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Abstract. The concept of a semiprime ideal in a poset is introduced. Characterizations of
semiprime ideals in a poset P as well as characterizations of a semiprime ideal to be prime
in P are obtained in terms of meet-irreducible elements of the lattice of ideals of P and in
terms of maximality of ideals. Also, prime ideals in a poset are characterized.
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1. INTRODUCTION

Y.Rav [10] introduced and studied semiprime ideals in lattices. An ideal I of
a lattice L is said to be semiprime if x Ay € I and A z € I together imply
x A(yVz) € I. Also, Beran [1] studied some properties of semiprimeness (see
also Beran [2] and [4]) and the connection between primeness and semiprimeness in
lattices. In fact, he proved that

Theorem A (L.Beran [2]). Let I be a semiprime ideal of a lattice L. Then I is
prime if and only if I is a meet irreducible element of Id(L).

In this paper we introduce the concept of a semiprime ideal in a general poset.
Characterizations of semiprime ideals in posets as well as characterizations of a
semiprime ideal to be prime are obtained. Also, prime ideals in a poset are charac-
terized. It is proved that a prime ideal I of P and its corresponding filter F; make a
separation of the poset P. Further, we prove some properties and characterizations
of prime ideals and semiprime ideals in posets.

We begin with the necessary concepts and terminology. For undefined notation
and terminology the reader is referred to Gritzer [5].
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Let A C P. The set A* = {z € P; x > a for every a € A} is called the upper
cone of A. Dually, we have the concept of the lower cone A' of A. We shall write
A" instead of {A*}! and dually. The upper cone {a}" is simply denoted by a* and
{a,b}" is denoted by (a,b)*. Similar notation is used for lower cones. Further, for
A,B C P, {AU B}" is denoted by {A, B}* and for x € P, the set {AU {z}}" is
denoted by {A, z}*. Similar notation is used for lower cones. We note that A C A%
and A C A, If A C B, then B! C A" and B* C A“. Moreover, A" = Al
Avlv = A% and {a*}! = {a}' = d!.

Now, we consider a concept of an ideal and a prime ideal introduced by Halas [6]
and Hala$ and Rachunek [8].

Definition 1. A subset I of a poset P is called an ideal if a,b € I implies
(a, b)"l C I. A proper ideal I is called prime if (a, b)l C I implies that either a € T
orbel

Dually, we have the concepts of a filter and a prime filter. Given a € P, the subset
{z € P; x < a} is an ideal of P generated by a, denoted by (a]; we shall call (a] a
principal ideal. Dually, a filter [a) generated by a is called a principal filter.

We generalize the concept of a semiprime ideal to a general poset as follows:

Definition 2. An ideal I of a poset P is called semiprime if (a,b)l C I and
(a,c)' C I together imply {a, (b, c)u}l CclI.

Dually, we have the concept of a semiprime filter. In what follows, Id(P) denotes
the set of all ideals of a poset P which forms a complete lattice with respect to set
inclusion (see Halas and Rachtunek [8]).

The following result establishes a connection between primeness and semiprime-

ness:

Lemma 3. Let I be an ideal of a poset P. If I is prime, then I is semiprime.

Proof. Let I be a prime ideal and for a,b,c € P, let (a, b)l C I and (a, c)l clI.
Since [ is prime, we have two cases:
(i) If a € I, then {a, (b,c)*}! Cal CI.
(ii) If a ¢ I, then b,c € I and hence (b, )" C I. Therefore {a, (b,c)"} C (b,c)u C
I. Thus I is semiprime. |
Remark 4. The converse of Lemma 3 does not hold in general. In the poset
depicted in Figure 1, the ideal I = {0} is semiprime but not prime, as (a,b)l cI
and neither a nor b is in .
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Figure 1

We consider the following definition of meet-irreducible elements.

Definition 5. An element = of a poset P is called meet-irreducible if x cannot
be obtained as a meet of two elements different from z.

Theorem 6. Every prime ideal of a poset P is a meet-irreducible element of
Id (P).

