Charles University in Prague
Faculty of Mathematics and Physics

DIPLOMA THESIS

Jan Stebel

Shape optimization in problems governed by generalised
Navier—Stokes equations

Mathematical Institute of Charles University

Supervisor: Prof. RNDr. Jaroslav Haslinger, DrSc.
Study program: Mathematics
Branch: Matematical Modelling



I am very grateful to my supervisor prof. Jaroslav Haslinger for his pa-
tient and careful guidance. Next I want to thank doc. Josef Malek for many
worthy advices, which have helped me in the theoretical part of the work,
and dr. Jaroslav Hron for help with the numerical computations. Finally my
sincerest thank belongs to my parents who have supported me during the
period of my studies.

I declare that I have worked out this thesis by myself using only the
literature cited here. I agree with lending of this thesis from the library of
Faculty of Mathematics and Physics.

Prague, April 16, 2004 Jan Stebel



Contents
1 Introduction

2 Steady flow of a non-Newtonian fluid
2.1 Classical formulation . . . . . . ... ... ... ........
2.2 Weak formulation . . . . .. ... ... L.
2.2.1 Boundary conditions . . . . . ... .o
2.2.2 Functionspaces . . . . . . . . . ...
223 Weaksolution . . . . ... ... ... L.
2.3 Energy estimates . . . . . . .. ... . L L
2.4 Existence and uniqueness . . . . .. ... ...

3 Shape optimization problem
3.1 Formulation of the problem . . . ... .. .. ... ......
3.2 Existence of an optimal solution . . ... .. ... ......

4 Numerical results
4.1 Numerical solution of the state problem . . . ... ... ...
4.2 Numerical solution of shape optimization problem . .. . ..

5 Conclusion
A Auxiliary tools

Properties of the Sobolev spaces

23
23
23

30
30
32

36

38

38



Nazev prace: Tvarové optimalizace v tilohach fizenych zobecnénymi Navier—
Stokesovymi rovnicemi

Autor: Jan Stebel

Ustav: Matematicky ustav Univerzity Karlovy

Vedouci diplomové prace: Prof. RNDr. Jaroslav Haslinger, DrSc.
e-mail vedouciho: haslin@met.mff.cuni.cz

Abstrakt: V préci se Fesi problém optimalizace tvaru vstupni komory, ktera
je soucasti stroju na vyrobu papiru a ktera privadi smés ”voda+dievni
hmota” do vyrobniho procesu. Cilem je navrhnout takovy tvar, ktery zajistuje
a priori dany prubéh rychlosti smési na vytokové Casti. Z matematického
hlediska se jedna o ulohu optimélniho fizeni, kdy fidici proménnou je tvar
oblasti, kterd pfredstavuje vstupni komoru, stavovou tlohou je zobecnény
Navier-Stokesuv systém s netrividlnimi okrajovymi podminkami. Cilem je
teoretické studium této tlohy (dukaz existence feSeni), jeji diskretizace a
numerickd realizace.
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1 Introduction

For many years paper belongs to the most used every day’s tools. Thus its
invention can be considered as one of the most important steps both in the
technological and cultural progress. About 19 centuries ago ancient Chi-
nese developed the paper making technique using the bark and hemp. Since
that time many improvements have been made in order to reduce the costs
and enhance the quality, production speed and environmental compatibility.
Today’s paper production has become a complex process.

Recently the paper machine technology has been achieved mostly through
the experimental work in pilot plants. With increasing speeds and sophisti-
cated machines this approach has become too expensive and time-consuming
so that more effective methods must be used to bring further development.
One of such methods is mathematical modelling and the numerical simula-
tion. However the experimental research is still needed to verify the simu-
lated results.

Figure 1: Paper machine viewed from the wet end (reproduced from
http://www.csc.fi).

The first component in the paper making process is the headbox which
is located at the wet end of a paper machine. The headbox shape and the
fluid flow phenomena taking place there largely determines the quality of
the produced paper. The first flow passage in the headbox is a dividing
manifold, called the header. It is designed to distribute the fiber suspension
on the wire so that the produced paper has an optimal basis weight and
fiber orientation across the whole width of a paper machine. The aim of this
work is to find an optimal shape for the back wall of the header so that the
outlet flow rate distribution from the headbox results in an optimal paper



quality.

The paper making pulp (also called the fibre suspension, furnish or stock)
is a mixture of wood fibres, water, filler clays and various chemicals at con-
centration of 1% solids to 99 % water by weight. In the large-scale simulation
it is sufficient to perform one-phase modelling with the fluid being an incom-
pressible liquid. The presence of only a few solid particles in the suspension
changes its properties to a non-Newtonian fluid. Flows of such fluids are
mathematically described by the generalized Navier—Stokes equations (2.3).
In the flow model the effect of turbulence must be taken into account as
it is a desirable phenomenon in the paper making process. Here we use an
algebraic turbulence model based on the so-called mixing-length.

Figure 2: The header.

On Figure 2 the geometry of the header is shown. The inlet is on the
left and the so-called recirculation on the right hand side. Typically about
10 % of the fluid flows out through the recirculation. The main outlet is
performed by a number (usually several hundreds or thousands) of small
tubes. This fact presents a difficulty in the numerical simulation and thus the
complicated geometry of the tube bank is replaced by an effective medium
using the homogenization technique. It introduces a nonstandard boundary
condition of the form

Ty = —oluy|uy, (1.1)

where T, u,,, o are the stress tensor, normal component of the velocity and
the coefficient of suction, respectively. Another simplification is done using
depth-averaged equations and two-dimensional geometry. Such model gives
still satisfactory results while the computations become less time-consuming.

