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a CEA, DAM, DIF
F-91297 Arpajon, France

E-mail: bernard.ducomet@cea.fr
b Mathematical Institute AS ČR
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1 Introduction and weak formulation

We consider the motion of several rigid bodies in a non-Newtonian fluid of power-law
type (see Chapter 1 in Málek et al. [M] for details), where the viscous stress tensor
S depends on the symmetric part D[u], D[u] = ∇xu + ∇t

xu of the gradient of the
velocity field u in the following way: Assumptions (A1): S = S[ D[u] ], S : R3×3

sym →
R3×3

sym is continuous,
(
S[M]−S[N]

)
:
(
M−N

)
> 0 for all M 6= N, and c1|M|p 6 S[M] :

M 6 c2(1 + |M|p) for a certain p > 4 and newtonian case for compressible case.
For the description of the initial position of the bodies see [DN]. The mass den-

sity % = %(t,x) and the velocity field u = u(t,x) at a time t ∈ (0, T ) and the
spatial position x ∈ Ω satisfy the integral identity

∫ T

0

∫
Ω

(
ρ∂tφ + ρu · ∇xφ

)
dx dt =

−
∫
Ω

ρ0φ dx, φ ∈ C1([0, T )× Ω̄),∫ T

0

∫
Ω

(
ρu · ∂tϕ + ρu⊗ u : ∇x[ϕ]− S : D[ϕ]

)
dx dt

= −
∫ T

0

∫
Ω

ρG∇x

∫
R3

ρ
|x−y|dy · ϕ dx dt−

∫
Ω

ρ0u0 · ϕ dx dt

ϕ ∈ C1([0, T )× Ω̄), ϕ(t, ·) ∈ R(t),
R(t) = {φ ∈ C1(Ω̄) | div Φ = 0 in Ω, φ = 0 on a neighborhood of ∂Ω, D[Φ] =

0 on a neighborhood of ∪n
i=1 B̄i(t)}, where

∫ T

0

∫
Ω

ρG∇x

( ∫
R3

ρ
|x−y|dy

)
ϕ dx dt =∫ T

0

∫
Ω

ρG∇xF dx dt, with F =
( ∑

i 6=j

∫
R3

ρ
Bj
j

|x−y| dy+
∫

R3
ρf

|x−y| dy
)
. Finally, we re-

quire the velocity field u to be compatible with the motion of bodies. As the mappings
ηi(t, i) are isometries on R3, they can be written in the form ηi(t,x) = xi(t)+Oi(t)x.
Accordingly, we impose to the velocity field u to be compatible with the family of
motions {η1, . . . , ηn} if u(t,x) = uBi(t,x) = Ui(t) + Qi(t)(x − xi(t)) for a.a. x ∈
B̄i(t), i = 1, . . . , n for a.a. t ∈ [0, T ), where d

dtxi = Ui,
(

d
dtOi

)
OT

i = Qi a.a. on (0, T ).

Problem P
Let the initial distribution of the density and the velocity field be determined

through given functions ρ0, u0, respectively. The initial position of the rigid bod-
ies being Bi ⊂ Ω, i = 1, ...,m. We say that a family ρ, u, ηi, i = 1, ...,m, represent
a variational solution of problem (P) on a time interval (0, T ) if the following con-
ditions are satisfied:
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(1) The density ρ is a non-negative bounded function, the velocity field u belongs
to the space L∞(0, T ;L2(Ω; R3)) ∩ Lp(0, T ;W 1,p

0 (Ω;R3)), and they satisfy energy
inequality (EI) for t1 = 0 and a.a. t2 ∈ (0, T ),

(2) The continuity equation holds on (0, T ) × R3 provided ρ and u are extended
to be zero outside Ω.

(3) Momentum equation (the integral identity) holds for any admissible test func-
tion w ∈ R(t) .

(4) The mappings ηi, i = 1, ...,m are affine isometries of R3 compatible with the
velocity field u in the sense of compatibility conditions.

Let us formulate one of our main existence results.

Theorem 1.1 Let the initial position of the rigid bodies be given through a family of
open sets

Bi ⊂ Ω ⊂ R3, Bi diffeomorphic to the unit ball for i = 1, . . . , n,

where both ∂Bi, i = 1, . . . , n, and ∂Ω belong to the regularity class see [DN]. In
addition, suppose that

dist[Bi,Bj ] > 0 for i 6= j, dist[Bi, R
3 \ Ω] > 0 for any i = 1, . . . , n

and we assume that boundary of Ω and Bi belong to C2,ν , ν ∈ (0, 1). Furthermore,
let the viscous stress tensor S satisfy hypotheses (A1), with p > 4.

Finally, let the initial distribution of the density be given as

%0 =

 %f = const > 0 in Ω \ ∪n
i=1Bi,

%Bi
on Si, where %Bi

∈ L∞(Ω), ess infBi
%Bi

> 0, i = 1, . . . , n,

while

u0 ∈ L2(Ω; R3), divxu0 = 0 in D′(Ω), D[u0] = 0 in D′(Bi;R3×3) for i = 1, . . . , n.

Then there exist a density function %,

% ∈ C([0, T ];L1(Ω)), 0 < ess inf
Ω

%(t, ·) 6 ess sup
Ω

%(t, ·) < ∞ for all t ∈ [0, T ],

a family of isometries {ηi(t, ·)}n
i=1, ηi(0, ·) = I, and a velocity field u,

u ∈ Cweak([0, T ];L2(Ω;R3)) ∩ Lp(0, T ;W 1,p
0 (Ω;R3)),

compatible with {ηi}n
i=1 in the sense specified in (3.7), (3.8), such that %, u satisfy

the integral identity (3.3) for any test function φ ∈ C1([0, T )× R3), and the integral
identity (3.4) for any ϕ satisfying (3.5), (3.6).

For compressible case see [DN1].
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