Proof. Let I be a prime ideal such that I = JN K for J, K € Id (P). We have
to show that either I = J or I = K.

Clearly I C J and I C K. Suppose I # J and I # K; then there exist =,y € P
such that z € J\ I and y € K \ I. But J and K are ideals, so we have (z,y)" C
JNK C I. Since [ is prime, either x € I or y € I, a contradiction with the fact that
x,y ¢ 1. O

Remark 7. The converse of Theorem 6 is not true in general. Consider the poset
P depicted in Figure 2 and its ideal lattice Id(P), depicted in Figure 3. Observe that
(a] is a meet-irreducible element of Id(P). However, (a] is not prime as (b, ¢)" C (d]
and neither b nor ¢ is in (a].

1 (1]
b (0]
¢ (c]
a (a]
0 (0]
0
Figure 2 Figure 3

For ideals I,J C P denote Cy(I,J) = U{(a,b)*; a,b € I U J}. Inductively, let
Cny1(I,J) = U{(a,b)"; a,b € C,(I,J)} for each n € N. Tt is easy to observe that
the sets C,, (I, J) form a chain, in other words, C; C...C C,_; CC,, C ...

The following result describes the join of two elements in Id(P).
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Lemma 8 (Halas [7]). Let P be a poset and I,J € Id(P). Then IV J =
U{Cn (I, J); neN}.

The following statement characterizes semiprime ideals which are prime.

Theorem 9. Let I be a semiprime ideal in a poset P. Then I is prime if and
only if I is a meet-irreducible element of 1d (P).

Proof. (=) Follows by Theorem 6.

(<) Let (a,b)' C I. We claim that I = (I V (a]) N (I V (b]). Clearly, it is enough
to show that (I'V (a]) N (I V (b]) C I. In view of Lemma 8, we have to show that
Cyn (I, (a]) N Cy, (I, (b]) C I for all n,m € N. We proceed by induction on n + m.

(i) Assume n+m =2 and let z € Cy (I, (a]) NCy (I, (b]). We have z € (2z1,51)"' N
(22, yg)m for z1,y1 € I U (a] and x2,y2 € I U (b]. We distinguish two cases:

(1) If z1,y1 € I or x1,y1 € (a] or z2,y2 € I or xa,ys € (b], by Definition 1 we
obtain z € I.

(2) Assume 21 € I, y; € (a], 25 € I and y, € (b]. Then (z1,25)' C I and
(xl,yg)l C I. By semiprimeness of I we have {xl,(xg,yg)u}l C I. Since z €
(22,52)", we get (z1,2)! C I. Similarly, since (y1,22)" C I, (y1,52)" C I and
z € (2,2)"™, we have (1, z)l C I. Now, (1, z)l C I and (y1,2)" C I together yield
{z, (xl,yl)“}l C I. But z € (21,51)", thus z € I. Therefore the statement is true
for n +m = 2.

(ii) Suppose the statement is true for n + m = r; in other words, suppose
Cn (I,(a]) N Cp, (1, (b]) € I holds for n + m = r. We shall show that the state-
ment is true for n +m = r + 1. Let z € C, (I, (a]) N Cpt1 (I, (b]). Then z €
(z1,y1)" N (22, y2)"" for z1,y1 € Cr_y (I, (a]) and xa,ys € Cp, (I, (b]). Observe that
(22,51)" € Co_1 (I, (a]) N Cpa (I, (b]). Since the sets C,, (I, (a]) form a chain ( i.e.,
C,C...CCpy CC,C...), wehave (z0,y1)" € C, (I, (a]) N Cp, (I, (b]). By the
induction hypothesis, (z2,91)" C I. Also, (z2,21)" € Cn_y1 (I, (a]) N Cpy (I, (b)) C
Cy (I, (a]) N Cyy (I, (b]) € I. By semiprimeness of I, we get {xa, (1, yl)“}l C1I. But
z € (z1,y1)", thus (22, z)l C I. Similarly, we get (yo, Z)l C I. Again by semiprime-
ness of I and the fact that z € (z2,12)" we have z € {z, (xg,yg)u}l C I. Hence the
statement is true for each n,m € N.

