [c,d]. Denote by M(A,t*,z*)
the set of all functions y € C*(D;R) admitting the representation

t x
wta)= [ [ M) smdnds for (t,0) € D,
= Jax
where z € C(D;R) and ||z]|c = 1.

Theorem 6.1. Let the problem (1.1), (1.2) have a unique solution u and
lim A, =0, (6.1)

k—4o00
ék (s,m dnds—/ / (s,m)dnds } (6.2)
for k € N. Let, moreover,

lim gk[//ék sndndsf// sndnds}(}
k—+oco

uniformly on D for every y € C*(D;R), (6.3)

t x t x
lim o U / qk(s,n)dnds—/ / q(s,n)dndS] =0
k—r+oo ty Jok to Jxo

uniformly on D, (6.4)

where

Ak = sup {
(t,x)€D
yeM(Zkytk )

kgfrﬂoogkﬂtﬂk —¢lle =0, kll)lfoogkﬂl/% —llc =0, (6.5)
and
i oxfer(tn) = elto)| = 0, (6.6)
where
ok =14 ||4k|| forkeN. (6.7)

Then there exists ko € N such that, for every k > ko, the problem (1.1j), (1.2%) has
a unique solution uy and

li - - i
Jm e —ulle = 0. (6.8)
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Remark 6.1. Tt is clear that the condition (6.6) is equivalent to the condition
li 1+ |4 — =0.
k_}rfoo( + [[€kll) [ () — (o)

Note also that sequences {t;} and {zj} in Theorem 6.1 may not converge to %o
and xg, respectively. Indeed, let 4, = ¢ =0% ¢ =¢q=0,a=c=0,b=d =1,
to=z0 =1, ty, =z = 1/k, o = ¢ = P, = ¢ = «, where a € AC([0,1];R) is
such that «(0) = «(1). Then the assumptions of Theorem 6.1 are satisfied whereas
tr — 0 and zx — 0 when k tends to +oo.

If we suppose that the operators ¢ are “uniformly bounded” in the sense of the
relation (6.9) then we obtain the following statement.

Corollary 6.1. Let the problem (1.1), (1.2) have a unique solution u, there exist
a function w € L(D;R4) such that

10k (y)(t, )| < w(t z)llylle
fora.e. (t,x) € D and ally € C(D;R), k€N, (6.9)
and let

t T t T
lim / / L (y)(s,n)dnds = / / L(y)(s,n)dnds
k—+o0 te Y to Jxo

uniformly on D for every y € C*(D;R). (6.10)

Let, moreover,

t x t T
lim / / qr(s,n)dnds :/ / q(s,n)dnds uniformly on D, (6.11)
tr Yk to Jxo

k—+4oc0
kggloo ok —ellc =0, kgrfoo lr —Yllc =0, (6.12)
and
lim o(t) = ¢(to). (6.13)
k—+oco

Then the conclusion of Theorem 6.1 holds.
Remark 6.2. The condition (6.13) is satisfied if and only if
lim_ () = ¥(o).

k—

Remark 6.3. The assumption (6.9) in the previous corollary is essential and cannot
be omitted (see Example 7.2).

Corollary 6.2. Let the problem (1.1), (1.2) have a unique solution u and there
exist a function w € L(D;Ry) such that the relation (6.9) holds. Let, moreover,
the condition (6.12) be satisfied,

Jin [ [ s - o)) ands =0

uniformly on D for every y € C*(D;R), (6.14)

k— 400

t T
lim / / [ak(y)(s,n) — q(s,n)|dnds = 0 uniformly on D, (6.15)

2The symbol 0 stands here for the zero operator.
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and

lim t = to, li = 0. 6.16
Jm e=to  lm o= (6.16)

Then the conclusion of Theorem 6.1 holds.
Corollary 6.2 immediately yields

Corollary 6.3. Let the homogeneous problem (1.1p), (1.29) have only the trivial
solution. Then the Darbouz operator® of the problem (1.1y), (1.2¢) is continuous.

Now we give a statement on the well-posedness of the problem (1.1), (1.2). For
any k € N, along with the equation (1.1") we consider the perturbed equation

% = pr(t, 2)u(ri(t, 2), pe(t, ) + qu(t, z), (1.1})

where pi, qr, € L(D;R) and 7,: D — [a,b], ux: D — [c,d] are measurable functions.