This work was motivated by some previous papers: The fluid flow model
which is used here has been derived and studied numerically in [2]. The shape
optimization problem has also been solved numerically and the results are
presented in [3]. Both fluid flow model and shape optimization problem have
been studied there formally without establishing existence results. Therefore
our primary goal is to give the theoretical analysis of the flow equations and
of the whole optimization problem, further the discretisation and finally the
numerical solution.



The text is organized as follows. In Section 2 we present the fluid flow
model and analyze the existence of a solution. The existence proof is based
on appropriate energy estimates and the Galerkin method. The shape op-
timization problem is then formulated in Section 3 and the existence of
an optimal shape is established. The continuous dependence of solutions to
state problems with respect to shape variations is the most important re-
sult of this part. A discretization of these problems and numerical results
are presented in Section 4. The elementary mathematical tools as well as
notation are listed in Appendix.



2 Steady flow of a non-Newtonian fluid

2.1 Classical formulation

For describing the fluid flow we will use a two—dimensional stationary model.
First we define the geometry of the problem.

Let Li,Lo, L3 >0, H > Hy > 0, Qpnaz = Qmin > 0, v > 0 be given and
suppose that o € U,q, where

uad = {Oé € 0071([07[’]); Umin < & < Qnaz,
O“[O,Ll} = Hy, O“[LH—LQ,L} = H», (2.1)

/| <~ a.e. in [O,L]}.

Here C%1([0, L]) denotes the set of Lipschitz continuous functions on [0, L]
and L = L; + Lo + L3. With any a € U,; we associate the domain Q(«):

Q) = {(ml,xg) ER%0< 21 < L,0< < a(ml)} (2.2)

and introduce the system of admissible domains

O={% Jaclpy: Q=0(a)}.

N

h a(z1)

Hy

L Ly Ls

Figure 3: Geometry of the domain (.

Further we will need the domains

~

Q= (0,L) x (0, ¥maz),
Qo = ((0,L1) x (0,Hy)) U ((0,L) x (0, 0min)) U ((L1 + Lo, L) x (0, Ha))

for which it holds that Qg € © € Q for all Q € O.
Let us remark that Q(a) € C%! for all a € U, g, where C%! is the system
of bounded domains with Lipschitz continuous boundaries '. We will denote

!See e.g. [5], Chapter 1 for the definition



the parts of the boundary 9Q(«) as follows:

I'p = (z1,22) € 0Q(ax);21 =0 o0r x1 = L}

Lout = {(w1,22) €0ar); L1 <y < Ly + Lo, a0 = 0}

L, (x1,m2) € OUv); L1 < xy < L1+ Lo, x9 = a(ml)}
Ly = 99(a)\ (TpUTeu UTy).

The components I'p, I'yys and I'y are fixed for every a € Uyg.

I'p

I'p

Pout

Figure 4: Parts of the boundary 0f2.

The fluid motion in Q(«) is described by the generalised Navier—Stokes
system

div T(€(U)7p)+/)(u('i§>z - g}m Q. (2.3)

Here u means the velocity, p the pressure, p is the density of the fluid and
the stress tensor T is defined by the following formulae:

Tij(e(u), p) = —pdsj + 2u(le(u)])ei; (u),

pulle()]) = o + pe(s) = po + ply, ole(W)], po > 0,

where fi is a constant laminar viscosity and p(|e(u)|) stands for a turbulent
viscosity. The function [,,, o represents an algebraic model of turbulence and
it has the following form (see [3] for more details):

lm,a() = %a(m) [0.14 ~0.08(1- 25(‘“;3))2 ~0.06(1- Qda(m))‘*] ,

do(x) = min {xg,a(xl) - mg},m € Qa).

The symbol e(u) means the symmetric part of the gradient of u whose

components are
1 auz 8u]'
52](”) 2<6$J + (%Z)’ 1, )




Figure 5: Graph of the function l,, .

and |e(u)| means its norm

) 1/2
1

e(w)l = | 5 > ei(uei;(u)

3,j=1

The equations are completed by the following boundary conditions:

u = 0 onI'y ULy,
U = Up on I'p,
u-T=u; = 0 on 'y, (24)
2
doijo1 Dijvivi =Tee = —oluglus on oy,

where v, 7 stands for the unit normal, tangential vector, respectively and
o > 0 is a given suction coefficient.
By the classical solution we mean any velocity field u € (CQ(Q(oz)))2 N

(Cl(m))2 and pressure p € C'(Q(a))NC(Q(a)) satisfying (2.3) and (2.4).

2.2 Weak formulation
2.2.1 Boundary conditions

Throughout the paper we assume that there exists a function ug € (W1’3(QO)) 2,
which satisfies the Dirichlet boundary conditions in the sense of traces, i.e.

ulrp, = un, Uoloag\(rpurew) =0, U0 - TIrg,, =0
and, in addition, divug = 0 in y. We extend ug by zero on Q \ Q. Then,
due to the boundary conditions, ug € (le?’(Q))2 and divug = 0 in €.
2.2.2 Function spaces

For any o € U,y we denote

Via) = {pe @))% divp=0inQa)}

Vola) = {io=(e1.02) € V(0): g1 € CF(a)),
dist(supp(¢2), 0Q2(a) N Tour) > O}

10



and define the spaces
W) = V',

Wolw) = Vola)'",

where the norm || - ||, is defined by
lvlle = lvlli2,00) + IMas(®)3,00) s
3
= [vlli200@) + <Zij1 HMaez‘j(U)Hg,g(a)> )
2/3
Ma(z) = <lm7a(x)) ,z € Q).