Now, since I is a meet-irreducible element of Id(P) and I = (I V (a]) N (I V (b)),
we have either I = (I V (a]) or I = (I V (b]). Therefore, a € I or b € I and thus [ is
prime. O

Now we present more properties of semiprime ideals in posets by using the follow-
ing sets. For a semiprime ideal I and a nonempty subset A of a poset P, define

I:A={2€P; (a,2) CIforallac A}.
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Observe that I C I : A. If A= {z}, then we write I : x instead of I : {z}.

Lemma 10. Let I be a semiprime ideal of a poset P. Then the following state-
ments hold:
(i) (a,b)" C I:x if and only if (z,a,b)" C I.
(i) {z,(a,b)"} C I if and only if (a,b)" C I : x.
(iii) I : @ =P ifand only ifx € I.

Note: The statement (i) does not require semiprimeness.

Proof. (i) Suppose that (x,a,b)l CIandze€ (a,b)l. It is clear that (a:,z)l -
(x,a,b)l CI. Thusz€e:x.

Conversely, suppose that (a,b)l Cl:zandze€ (x,a,b)l. Since z € (x,a,b)l C
I:zx, we get (x,z)l C I. But z < z, therefore z € I.

(ii) Let {, (a,b)"} C I and z € (a,b)*. We have (z,2)' C {, (a,b)"} C I, hence
zel: .

Conversely, suppose that (a,b)“l C I : x. Then clearly a,b € I : z. Hence
(z,a)' C I and (z,b)' C I. By semiprimeness we get {z, (a, b)u}l ClI.

(iii) Observe that = € I iff (z,2)' C I forall z € Piff I : 2 = P. O

A nonempty subset Q of a poset P is called up directed, if Q N (z,y)* # 0 for any
z,y € Q. Dually, we have the concept of a down directed subset. If an ideal I (filter
F) is an up (down) directed set of a poset P, then it is called a u-ideal (I-filter).

Definition 11. Let P be a poset and () C P. Denote the set of all maximal or
minimal elements of @ by Max(Q) or Min(Q), respectively.

In the following we use a statement the proof of which is trivial:

Lemma 12. Every [-filter of a finite poset P is principal.

We prove some characterizations of primeness and semiprimeness in the case of
finite posets. To this end we introduce the concept of an I-atom in posets. Beran [3]
defined the concept of an I-atom in lattices and has shown that this concept plays a
crucial role in the study of prime ideals.

Definition 13. Let I be an ideal of a poset P. An element i € P is called an
I-atom if

(i) i ¢ I, and
(ii) for x € P, if x < i, then x € I.

Dually, we define an F-coatom for a given filter F' of P.
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Remark 14. Note that for every finite poset P and I a proper ideal of P, an
I-atom exists. However, an I-atom need not exist for P infinite. For example, in the
poset P depicted in Figure 4, the ideal I = {0} does not have any I-atom.

1‘11
T2

Figure 4

Note that two distinct I-atoms of a poset P are either equal or incomparable.
The following theorem is a characterization of semiprimeness in terms of I : =z,
z e P.

Theorem 15. Let I be an ideal of a poset P. Then I is semiprime if and only if
I : x is a semiprime ideal for all x € P. Moreover, if P is finite, then I is semiprime
iff I : i is a principal prime ideal for every I-atom i € P.

Proof. First we show that I : x is an ideal for all x € P. Assume that I is
semiprime and a,b € I : z. We have to show that (a, b)ul CIl:z. Sincea,bel: x,
we obtain (z,a)’ C I and (x,b)' C I. By semiprimeness we get {x,(a,b)u}l Cc I
Due to Lemma 10(ii) we conclude (a,b)"" C I : .