Corollary 6.4. Let the problem (1.1'), (1.2) have a unique solution u, there exist
a function w € L(D;Ry) such that

lpp(t,z)| < w(t,z) fora.e. (t,z) €D, k€N, (6.17)
and let

t T
lim / / [p(s,m) — p(s,n)]dsdn =0 uniformly on D. (6.18)

k——+oo

Let, moreover, the conditions (6.12), (6.15), and (6.16) be satisfied, and

kEI-ll}oo ess sup{’m(t,x) —7(t,x)|: (t,2) € D} =0, (6.19)
kgrj—loo ess sup {‘uk(t,x) - u(t,m)‘ (t,x) € D} = 0. (6.20)

Then there exists ko € N such that, for every k > ko, the problem (1.1},), (1.2;) has
a unique solution uy and the relation (6.8) holds.

Remark 6.4. The assumption (6.17) in the previous theorem is essential and cannot
be omitted (see Example 7.2).

Finally, we consider the hyperbolic equation without argument deviations
Uty = p(t, x)u + q(t, x) (6.21)

in which p,q € L(D;R). For any k € N, along with the equation indicated we
consider the perturbed equation

Uty = pr(t, x)u + qr(t, ) (6.21%)

where pg, gr € L(D;R).
The following statement can be derived from Theorem 6.1.

Corollary 6.5. Let the conditions (6.4)—(6.6) be satisfied,

t T t T
lim o [/ / pr(s,n)dnds —/ / p(s,n)dnds} =0
k—+o0 tr J T to Y xo

uniformly on D, (6.22)

3The notion of the Cauchy operator is introduced in Definition 4.1.
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and

tr d Tk b
i o [ [ ipniands =0, tim o [ [Clpts.mldsan =0, (6:29
to c k—+o00 o a

k—+oco

where
or =1+ el (6.24)
Then the relation (6.8) holds, where u and uy are solutions to the problems (6.21),
(1.2) and (6.21), (1.2x), respectively.
From Corollary 6.5 we get

Corollary 6.6. Let the conditions (6.12), (6.15), (6.16), and (6.18) be satisfied,
and

sup {|lpxllz : k € N} < +o0.
Then the conclusion of Corollary 6.5 holds.

Corollary 6.6 immediately yields
Corollary 6.7. Let the conditions (6.12) and (6.16) be satisfied,

i — = 2
Jm lpx — pllL =0, (6.25)
and

Jm gk —allz = 0. (6.26)

Then the conclusion of Corollary 6.5 holds.
6.1. Proofs. In order to prove Theorem 6.1, we need the following lemma.

Lemma 6.1. Let the problem (1.1p), (1.29) have only the trivial solution and let
the condition (6.1) hold, where the numbers A\, are defined by the formula (6.2).
Then, for an arbitrary z € C*(D;R), there exist ro > 0 and ko € N such that

ly = zlle < ro(1+ 4] [llAk(y) —Ao(2)lle + ITk(y, 2)llo
for k> ko, y € C*(D;R), (6.27)

where

Ag(v)(t,x) = —v(tg, ) +v(t, xg) + v(tg, )
for (t,z) € D, v e C*(D;R), ke NU{0}, (6.28)

and
(v, w)(t, o) = /t /x [vf’m(s,n) — (v —w)(s,n)]dnds—

t x
—/ / wiyg (s,n)dnds  for (t,x) € D, v,w € C*(D;R), k € N. (6.29)
to o

Proof. Let the operators T,Tj: C(D;R) — C(D;R) be defined by the formulas
(3.1) and

Ti(v)(t,z) = /t /1’ Li(v)(s,m)dnds for (t,z) € D, v € C(D;R), k€ N.
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Obviously,
IT)lle < 1ee@)lle <[l llyllc fory € C(D;R), ke N.
Therefore, the operators Ty, (k € N) are linear bounded ones, and the relation
[T |l < [[k]l for k e N (6.30)
holds. Moreover, the condition (6.1) with A given by (6.2) can be rewritten in the
form

sup {||Tk(y) —TW|c:ye M(Ek,tk7xk)} —0 ask — +oo. (6.31)

Assume that, on the contrary, the assertion of the lemma is not true. Then
there exist z € C*(D;R), an increasing sequence {ky, }:7°°, of natural numbers, and
a sequence {y,} > of functions from C*(D;R) such that, for every m € N, the
relation