Further we define the set
Wao(a) = {v e W(a); v—up € Wo(a)}.

Remark 2.1. [t is very easy to verify that the norms ||-||o and ||-||1 2,0(a) +
[ Male()lll3,0() are equivalent in W (a).

Remark 2.2. The seminorm

[v]a := [IVVl2,0(a) + [Mac()l3,0(a)

is due to the Friedrichs inequality a norm in Wy(«), which is equivalent with
1]

Lemma 2.1. W(«) is a separable reflexive Banach space.

Proof. We will use the fact that a closed subspace of a separable reflexive
space is also separable and reflexive (for details see [6], Chapter 8). Let us
define the space

S = (LA(Qa))® x (LA(Q(a))) ™ x (L3 (Q(a))) ™
which is a separable reflexive Banach space with the norm
I, s = [ollzo + [0l + 120w, (@.w.2) €S,
Further define the mapping Z : W(«a) — S by the formula
Z(v) :== (v, Vv, Mae(v)).
Then 7 is an isomorphism of W («) onto S, := Z(W(«)) and

Vo e W(a) [Z(v)]ls = [|[v]|a-

11



We show that S, is a closed subspace of S. Let {v,} C W(«) and Z(v,) —
(v,w,z) in S. Then clearly w = Vv in Q(«). Moreover

Vf e L (Qa)) Vi, j = 1,2 Magij(vn) f dz — i f Az, 2 = (235)7 =1
Q(a) Q(a)

Because Vv, — Vv in L?(Q(a)) and M, € L®(Q(a)), also

Maeij(vn)@ dx — Maeij(v)so dx Vo € COO(Q(Q))
Q(a) Q)

Since C*°(Q(a)) is dense in L32(Q(a)), we have z = Mue(v) in Q(a). The
fact that dive = 0 in Q(«) is readily seen. Finally, for any > 0 there exists
vy, € {vn} and @, € V(a) such that

[v—vplla <6/2
lon = onlle < /2.
From this and the triangle inequality we have
[0 = @nlla <6,
meaning that v € W(a) and (v,w, z) =Z(v) € S,. O

Definition 2.1. Define the operator A : W(a) — (W ()" by the formula

2
<Aa(v),w>a = Z /§2M3|e(v)]6¢j(v)si]~(w)dm; v,w e W(a).

i,j=1
Here <-, ->a denotes the duality pairing between (W(a))* and W(a).

Remark 2.3. The fact that A,(v) € (W(a))* follows from the Hélder’s
inequality.

In what follows we will use the Einstein summation convention, i.e.

n
aibi = Zi:l aibi.

Remark 2.4. Since My = 0 on 9Q(a) \ I'p it can be extended by zero on

Q\ Q(«). The resulting function, which is continuous in Q and which will
be used in the next analysis, will be denoted by M,,.

The following lemma is needed in order to prove a useful relation between
the functions o and [, 4.

12



Lemma 2.2. Let (X1, p1), (X2, p2), (X3, p3) be metric spaces and consider
functions f, : X1 — Xo, n €N, f: Xy — Xo, g: Xo — X3 such that g is
uniformly continuous in Xo and

Then
gofn=gofinXy.

Proof. Choose § > 0. Then there exists 7 > 0 such that for every x,y € Xo,

pa(z,y) <,
p3(g(z) —g(y)) < 9.

Further there exists ng € N such that for every n > ng and = € X7 it holds

pa(fu(), f()) <n
from which the lemma follows. O
Lemma 2.3. (Some properties of My, and Ay, o € Uyg)
(i) If oy = « in [0, L] then M,, = M, in Q.
(ii) Ay is monotone in W(a):
(Aa(v) = Aa(w),v —w), >0 Yo, w € W(w),

and strictly monotone in Wy(«), i.e. the previous inequality is sharp
for v # w, where v,w € Wy(a).

(i1i) Ay is continuous operator in W(a).

Proof. (i) Let us define the function ,, by the formulae

I (z) = %xl (0.14 — 0.084%*(z) — 0.06d*(x)) ,

2min{xg, x1 — x2}
T ’

d(z) == (1 -

T € [@min, Omaz] X [0, Qmaz]. Then it is easy to verify that [, is con-
tinuous in [min, ®maz] X [0, @mas] and that

lma(x) = lyn(a(z1),22) Voo € Ugg.
From this and Lemma 2.2 it follows that

Iy = Ima in QL.

13



(ii) For any By, By € R?*? we have:
(|B1|By — |Ba|Bs) - (By — Ba)
= [B1|> + |Baf® — (|B1| + |Ba|) B1 - Ba
> |B1® + |Baf? — (1B1] + | Ba|)| Bi|| Bz
= (1B1] +1Bal) (1B1] - [B])* > 0.

(2.5)

Now, let us assume that everywhere in (2.5) the equality holds. Then
|B1| = | B
|B1||B1 — Ba* =
and thus By = Bs.
Let u,v € W(a). Then
<Aa(u) — An(v),u — v>a

- /Q( )M§ (Je(u)leij(u) — |e(v)]es; (v))eij(u —v) dz >0 (2.6)

>0

as follows from (2.5). To prove strict monotonicity of A, assume that
u,v € Wp(a) and the expression (2.6) equals zero. Then necessarily
e(u) = e(v) a.e. in (a). From the Korn and the Friedrichs inequality
it follows that u = v a.e. in Q(«).