To show that I : x is semiprime, suppose that (a, b)l C I :xand (a, c) I:z. We
obtain (z,a,b)' C I and (z,a,c)’ C I, thus by Lemma 10(i) we have (2,a)' C I : b
and (z,a)' € I:c. We claim that {z,a, (b,c)"}’ C I. Indeed, let z € {z,a, (b ,c)“}l.
Since z € (x,a)l CI:bandz € (b,c)"l, we have z € I : band z € I : ¢, ie.,
b,c € I :z Since I : z is an ideal, (b, c)ul CI:zandz € (b c)ul, which yields
z€l:z Thus zel.

Now we prove that {a, (b, c)u}l CTI:x Lett € {a, ( o) } Clearly we have
(z, 1) C {x,a, (b, c)u}l CI. Hencet e I:x, so0{a,(bc)" } : . Therefore I : x
is semiprime.

Conversely, suppose I : z is an ideal for all x € P. We shall show that I is
semiprime. Let (x,y)l C I and (=, z)l C1I. Sincey,z € [:zand I : zis an ideal, we
have (y, z)"l C I:z. By using Lemma 10(ii), we get {x, (y, z)u}l C I as required.

Further, let P be finite, let I be a semiprime ideal of P and i an I-atom of P.
First we show that I : i is prime. To this end assume (z,y)' C I:iand z & I :i. As
x ¢ I :1, we have, (z, i)l ¢ I. Therefore there exists an element k € (z,i)! such that
k & I. Clearly, k < i and we claim k = i. Indeed, k < i yields k € I, a contradiction.

24



! ie., i < x. Since (x,y)l C I: 4, by Lemma 10(i)

Consequently, we have (z, i)l =1
we obtain (z, y,z’)l C I. Therefore (y, i)l C I,y €l :iand thus I :iis prime.

We show that I : i is principal. In view of the statement dual to Lemma 12,
it suffices to show that I : i is an wu-ideal. Suppose on the contrary that I : i is
not a u-ideal. Then there exist b,c € I : i such that there is no z € (b,¢)" for
which (i, )" C I. Denote (b,c)" = {21,232, ...,%,}. Then for all zrj, j=12,...,n
we have (i,xj)l ¢ I. Therefore (i,z1)" = (i,22)' = ... = (i,2,)" = i' and hence
i < x; for all z; € (b,e)". Since I is semiprime, we have {i, (b, c)u}l C I. Therefore
it = {i, (b, c)u}l C I, which is a contradiction to the fact that i ¢ I. Thus I : i is a
u-ideal. O

Let I be a proper ideal of a poset P. Then I is said to be a mazimal ideal of P
if the only ideal properly containing I is P.
The following statement gives another condition for semiprime ideals to be prime.

Theorem 16. Every maximal semiprime ideal of a poset P is a prime ideal.

Proof. Let I be a maximal semiprime ideal of P and (x,y)l C I. We have
x € I :y, where I : y is a semiprime ideal (see Theorem 15) with I C I : y. So we
have two cases:
(i) fI=1:y,thenxel.
(i) If I C I : y, then by maximality of I we have I : y = P. By Lemma 10(iii),
y € I. Thus [ is prime. O

As a consequence, we have

Corollary 17. Let I be a maximal ideal of a poset P. Then I is semiprime if
and only if I is prime.

By using Theorem 16 and Theorem 6, we obtain

Corollary 18. Every maximal semiprime ideal of a poset P is a meet-irreducible
element of Id(P).

Theorem 19. Let I be an ideal of a finite poset P. Then I is prime if and only
if P has exactly one I-atom.

Proof. Suppose I is a prime ideal. If I has two different I-atoms i; and is,
then (il,ig)l C I but 41,42 ¢ I, a contradiction.

Conversely, suppose P has exactly one I-atom and [ is not a prime ideal. Then
there exist a,b € P such that (a,b)l C I and neither a nor b is in I. However,
there exist two [-atoms of P, say i; and io, for which iy < a, i2 < b, i1 # i2, &
contradiction. (]
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Theorem 20. Let I be a proper ideal of a poset P. Then I is prime if and only
if:x=1"forallze P—1.