[ym — zlle > m(1 + |0k, []) [”Akm (ym) = A(2)lle + [Tk, (Ym, 2)llc (6.32)
holds. For any m € N and (¢,z) € D, we put
B ym(t, ) — 2(t, )

zm(t,x) = T (6.33)
bta) = T [ A )8 2) — AR)(E2) + T, (g (E2)], (639)
[ym — zllc
20,m(t ¥) = z2m (t, ) — vm (¢, T), (6.35)
Wi (8, ) = Tk, (20,m) (& ) — T(20,m)(t, ) + Tk, (Vm) (t, ). (6.36)
Obviously,

lzmllc =1 form € N. (6.37)

Using (6.28)—(6.29) in the relation (6.34) and, by virtue of the conditions (a)—(c)
of Proposition 2.1, we get

z2o,m(t, ) =Tk, (zm)(t,x) for (t,z) € D, m €N, (6.38)
and thus
20,m (t, ) = T(20,m)(t, ) + wn(t,x) for (t,2) € D, m € N. (6.39)
Moreover, it follows from (6.32) and (6.34) that
1Ak, (Ym) = A)llc + [Tk, (yms 2)ll0 1
Um|lc < “ G < 6.40
el fim — 7l e,y
for m € N. Now the relations (6.30) and (6.40) yield
1€k, | 1
T; m < ||T; mllc < ————r" < —  fi N. 6.41
T wmlle < 1T omllo < bl < & forme (6.41)

Note that the expression (6.38) and the condition (6.37) guarantee the validity of
the inclusion zg ., € M (., ,tk,, Tk, ) for m € N, and thus, in view of (6.31), we
obtain

Sm T, (20,m) = T'(20,m)lle = 0. (6.42)
According to (6.41) and (6.42), it follows from (6.36) that
lim |lwn|c =0, (6.43)

m——+oo
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and, by virtue of (6.37) and (6.40), the equality (6.35) implies ||zom|lc < 2 for
m € N. Since the sequence {|zo.m||c}5>°, is bounded and the operator 7' is com-
pletely continuous (see Proposition 3.1), there exists a subsequence of {T'(20 ) }5>%,
which is convergent. We can assume without loss of generality that the sequence
{T(20.m)} -, is convergent, i.e., there exists zy € C(D;R) such that

m=1

lim [ T(z0m) = 20llc = 0.

Then it is clear that
lim ||z0,m — 20llc =0, (6.44)

m——+oo
because the functions zy ., admit the representation (6.39) and the relation (6.43)
holds. However, the estimate (6.40) is true for v,, and thus, the equality (6.35)
yields

lim 2 — 20l =0,

which, together with (6.37), guarantees ||zg||c = 1. Since the operator T is con-
tinuous and the conditions (6.43) and (6.44) are fulfilled, the relation (6.39) yields
zo = T(z0). Consequently, it is easy to verify that zy € C*(D;R) (see Proposi-
tion 2.1) and, by virtue of Lemma 4.1(ii), 2o is a nontrivial solution to the homo-
geneous problem (1.1g), (1.29), which is a contradiction. O

Proof of Theorem 6.1. Since the problem (1.1), (1.2) has a unique solution, the
homogeneous problem (1.1p), (1.29) has only the trivial solution. Therefore, the
assumptions of Lemma 6.1 are satisfied, and thus there exist rg > 0 and kg € N
such that

Iyl < o1+ 6D 18k () e + ITk(y, 0)lc] ~for k> ko, y € C*(DiR) (6.45)
and
Iy = ulle < ro(1 + 1wl [184() — Ao(wlle + [Ty w)lo

for k > ko, y € C*(D;R), (6.46)
where the operators Ay and I'y, are given by the formulas (6.28) and (6.29), respec-

tively.
If, for some k € N, ug is a solution to the problem
0?u(t,z)
————= =l (u)(t, x),
ot Ox w){t:2) (6.47)
u(t,zr) =0 fort € [a,b], u(ty,z) =0 for z € [c,d]

then Ay (up) = 0 and 'y (up,0) = 0. Therefore, the relation (6.45) guarantees that,
for every k > kg, the homogeneous problem (6.47) has only the trivial solution.
Hence, for every k > ko, the problem (1.1;), (1.2;) has a unique solution uy (see
Theorem 4.1). Then we get

Ap(ug)(t,z) = —pi(te) + @i(t) + Yr(z) for (t,2) € D, k > ko,
Ao(u)(t, ) = —p(to) + (1) +P(z) for (t,z) € D,

and

T, u) (1, 7) = / / 0 (u)(s, ) s — / / :e<u><s,n>dnds+
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t x t T
—|—/ / qr(s,n)dnds —/ / q(s,m)dnds for (t,x) € D, k > ko.
tr Jxg to Jxo