(iii) Let v, — v in W(a). Then also My|e(vn)| — Male(v)] in L¥(Q(a)).
We want to show that Ay (v,) — Aq(v) in (W(a))". Indeed:

|<A (vp) — Aa(v),w>

o

1 / 3 (I ()i (0n — ) + (12(wn)] — [e@))eis (0)) 235 (w) da

< lwlla (an\lallvn = vlla + [vllallMa(le(wn)] - le(v)]) ||3,Q(a)> —0
holds for every w € W (). Therefore

d .

B ‘<Aa(vn) — Aa(v), w)
[ Aa(vn) = Aa(0)]] (@)™ ™ wewtorqo} [w]a

O

Definition 2.2. For every u,v,w € (I/VLQ(Q(&)))2 we define the trilinear
form by:
Jv;

bo(u, v, w ::/ —w; dx
( ) o 02,

Remark 2.5. From the imbedding of W12(Q(a)) into L4(2(«a)) it follows
3
that by is continuous on [(WLQ(Q(a)))Q} )

14



2.2.3 Weak solution

Now we are ready to give the weak formulation of the state problem. It
can be formally derived by multiplying the equations (2.3) by a smooth
solenoidal test function ¢ and integrating over Q(«) with the use of the
Green theorem.

Definition 2.3. We will say that u := u(«) is a weak solution of the state
problem (P(«)) iff

o uc Wy, (x)

o for every ¢ € Wy(«) it holds:

%m%f?WﬁM@ﬁm+2MAJW#ﬁa%

2.7)
+Md%w@+ﬂ/ﬁdmmd5:0

Fout

Remark 2.6. Since ¢ = 0 on 0Q(a) \ Ty and dive = 0, the pressure
disappeared from the weak formulation.

In the following subsections the existence of a weak solution to (P(«))
on a fixed domain Q(«), a € U,q will be examined. Thus for simplicity
of notations the letter « in the argument will be omitted (we shall write
Q:=Qa), W :=W(a), b := b, etc. in what follows).

2.3 Energy estimates

Recall that the function ug is now defined in the whole Q and it does not
depend on o € U,y.

Theorem 2.4. Let

IVuoll,g <C  and o> 2, (2.8)

2

where C' > 0 is specified in (2.14) below. Then there exists a constant Cg =
Ce([[Vuolly q) such that for any weak solution u of (P(a)) the following
estimate holds

!WW%HWMMWWQ+AWﬁdSSQ; (2.9)
out

Remark 2.7. From the proof it will be seen that estimate (2.9) holds with
a constant Cg independent of a € Uaq. In particular, the zero extension of
u(a) from Q(a) to Q still satisfies (2.9).

Proof of Theorem 2.4. We use ¢ := u — ug as a test function in (P(«a)) and
estimate each term on the left of (P(«)) from below.

15



(i)

(iii)

The first term can be estimated by means of Holder’s, Young’s and
Korn’s inequalities:

C? 1
[ estutestu = wite = S Tulgq - SIVuli,  (@10)

The Korn inequality is applied to the zero extension of u from 2 to O

~

with the constant C'k orp, := Ckorn(€2) which is independent of o € U yq.

The second term can be estimated by using the Holder and the Young
inequality:

(Aw),u— o) > I MIe(w) I — 5 I1M|e(uo) (211)

3,Q
The convective term can be rearranged as follows:

b(u, u,u — ug) = blu, u — ug,u — ug) + b(u, ug, u) —b(u, ug, up)

J1 Jo J3

Since u = ug on 9N\ Ty and divu = 0 in 2, we have

0 [ |u— uol? / [u = uol”
[0 (Y oyl ol e
1 /Qujaxj< 2 v 8Q(u V) 2 (
_ 2 1
- [awval S > I [ as o, [ jual? as
Q 2 2 1—‘out Fout

for any n > 0 with ¢}, > 0 depending on 7.
The term Jy can be estimated using the imbedding WLQ((AZ) — L3(§):

2.12)

J2 > —[[Vuolly gllullf o > —Choul|Vuolly ol Vul3 (2.13)

where W12(Q) is the subspace of functions from W12(Q)) which are
equal to zero on the top of Q, i.e. on I' = (0, L) X {@maz } and Crpp is
the norm of this imbedding.

Further
I3 > —lullz.l Vuolls glluolly g = —mlIVul3a - CmHVu()Ilgﬁ

holds for any n; > 0 with C;, > 0 depending on 7, making use of the
Friedrichs inequality on W12(Q) and the imbedding of W12(Q) into
L3(0).

Finally the boundary term can be estimated as follows:

|UQ|UQ(UQ — u02) dS 2 (1 — 1’]2) |’UJ2|3 dS — 0772 /|U02|3 dS
Fout

Fout Fout

holds for any 72 > 0 with C,, > 0 depending on 7>.

16



Multiplying each term by the respective physical constant and summing
them up we obtain that

2
(10Chorn — 0CH Vol 5 — o ) IVl 0 + ZpI M=) [

1+
(1 =m)o = p=21) [ fuaf? as
1—‘out

< Co(IVuoll, 5, M [(u0) ;5 / [woaf* dS, Vol 5)
out

holds for any 1, 11,72 > 0 with a constant C'g which depends on the indicated
arguments. Choosing

2
Ho CKorn
Vuwllag < —| — 2.14
Vuolyg < & ( e ) (219
p
- <
5 <7
we finally arrive at (2.9). Here we also used the fact that all arguments
appearing in C can be estimated by [[Vugl|; g- O

Remark 2.8. Assume that there exists a constant C > 0 such that
Va € Upa |M3 |6 .0(a) < C. (2.15)

Then Theorem 2.4 holds for any ||[Vuo|l, o with the constant Cr > 0 inde-
pendent of a.