Proof. Suppose that [ is prime, z € I : z and © € P — I. Since [ is prime,
(z,2)' C I and x ¢ I, we have z € I.

Conversely, assume [ : x = [ for all v € P — I and let (z, y)l CI. Ifxé¢lI, then
y€l:x=1. Thus [ is prime. O

Lemma 21. Let I be a semiprime ideal of a finite poset P. Then I = ﬂ 11 for
all I-atoms i of P. '
Proof. We shall show that ﬂ I:¢ C I, as the converse inclusion always holds.
Suppose on the contrary that z é ﬂI ;1 and z ¢ I. Then there exists an I-atom
j € Psuchthat j < zand j ¢ 1. éince z €I :1i, we have z € I : j, which gives
i

(j,2)! = j! C I, thus j € I, a contradiction. O

Lemma 22. The intersection of any nonempty family of prime ideals of a poset
P is a semiprime ideal.

Proof. Suppose I = ((Jn, n € T', where each J,, is a prime ideal, and let
n

(z,y)' C 1, (z,2)" C I. We have to show that {z, (y,z)“}l C I. Since (z,y) C Jy

and (z, z)l C J, for all n, by primeness of J,,’s we have x € J,, or y, z € J, for each n.

In either case, we have {z, (y, z)"}l C J, for each n. Hence {z, (y,z)u}l CNJIn=1.
n

Thus [ is semiprime. O

As an immediate consequence of Theorem 15, Lemma 21 and Lemma 22 in the
case of finite posets we obtain

Theorem 23. Let I be a proper ideal of a finite poset. Then I is semiprime if
and only if I is representable as an intersection of prime ideals.

We consider the following definition of a distributive poset which is essentialy due
to Larmerova and Rachunek [9].

Definition 24. A poset P is called distributive if {a, (b, c)u}l = {(a,b)",
(a,¢)' Y for all a,b,c € P.
Note that in a distributive poset not every ideal is semiprime. Indeed, for the

distributive poset P depicted in Figure 5, the ideal I = {0,a,b, c} is not semiprime.
Nonetheless, for principal ideals of P we have the following result.
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Theorem 25. Let P be a poset. Then P is distributive if and only if (z] is a
semiprime ideal for all x € P.

Proof. (=) Suppose that (a,b)' C (z], (a,c)' C (z] and z € {a, (b,¢)"}..
We have 2! = {z, (b,c)*}! and applying distributivity, we get z! = {(z,b)!, (z,¢)'}*.
Since z < a, we obtain (z,b)' C (a,b)' C (2] and (z,¢)" C (a,c)' C (z]. Therefore
(2,0) U (z,0)" C (a], ie., {(2,b)", (2,¢)'}" C (2]. Thus 2! C (] which gives z € (x].

(<) It is enough to prove {a, (b, c)“}l C {(a,b)", (a,¢)'}*!, as the converse inclusion
is always true. Let z € {a, (b,¢)"} and y € {(a,b)", (a,¢)'}*. We claim that = < y.
Indeed, since {(a,b), (a,c)'}*" C o', we have (a,b)l C ¢! and (a,c)l C y'. By
semiprimeness of (y] we conclude z € {a, (b,c)"}! C y'. Thus x < y as required. [

An immediate consequence of Theorem 23 and Theorem 25 is

Corollary 26. Let P be a finite poset. Then P is distributive if and only if every
proper principal ideal is representable as an intersection of prime ideals.

For an ideal I of a poset P, consider the set
Fr={zeP; I:2=1}.
In the following, we establish some properties of F; and its connections with 1.

Lemma 27. Let I be a proper semiprime ideal of a finite poset P. Then
I:zNFr=0forallx e P—1.

Proof. Letze P—Tand zel:2nF;. We have (z,2)) CTand I: 2z = I.
Hence x € I : z = I, a contradiction to the fact that = ¢ I. O
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Theorem 28. Let I be an ideal of a poset P. Then F7 is a filter. Moreover, if I
is a semiprime ideal in a finite poset P, then Fy is semiprime.