Using the relations (6.3)—(6.6), we get
tim (1 6 ]) [|Ak(u) = A@le + [Tk(uw)lle] =0, (6.48)
k——+oo
On the other hand, it follows from the inequality (6.46) that
ok = wlle: < o1 + 11w 1) 1 A0 (w) = Aw)lle + Tk (g, )] for k> ko (6.49)
and thus, by virtue of the relation (6.48), the condition (6.8) holds. O

Proof of Corollary 6.1. We shall show that the assumptions of Theorem 6.1 are
satisfied. Indeed, the relation (6.9) yields ||¢x|| < ||w||r for & € N. Therefore, it is
clear that, by virtue of the relations (6.10)—(6.13), the assumptions (6.3)—(6.6) of
Theorem 6.1 are fulfilled. It remains to show that the condition (6.1) holds, where
the numbers Ay are given by the formula (6.2).

Assume that, on the contrary, the condition (6.1) does not hold. Then there
exist g > 0, an increasing sequence {km}ﬁfl of natural numbers, and a sequence
{ym }:-2°, such that

Ym € M(ékm,tkm,ka) for m € N (6.50)

} > €
(6.51)

for m € N.

an
max
(t,x)eD

In view of (6.50) and Notation 6.1, we get

m(t, T) / / ko (Zm)(s,m)dnds  for (t,z) € D, m € N,
thy Y Tk

ko (Ym)(8,m)dnds — / / (Ym)(s,m)dnds

where z,, € C(D;R) and HZch = 1for m € N. Since we suppose that the operators
£}, are uniformly bounded in the sense of condition (6.9), we obtain ||ym|c < ||w||L
for m € N, and thus the sequence {y,, };7°°, is bounded in the space C(D;R). We
will show that the sequence indicated is also equicontinuous. Let € > 0 be arbitrary
but fixed. Since the function w is integrable on D, there exists § > 0 such that the

relation
// w(t, z)dtdz < = (6.52)
E 2

holds for every measurable set E C D satisfying mes E' < max{b—a,d—c}d. Using
the condition (6.9), for any (¢1,x1), (t2,22) € D and m € N, we get

t2 tl
/ / . (zm)(s,n)dnds —/ / (zm)(s,m)dnds| <
tk tk

<Z//E (s,m)dsdn,

where the measurable sets Ey, B3 C D are such that mes B} = (d — ¢)|t2 — 1] and
mes Ey = (b — a)|ze — x1|. Therefore, by virtue of (6.52), we have
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[Ym (t2, T2) — Ym (t1, 1) <€
for (tl,IL'l), (tg,l’g) €D, |t2 — t1| + |1’2 — $1| < (5, m € N.
Consequently, the sequence {y,, }.£2°, is equicontinuous in the space C(D;R). There-

fore, according to the Arzela-Ascoli lemma, we can assume without loss of generality
that the sequence indicated is convergent. Hence, there exists py € N such that

€0
for m > py. (6.53)
2(llwllz + 14l + 1)

Since yp, € C*(D;R) and the relation (6.10) holds, there exists p; € N such that

z )dnds — )dnd <—
<£)aé(p{ (po ) (5, m)dnds // (U0 (5:71) ns} (6.54)

for k > p;.

[Ym = ypollc <

Now we choose a number M € N satisfying M > pg and kj; > py. It is clear that

/.

kar

/ / EkM Ym — ypo)(s ﬂ)dnds

ke
/t

knv

Therefore, by virtue of the conditions (6.9), (6.53), and (6.54), the last relation

yields

max {
(t,z)eD z
<wllzllyar = ypo||c+ =+ 11y — yarlle < 20, (6.55)

g ) s — /t / " byar) (5. m)dnds| <

Tk

/ C(Ypo — yar)(s,m)dnds| +

for (¢t,x) € D.

ko(ypo)(sm)dnds— /t / xf(ypo)(s,n)dnds

ka

Lin (War)(s,m dnds—/ / L(ynr)(s,m)dnds

knv

which contradicts the condition (6.51).
The contradiction obtained proves the validity of the condition (6.1), and thus
all the assumptions of Theorem 6.1 are satisfied. ([