Proof. Let v € W satisfy v\{(xha(ml)); z1€(0,0)} = 0. Then the zero extension
- N2
of v belongs to <W1’2(Q)) and one can use the Korn inequality with the

same constant C'x o > 0 as in (2.10):

IVullzg < Ckppl|M ™ Me(v)]20-

Korn

The Holder inequality then yields

IVll2,0 <

< G IMeW)ls0 (2.16)

In the proof of Theorem 2.4 the term Js is estimated as follows:

Clmba
CKorn

2
B2 ~ChulVulfalVuolg = - (G225 ) 1l ol Vaoly

making use of (2.16). Using the Young inequality we obtain for any n > 0:

T2 = = Me(u)3 o — CyllVuolly

17



with a constant C;, > 0 depending on 7. Finally, summing up all the terms
multiplied by the respective constants, the term

p(5-n) M=l

appears on the left, which is positive for n € (0, %) O

Remark 2.9. In our case unfortunately, condition (2.15) is not satisfied
since

M(zq,29) = O(xg/?’), x9 — 0+
for x1 € (0,L) fized.

2.4 Existence and uniqueness

Theorem 2.5 (Existence). Let the assumptions of Theorem 2.4 be satis-
fied. Then there exists a weak solution of (P(«)).

Proof. Will be done in two steps (for the sake of simplicity of notations we
set 2up =2p=0=1):

(i) Galerkin approximations

Let {ws}z; be a dense set in Wy of linearly independent functions
and denote the finite-dimensional subspace

Ky = Span{wl, ...,wN}.

For every N = 1,2, ... we solve the Galerkin problem:
Find v € W such that

o ulN — ug € Kn,
e Equation (2.7) is satisfied for all ¢ € K.

Define a mapping Py : RY — RY by
Py (dN), = / e (uN e (w®)dx + <A(uN),ws>+
Q

1
+§b( NN o)+ [ Jud |udws dS; s =1,...N,
Pout

where N
uN (x) = ug(z) + Z dNw" (x).
r=1

Then the Galerkin problem is equivalent to:

18



(i)

Find EN € RY such that

Py(@) =o. (2.17)

Next we show that this nonlinear algebraic system has a solution by us-
ing Brouwer’s theorem (respectively Corollary A.3). Clearly the map-
ping Py is continuous. To prove the existence of a solution to (2.17)
we need to verify that there exists R > 0 such that

vV e RN, |dN| = R: Py(dY)-d¥ > 0.

Using the same technique as in the proof of the energy estimate (2.9)
we obtain:

Py(@V)-d = C(Vu" 3o + [MIe(u)] 50 + /F uy'|? ds)
out
= Cu(IlVuolly ) > ClIVuM[3 o = Cu(|Vuoll; )-
For |dV| large enough the last term is positive. Indeed:

Va3 o =

N N
= [luolls.n +2) dY (Vuo, Vo' )y g + D dVdY (Vo' Vo)

r=1 r,s=1

N
> luoll3,q + QZdiv(Vuo,Vwr)o’Q + BldN > = o0 as [dV| — oco.

r=1

Here we used that the Gramm matrix of the linearly independent

system {w*}X_; is positive definite with a constant 3 > 0. The notation

(-,)o.q stands for the scalar product in L?(Q).

From Corollary A.3 the existence of d" e RN solving (2.17) follows.

Limit passages

Energy estimate (2.9) holds for every u? with the same constant
Cg(|[Vuoll5 o). From this it follows that there exists u € W such that

(a chosen subsequence is denoted again by the same index N)
u — win W, N — oo (2.18)

and also in (VVLQ(Q))2 because (W12(Q))" ¢ W*. Trivially u € Wy,.
Further we will use the compact imbedding of W12() into L4(2),
and L1(0Q), ¢ € [1,400) so that

uN — u in LY(Q)

uN — uin LI(09), N — oo. (2.19)
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Let ¢ € Wy be given. Then
/Qﬁz‘j(uN)&‘j(sD)dl“ — /Qeij(u)gij(SD)dx»

¥ o dS — | Juslua ds,
Fout Fout

b, u™, 0) = b —u,u™, @) + blu, u”, ) = bu,u,¢), N — o0
as follows from (2.18) and (2.19).

It remains to analyze the second term in (2.7). It is sufficient to show
that
A(u™) = A(u) in W*, N — oo.

From the energy estimates we obtain boundedness of {A(u™)} in W*:

[(A@), )] < Cllella,
where C' does not depend on N and therefore A(u’) — x in W*. To

prove that x = A(u) we use monotonicity of A:
Vip e Wi 0< (A?) — A@), u — o) =
= <A(uN),uN — u0> — <A(¢),UN — 1/1> — <A(uN),¢ — u0>.
Since uV — ug € K, the term <A(uN), ulV — u0> can be expressed by

the remaining terms of the Galerkin identity. Therefore (2.20) reads
as follows:

(2.20)

1
/ eij(uM)eij(uN — ug)dx < —Eb(uN,uN,uN —up)—
Q

- F\Uév\uév(uév — ugz) dS — (A(W),u™ — ) — (A@u™), ¢ — ug).
out
Letting N — oo and using weak lower semi-continuity of the term
on the left of the previous inequality and continuity of the remaining
terms we obtain:

/ gij(u)eij(u — ug)de < —%b(u, U, U — Up)—
° (2.21)
- /F|U2|U2(U2 —ugz) dS — (A(¥),u — ) — (X, — uo).

out

Further, we use u” — ug, L < N as a test function in the Galerkin

identity for u. Passing to the limit with N — oo and then with
L — oo we have:

/ eij(w)eij(u — ug)dx + <X,uL — ug)+
Q

1
+§b(u,u,uL —ug) 4+ [ |ug|ug(ud —ug) dS =0,



/ gij(u)ei;(u — ug)dr + <X7 u— u0>—|—
1 ’ (2.22)
+§b(u,u,u —ug) + / ’U2‘U2(U2 —ugp2) dS =0,

Fout

respectively. From (2.21) and (2.22) we arrive at the inequality

0<(x—A{),u—1) (2.23)

We now use the so-called Minty trick. Instead of 1) we insert into (2.23)
a function u + A§, where A >0, £ € W:

0 < (x — A(u £ XE), FAE).
Dividing this inequality by A we obtain for A — 0:
0<£(x —A(u), &) VEe W,

making use of continuity of A. Thus xy = A(u).

It remains to verify that u is a weak solution: Choose ¢ € Wy. This
function can be approximated by a sequence {¢*}, ¥ € Kp:

ol — pin Wy, L — .

Substituting ¢’ into the Galerkin identity for u”, N > L and letting
N — oo and next L — oo, we see that (P(«)) is satisfied for every
@ € Wy. Therefore u is a weak solution.

O

Theorem 2.6 (Uniqueness). Let all the assumptions of Theorem 2.4 be
satisfied and ||[Vug|l; o be small enough. Then there exists evactly one solu-
tion to (P(a)).

Proof. Let u and v be two solutions of (P(«)). We subtract the weak for-
mulations for u and v with ¢ = u — v € Wy as a test function. We obtain:

2yl = o) + 20(A@) — A)u = v) b [ (ualus ~ Jonfon)(ua — va) S

out

>0 >0

= pb(v — u,v,v —u) + pb(u,v — u,v — ).

We estimate the terms on the right hand side, making use of the Holder
inequality, the imbedding of W12(Q) into L*(Q) and the energy estimates:

b(v = u,v,0 —u) < [[Volagfu = vllf o < CpCLlIV(u—v)|3 0,
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b(u,v —u,v —u) < |lullsollV(w—0)l20llu—vlse < CuCl,IV(u—v)[30,

where Cpnp is the norm of the respective imbedding and Cp = CE(HVUO 5 ﬁ)
is the constant from the energy estimates. Applying the Korn inequality on
the left hand side, we finally obtain

10CKornl |V (u = 0) 3.0 < 2pCECE IV (u = v)[3 0

2
from which it follows that u = v a.e. in Q if 2Cg < /%0 <%) .

Clmb

O

Remark 2.10. Let us observe that the bound guaranteeing uniqueness of
the solution to (P(«)) is independent of o € Uyg.
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3 Shape optimization problem

The aim of this part is to formulate a shape optimization problem and to
prove the existence of a solution.

3.1 Formulation of the problem

We proved that on every domain Q(a) € O there exists at least one weak
solution of the state problem (P(«)). Let G be the graph of the control-to-
state (generally multi-valued) mapping:

G:={(a,u); a €Uy, u is a weak solution of (P(«))}.

Further let us define the cost functional J : G — R by
J: (a,u) — [ lus — zp|* dS, u = (u1,us), (3.1)
I

where zp € ~L2 (T) is a given function representing the desired outlet velocity
profile and I' C T'y.
We now formulate the following problem:

Find (a*,u*) € G so that
(P)
J(a*,u*) < J(a,u) Y(o,u) € G.
In the next definition we introduce convergence of a sequence of domains.

Definition 3.1. Let {Q(ay,)}, an € Uyg be a sequence of domains. We will
say that {Q(an)} converges to Q(ar), shortly Q(aw,) ~ Q«a), iff o = « in
[0, L].

Lemma 3.1. System O is compact with respect to convergence introduced
in Definition 3.1.

Proof. Functions from U,4 are uniformly bounded and equicontinuous, which
means (by Arzela-Ascoli’s theorem A.4) that U,y is compact in the sense of
uniform convergence. ]

3.2 Existence of an optimal solution

First let us recall that the function ug which realizes the boundary conditions
is the same for all domains Q2 € O.

We now rewrite (P(a)), a € Uy using the formulation on the fixed
domain €):

2p0 [ (@@))es(9) do + 20(Aai0)),2)g

+ pbg ((c), (), P) + U/Wz(a)\ﬁz(a)@z dS =0 Ve e Wy(a), (73(0z))

Fout
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where the symbol “stands for the zero extension of functions from Q(a) on
Q,

(Aali(@), @) = /ﬁM2|5(ﬂ(a))|5ij(a(a))5ij(85) dz,

be (i), @), §) = /ﬁ aj(a)agij‘) i da.

Further let W () = W;ii(o‘) NW, 2 (a), where

Wdli’f(a) = {v € (Wl’Q(Q(a)))2; dive =01in Q(a)},

Wiik(e) = {v e (WH2(Q(0))% Male(w)] € L3(Q(0)) }

and define

—~

Wiy (a) = {v € /W(oz); v satisfies the Dirichlet

conditions (2.4), — (2.4), on 89(04)}.

Remark 3.1. It holds that Wy, (a) C Wuo(a). The question is, if these
spaces are identical. This is in fact the problem of density and at this moment
we do not know the answer.

From the part dealing with the existence of a solution to (P(«)) we can
use the energy estimate

V()] g + [ Male(@@)Il 5 + / uz(a)|* dS < Cp(|[Vuollyg)  (3:2)

out

which holds for every (a,u(a)) € G with the constant Cr(||Vuol|, g) inde-
pendent of a.