Proof. Suppose z,y € Fy and z € (x,y)l“. To show that z € Fy, it is enough
to verify that [ : 2 C 1. Let a € I : z. Then (z, a)l C I. Since (z, y)l C Z!, we obtain
(x,y,a)l - (z,a)l C I. This yields (y,a)' C I : 2 by Lemma 10(i). Since = € Fr, we
get (y,a)lQI:I:x. Henceael:y=1,asy € F;. Thusa € I.

Now, suppose that [ is a semiprime ideal of a finite poset P. We have to show that
Fy is semiprime. Suppose that (z,7)" C F; and (z,2)" C Fy. Let a € {z, (y,2)'}*
and a ¢ Fr. Then I C I : a, therefore there exists an element b € P such that
bel:aandbd¢ I Consequently, there exists an I-atom ¢ of P such that i < b.
Clearly i € I : a and so a € [ : 4. Further, since a € {z, (y,z)l}“, we have x € I : i
and (y,z)l C I :4. By Theorem 15, I : i is a prime ideal, hence either y € I : i or
z € I :i. Suppose y € I : i; then by Theorem 15, I : ¢ is a principal ideal and since
x,y € I:4, we have I :iN (x,y)" # 0. But (x,y)" C Fy. Therefore [ :iNFy # 0, a
contradiction with Lemma 27. O

Remark 29. Consider the infinite poset P depicted in Figure 6, and I =
{0, a,b, c} which is a semiprime ideal of P. Observe that F;r = {y;; j € N}. F} is a
filter which is not semiprime as (a,b)" C F; and (a,¢)" C F; but a* = {a, (b,c)'}* €
F;. Thus, Theorem 28 is not true if we drop the condition of finiteness.

el

Y2

0
Figure 6

However, if P is a join-semilattice, then we have

Lemma 30. Let I be a semiprime ideal of a join-semilattice P and let x,y € P.
ThenI:(xVy)=I:anI:y.

Proof. We have a € I : (zVy) if and only if (a,x\/y)l C I if and only if
{(a,2)' €T and (a,y)' CI}ifandonlyifacI:zN1:y. O
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Theorem 31. Let I be a proper semiprime ideal of a join-semilattice P. Then
Fy is a semiprime filter.

Proof. LetzVy,zVze Fyandaé€ {z(y,2)'}* If a ¢ Fy, then there exists
an element b € P such that b€ I : a and b ¢ I, ie., (a,b) C I and b ¢ I. Since
z < a and (y,z)l C d!, we have

(%) bel:z and (y,b) CI:z

Because b € I : x, we have (y,b)l C I : z. By Lemma 30 and (%), we obtain
(yb) CI:xNI:z2=1:(xVz)=1 Thusbe I:yand () implies b € I : z, which
yields b € I : (z Vy) = I, a contradiction. O

Lemma 32. Let I be a proper semiprime ideal of a poset P. Then I N F; = (.

Proof. Supposex € INF;. We have I : x = I. Since z € I, by Lemma 10(iii)
we have I : x = P and consequently I = I : x = P, which is a contradiction to the
fact that I is proper. O

The following theorem characterizes prime ideals in a poset:

Theorem 33. Let I be a proper ideal of a poset P. Then I is prime if and only
if TUF; =P.

Proof. Suppose I is prime, z € P and « ¢ F;. Since x ¢ Fr, we have that
I C1I:ux,ie., there exists an element y € I : x such that y ¢ I. In other words,
(y, a:)l C I and y ¢ I. By primeness of I, we get « € I as required.

Conversely, suppose I U F; = P, (y, x)l C T and x ¢ I. Clearly, x € F; and hence
I:x=1. Since y € I : x, we have y € I. Thus, [ is prime. (I

Observe that Lemma 32 and Theorem 33 show that a prime ideal I and the
corresponding filter F; separate elements of a poset P.
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