To prove Corollary 6.2 we need the following lemma.
Lemma 6.2. Let the condition (6.16) and {0} },>5 be a sequence of functions from

L(D;R) such that

t T
lim / / [ok(s,n) — o(s,n)]dnds = 0 uniformly on D, (6.56)

k—+o00

where o € L(D;R). Then

lim / / or(s,n)dnds —/ / o(s,m)dnds wuniformly on D. (6.57)
to

k— 400

Proof. 1t is easy to verify that

t x t x
// ak(sm)dnds—/ / o(s,n)dnds =
tp Jxg to Jxo
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tr

ok(s,m) —o(s, n)]dnds—i—/ / or(s,n) — o(s,n)]dnds+

[
/ o(s,n)dnds —/ / (syn dnds) / / (s,n)dnds—
[ tontm - otsmlanas+ [ [ ot m)dnds-

_/ /mk [ok(s,n) —o(s,n)]dnds for (t,x) € D

Therefore, using the assumptions (6.16) and (6.56), we get the validity of the con-
dition (6.57). O

g
(0

Proof of Corollary 6.2. We shall show that the assumptions of Corollary 6.1 are
satisfied. Indeed, according to Lemma 6.2, the assumptions (6.14)—(6.16) guar-
antee the validity of the conditions (6.10) and (6.11). On the other hand, the
condition (6.13) is obviously satisfied, because the function ¢ is continuous and
tr — to when k tends to +oo. O

To prove Corollary 6.4 we need the following statement, which is a two-dimensional
analogy of the well-known Krasnoselskii-Krein’s lemma.

Lemma 6.3. Let p,p; € L(D;R) and let a, ap: D — R be measurable and essen-
tially bounded functions for (k € N). Assume that the relations (6.17) and (6.18)
are satisfied, and

lim ess sup {|ak(t, z) —at,z)]: (t,z) € D} =0. (6.58)

k—+oco

Then

i [ [ [pr(sman(sn - (s, mats.n)])dnds =0

k—-+oco a

uniformly on D. (6.59)

Proof. Without loss of generality we can assume that

Ip(t,z)| <w(t,z) fora.e. (t,z) € D. (6.60)
Let € > 0 be arbitrary but fixed. According to (6.58), there exists kg € N such that
// w(t, z)|an(t, z) — a(t, z)|dtde < Z for k > ko. (6.61)

D

Since the function « is measurable and essentially bounded, there exists a function
w € C(D;R), which has continuous derivatives up to the second order and such
that

// wlt )|t 2) — w(t, )ldide < & (6.62)
D
For any k € N, we put

fe(t,x) = / /I [pk(s,n) —p(s,n)]dnds for (t,z) € D.

Clearly, the condition (6.18) can be rewritten in the form
Jim [fillo =0, (6.63)
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It can be verified by direct computation that
/ [ et = plssm] (s, midnds = fult,zyult. )~
/fksx 1]sxds—/fkt77 (8, m)dn+

4 / / fu(s, mywfly (s, mdnds for (t,x) € D, k €N.

Consequently, using (6.63), we get

lim / / pr(s,n) 77)} (s,n)dnds =0 uniformly on D.
k—+oco

Hence, there exists k1 > kg such that

pk $,M) 77)] (s,m)dnds| < Z for (t,xz) € D, k > ky. (6.64)

On the other hand, it is clear that, for any (¢,z) € D and k € N,
t x
| [ outsmantsn) = pls.mats,m]dnds =
t x
= / / pi(s,m) [ar(s,n) — al(s,n)]dnds+
/ / pi(s,m) = p(s,n)]w(s, n)dnds+
/ / pi(s,m) — p(s,m)] [a(s,n) —w(s,n)]dnds.

Therefore, in view of (6.17), (6.60)—(6.62), and (6.64), we get

(i (s, m)ar(s,m) — p(s,m)a(s, )] dnds| <

< / /D w(s,mlax(s, ) — a(s,m)|dsdi+

[pk(w) - P(San)]w(sm)dnds +

2 [ wlsmlatsn) — ws ldsd <

e € €
-+ -—-4+2-= fi D >
<4+4+ 1 e for (t,z) €D, k>ky,

that is, the relation (6.59) is true. O

Proof of Corollary 6.4. Let the operator ¢ be defined by the formula (2.1). Put

gk(”)(t J)) = pk(tv x)U(Tk(ta x)) Mk(ta 1‘))
for a.e. (t,z) € D and all v € C(D;R), k € N. (6.65)
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We will show that the condition (6.14) is satisfied. Indeed, let y € C*(D;R) be
arbitrary but fixed. It is clear that the conditions (6.19) and (6.20) guarantee the
validity of the relation (6.58), where