Theorem 3.2. Let a,, = « in [0,L], ap,a € Uyg and uy,, = u(ay,) be a
solution of (P(awn,)). Then there exists u € (VVLQ(Q))2 and a subsequence of
{t,} (denoted by the same symbol) such that

iy — 0 in (WH2(Q)))

Mo, e(iin) = Mae(@) in (LP(Q))7, (3.3)

n — oQ.

In addition, the function u(a) := iUlg(q) solves (P(a)) provided that u(a) € Wy, ().

24



Proof. Let us denote M, := M, , Q, := Q(an), <-, >n = <-, ->a etc.
From energy estimate (3.2) it follows that

HﬁnHLQﬁ <C

|8e (i)l g < €

where C' > 0 does not depend on n. Therefore we can choose a subsequence
of {@,} (denoted again by the same symbol) so that

i, — 0 in (WH2(Q))”

Y ~ o~ 3 /) 2X2 (34)
My, e(in,) =z in (L°(Q))77, n — oo.

The following properties of © and Z are easily verified:

We prove (ii). Since C*° (6) is dense in L¥2(0), it is sufficient to show that
[ i@ do— [ Stay @y do, n— oo, i.j= 1.2
Q Q
holds for every ¢ € (C*° (6))2X2. Indeed:

<

'/ﬁ (Mn€ij(@n)¢ij - Ma&“z‘j(awz‘j) dx
< [ ) o | [ 0 (250 @) s ]
making use that M, = M, in ), (3.4), and the fact that My, € L2(Q).
Let u(a) := Ulg(q). Then (i)-(iv) implies that u(a) € Wy, (a). Next we
prove that u(a) solves (P(a)) provided that u(a) € Wy, (a). We start from
the definition of (P(a,)):

240 /ﬁ €ij(lin)eij (B) dz + 2p(Ap(iin), §)g + pbg(fin, Tn, §)

+ U/|ﬂn2|an2¢ dS =0 Vpe W(](Oén). (35)
T

out

Let ¢ € Vy(a) be an arbitrary function. Then @|q, € Vo(ay,) for n
sufficiently large so that it can be used as a test function in (3.5). The limit
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Supp ¢

Figure 6: Support of the test function ¢.

passage in the first, third and fourth term is a classical one:
/ﬁffij(ﬂn)ﬁz'j(@ dx — /ﬁeij(ﬂ(a))5ij(¢) da,

bﬁ(am Un, 95) - bﬁ (ﬁn - u(a)a U, 95) + bﬁ(ﬁ(a)a Un, 95) (3.6)

/\%2\%2@2 dS — [ |uz(a)|tz(a)@e dS, n — oco.
r

out Fout

The most difficult is to handle the second term. Let B, € (Wy(a))” be
the functional defined by

2p(Ba ). = —2p10 /Q 43 (in)ei; () da — phey(iim, T, )

~ o [ laualinat dS 0 € Wafa),
I

out

From the energy estimate it follows:

”Bn”(W()(a))* < C VneN.

Thus there exists B € (Wy())” such that
B, — B. (3.7)
In addition, if ¢ € Vo(a) then )[q, € Vo(an) for n sufficiently large and
(Bn, ), = (An(in),¥)g- (3.8)

We use monotonicity of A,, on W(a,,). For any ) € W(a,,) we have

0< <An(un) - An(w)aun - Q;Z)>n = <An(un)aun - u0>n_
— <An(¢),un — 1/)>n - <An(un),¢ — u0>n. (3.9)
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In what follows we use ¥ of the form
% =g+ @,
where ¢ € Vy(a) is fixed. Then
(An(un), v —uo), = (An(iin), @)g = (Bn, ), (3.10)

provided that n is large enough making use of (3.8). Since u, € Wy,(an,),
the definition of (P(a,)), (3.9) and (3.10) yield:

2p0 /51](Un)5zj( UO) dx < —pbﬁ(ﬂn,ﬂn,ﬂn - UO)

—0 F‘anQ‘anQ(ﬁnQ - UOQ) as — <An(w)7un - ¢>n - <Bn7‘10>a- (311)

Letting n — oo in (3.11) we obtain:

20 2@y i) — uo) dis < —pbi(afa) a(a), 5a) — wo)

— o | Jag(a)|ig(a)(de(e) — ug2) dS — (Aa(¥),u(a) =) — (B, ),

1—‘out

Here we use the fact that

<An(¢)7un - w>n - <Aa(1/1),u(a) - 1/}>a = <Aa(¢),ﬂ(a) - 7/}>§
Indeed: From (3.4), and (ii) we know that

~ ~ Ay 2x2

Mye(iin) — Mae(ii()) in (L*(Q2)) (3.13)

using that u = u(«). Further

M2|e()[e(d) — M2[e()]e(d) in (LP2(0)) >

Iy - o\ 2
since M, = M, in Q and ¢ € (W1’3(Q)> . From this and (3.13) we obtain
that

(An(¥), un), — (Aa(¥), d(a)),.