o (t ) = y (it 2), (1, 7)), alt,w) = y(7(t2), plt, )
for a.e. (t,z) € D and all k € N. Therefore, it follows from Lemma 6.3 that the
condition (6.59) holds, i.e., the condition (6.14) is fulfilled. Moreover, by virtue of

the relation (6.17), the condition (6.9) is satisfied.
Consequently, the assertion of the corollary follows from Corollary 6.2. O

Proof of Corollary 6.5. Notice that, according to Corollary 5.2, the problems (6.21)—
(1.2) and (6.21%)— (1.2;) have unique solutions u and ug, respectively.
Let the operators ¢ and ¢; be defined by the formulas

L) (t,x) = p(t,x)v(t,z) for a.e. (t,x) € D and all v € C(D;R), (6.66)
and
Li(v)(t,x) = pe(t,x)v(t,z) for a.e. (t,z) € D, allv e C(D;R), ke N, (6.67)
respectively. Obviously,
12kl = llpkll,  for k € N. (6.68)

Therefore, it is clear that the assumptions (6.4)—(6.6) of Theorem 6.1 are satisfied.
In order to apply Theorem 6.1, it remains to show that the condition (6.1) and
(6.3) are fulfilled.

It is easy to see that

/t: /: [pr(s:m) = p(s,m)| dpds

t x t x
//pk(s,n)dndsf/ / p(s,n)dnds
te J o) to Jxo
tr d T b
[ wtsmians|+ | [ [ s miasay
to c xo a

Therefore, the conditions (6.22) and (6.23) guarantee that

<

< +

+ + for (t,z) € D, k e N.

kEI—iI-loo okl frllc =0, (6.69)
where
t x
fito) = [ [ o) = pls,mldnds for (ko) €D, kEN.  (670)
tr Jxg

We first note that, for an arbitrary y € C'(D;R), we have

‘ /t:/xjék(y)(svn)dnds—/t:/xjg(y)(s’n)dnds

/t / z [P (s,m) = p(s,m)]y(s, m)dnds

tr d
/ / Ip(s,n)y(s,n)|dnds
t(J c

<

< +

+ +
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Tk b
/ / Ip(s,m)y(s,n)|dsdn
xo a

Moreover, for an arbitrary y € C*(D;R), we can verify by direct computation that

+ for (t,z) e D, ke N. (6.71)

/t / " Ioe(s.m) — p(s,m)]y(s,m)dnds = fiu(t,2)y(t, )~
- / fuls, 2oy (s, a)ds - [ it )y (6 )+

t T
[ Alsmu(s.mdnds for (o) €D REN. (672)
ty

T
Let £k € N and y € M(4k,t, x) be arbitrary but fixed. Then, by virtue of
Notation 6.1 and Lemma 4.1, we get

t x
/ / pr(s,m)z(s,n)dnds
tr Jxg

x d
/ pku,n)z(tm)dn‘s [ intmlan

for a.e. t € [a,b] and all x € [¢,d], (6.74)

ly(t, )| = <o for (t,z) € D, (6.73)

|y (8, )| =

b
< / 1pi (5, 2)[ds
a

for all t € [a,b] and a.e. x € [¢,d], (6.75)

t
|yf2] (t,z)| = ’/t pr(s, x)z(s, x)ds
k

and
i) (8 @) = |pe(t, 2)2(t, )| < |pe(t, )| for ae. (t,2) € D. (6.76)
Using relations (6.73)—(6.76), it follows from the inequalities (6.71) and (6.72) that

/t: /g:ek(y)(sm)dnds—/t: /; U(y)(s,n)dnds

tr d
| [ vt mianas
to c

T b
/ /Ip(s,n)ldsdn
xo a

Therefore, according to the relations (6.23) and (6.69), the condition (6.1) holds,
where the numbers Ay are given by the formula (6.2).
Now let y € C*(D;R) be arbitrary but fixed. Put

<

< Aok frllc + ok +

+ o for (t,z) € D, ke N.

b
00 = Iyllc +max{ / [y (s, 0)lds : € [ad]} +

d
+max{ / yf2}<t7n>|dn:te[a,b}}ﬂwﬁQ]HL. (6.77)
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Then the inequalities (6.71) and (6.72) imply that

//Ek Sndnds—//€ (s,m)dnds| <
tr to

Tk d
< 0o <||fk|C + / / Ip(s,m)|dnds| +
to (&

T b
/ Ip(s,m)|dsdn
0 a

) for (t,x) € D, k € N.

According to the relations (6.23) and (6.69), the last inequality yields the validity
of the condition (6.3).
Consequently, the assertion of the corollary follows from Theorem 6.1. O

Proof of Corollary 6.6. We will show that all the assumptions of Corollary 6.5 are
satisfied. Indeed, in view of the relations (6.12) and (6.16), the assumptions (6.5),
(6.6), and (6.23) are satisfied. Moreover, by virtue of the relations (6.15), (6.16),
and (6.18), Lemma 6.2 guarantees the validity of the conditions (6.4) and (6.22). O

7. COUNTER-EXAMPLES

Example 7.1. Let p € L(D;R,) be such that

b pd
/ / p(s,n)dnds =1
to Jxo

and let the operator ¢ be defined by the relation
(v)(t,x) = p(t,z)v(b,d) for a.e. (t,z) € D and all v € C(D;R).

Then the condition (5.2) with o = 1 is satisfied for every m € N and v € C(D;R).
Moreover,

d
/ / pj(s,m)dnds =1 for every j €N,
to Jxo

where the function p; is given by the formula (5.4).
On the other hand, the problem (1.1g), (1.2y) has a nontrivial solution

t T
u(t, x) :/ / p(s,n)dnds for (t,z) € D.

This example shows that the assumption o € [0,1] in Theorem 5.1 cannot be
replaced by the assumption a € [0, 1], and the strict inequality

//pjsndnd5<1

in Corollary 5.1 cannot be replaced by the nonstrict one. The optimality of the
other strict inequalities in (5.3) can be justified analogously.

Example 7.2. Let
gr(t) = kcos(k®t), hy(t) = ksin(k®t) fort >0, k €N, (7.1)
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and
t . 2 = 2
yr(t) = —k;/ exp (bm(: b _ bm(}f S)> sin(k?s)ds fort >0, ke N. (7.2)
0
It is not difficult to verify that, for every k € N,
Y (t) = gr(t)yr(t) + hi(t) fort >0 (7.3)
and
lye(t)| < 1+e+te? fort >0, (7.4)
because
1 1 sin(k%t
y(t) = Z cos(k*t) — 7 €XP ((k:)> +
1/t sin(k?t)  sin(k?s)
+ 5/0 exp( 3 — A >d3+
1 t . 2 3 2
+ 7/ exp sin(k7t) — sin(k”s) cos(2k‘2s)ds for t > 0.
2 Jo k k
Moreover,
t
i = — > 0. .
kgrfoo yi (1) 5 fort >0 (7.5)

Now, let p=0,¢q=0,to=a,x9=c, ¢ =0,9% =0, and
T(t,x) =t, pt,x)=x for (t,x)€ D.
For any k € N, we put ty, = a, zp = ¢, o =0, ¥V =0,
pr(t,z) = gr(t —a)gr(x —¢) for (t,z) € D,

@(t, ) = hi(t — a)yp(z — ) + Y (t — a)h(2 — )=

— hi(t —a)hg(z —c) for (t,z) € D,
and
T(t,x) =t, wup(t,x) ==z for (¢t,z) € D.

According to (7.1), (7.3), and (7.4), it is clear that the assumptions of Theo-
rem 6.1 are satisfied except of (6.9). Let ¢, £, € L(D) be operators defined by (2.1)
and (6.65), respectively. Then, it is not difficult to verify that the assumptions of
Corollary 6.1 are fulfilled except of (6.17).

On the other hand,

u(t,z) =0 for (t,z) € D
and
ug(t,z) =yt — a)yx(x —¢) for (t,z) € D, ke N
are solutions to the problems (1.1"), (1.2) and (1.1},), (1.2), respectively, as well as
the problems (1.1), (1.2) and (1.1;), (1.2), respectively. However, in view of (7.5),
we get

Jim (et ) —u(t o)) = lim gt - ay(e =) =
(t—a)(z—c)

= for (t,z) € D,

that is, the relation (6.8) is not true.
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This example shows that the assumption (6.17) in Corollary 6.1 and the assump-

tion (6.9) in Theorem 6.1 are essential and they cannot be omitted.
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