The limit passage <An(1/1), > < Aa (), 9 > is trivial.
By assumption there exists w( ) € Wy(a) such that u(a) = ug+w(a). Then
there exists a sequence {wg}, wi € Vo(a) such that

wy, — w(a) in W(a), k — oo. (3.14)
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Let k € N be fixed. Then wg|g, € Vo(a,) for n large enough. Therefore

~

Wk|q, can be used as a test function in (P(aw,)). Inserting wy in (P(an))
and passing to the limit with n — oo and then k — co we obtain:

240 /ﬁf?z‘j(fb(a))%(@(a)) dz + (B,w(a)),, + pbg(i(a), i(a), b ()

+O’/F’1~L2(a)’ﬂ,2(a)ﬁ)2(a) dS =0 (3.15)

out

making use of (3.6), (3.7) and (3.14). From (3.12) and (3.15) we have:

—(Aa(), () — ) — (B, @), + (B,w(a)), >0 (3.16)

using that @(a) = @(a) — ug. Since u(a) — 1P = w(a) — @ we see that (3.16)
can be written as follows:

(B—Aq(¥), w(a) — <p>a >0 Yo e Vo(a). (3.17)

From (3.17), density of Vy(«) in Wy(«), continuity of A, and the fact that
¥ = uglga) + @5 ¢ € Vo(a), we obtain

(B — Aa(uo + 2),w(a) —z) >0 Vze Wy(a). (3.18)

Let z € Wy(a) be of the form z = w(a) £ A0, A > 0, where § € Wy(a) is
arbitrary. Then

(B — Aq(uo + w(a) + A9), :I:)\9>a > 0.
Dividing by A and passing to the limit A — 0+ we finally obtain
B = Ay(up + w(a)) = Aa(u(a)). (3.19)

This, together with (3.6),-(3.6)4 leads to

2010 /Q 3i(@(0))eii (3) dx + 2p( Aa (i), & )g

+ pbg(i(a), u(a), p) + o F|122(a)|ﬂ2(oz)<ﬁ2 dsS =0, (3.20)

for every ¢ € Vy(ar) and consequently also for ¢ € Wy(a). O

Remark 3.2. Under the assumptions which guarantee uniqueness of the
solution to (P(a)) the whole sequence {uy} converges to u(c) in the sense
of Theorem 3.2.

Remark 3.3. Let us comment on the condition u(a) € Wy, («). We mention
two special cases when this condition is satisfied:
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(i) Wio(a) = Wiy, (a),
(i) it holds that o, < o for every n € N.
Proof. The case (i) is evident.

(ii) Let oy, = v'in [0, L], oy, < @ Vn € N and @ be a limit function of the
sequence {uy} in the sense of Theorem 3.2. We denote

Wy = Uy — UO‘Q(an) c Wo(an)

w = Ulg(a) — Uolo@) € /Wo(a) = WUO(O[) setting ug = 0.

Since Q(ay,) C Q(a) Vn € N we see that w,|q@) € Wo(a). From (3.3)
it also holds that

W, — w in (Wl’Q(Q(a)))2
2x2

My e (i) — Mae(w) in (L3(Q(a)))7?, n— oo

Using Theorem A.5 we know that there exists a sequence {1} of
convex combinations of {wy}, i.e. ¢n = Y ;4 afy, Y p_qaf = 1,
ap > 0, tending strongly to w in the norm of Wy(c). Therefore w €
Wo(a) and ulge) = u(a) € Wyy(a).

O

Theorem 3.3 (Existence of an optimal shape). Let there exist a mini-
mizing sequence {(am, un)}, (n, un) € G, of (P) with an accumulation point
(a*,u(a*)) such that u*|qa+y € Wyo(a™). Then (o™, u*|q(ax)) is an optimal
pair for (IP).

Proof. Without loss of generality we may assume that o, = «* in [0, L].
From the assumptions on the sequence {(«ay,, u,)} it follows that there exists
its accumulation point (a*,u*) such that (a*, u*[gq+)) € G. Further

g= inf J(o,u(a)) = lim J(ap,u,) = J(@*, u* o) > ¢
ontJ(au(@) = Jim T ) = T 0 o)
making use of continuity of J. U
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4 Numerical results

4.1 Numerical solution of the state problem

Numerical computations of the flow problem are done by the open software
Featflow, which is designed for solving Navier—Stokes-like problems. Descrip-
tion of this program can be found on its web page http://www.featflow.de
and in [8]. We start with the formulation of the discrete version of (P(«)).
Since the shape is fixed, the letter o will be dropped.

Let Wy, Wy, be finite dimensional spaces approximating W, Wy respec-
tively, {w}'} be a basis of Wy, and ug, € W}, be an approximation of ug. We
formulate the discrete problem as follows:

Find up, € Wy, such that up, — ugp, € Wop, and
2410 /Q gij(up)eij(wyy) dx + 2p<A(uh),wZ> + pb(up, up, wp )+ (Pp)

+to |uh2|uh2wlrlb2 dSZO, n:]-a“',nha
Pout

where nj, denotes the dimension of Wyy,.

The discrete problem has 3 nonlinear terms. The second and third term
are handled by the above mentioned program. To treat the nonlinearity
arising from the boundary condition we use the fixed-point approach. Having
the k-th iteration uﬁ at our disposal we approximate the boundary term

k+1), k+1 n ~ k k  n
/’%2 Ups Why dS ~ /\th\uhzwm ds,
1—‘out 1—‘out
which leads to the modified problem for ui“:

Find uzﬂ € Wy, such that uzﬂ — uop, € Won, and
240 /Q o (U )e(Wh) do + 20( AT, W) + pb(ul T bt wp) =
(4.1)

k i,k n
= _U/F|uh2|uh2wh2 s, n=1,...,np.
out

This modified problem is solved by Featflow using either the fixed-point
or the Newton method. The algorithm reads as follows:

(1) Choose u% such that u% —ugp € Won and g;; > 0, k := 0.
(2) Find uZ‘H by solving (4.1).

(3) If ”U2+1 - UI;:L||27FOut < 6t01‘|uz+1||27rout then gO tO (5)
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(4) k:=k+1, go to (2).
(5) Stop.

Alternatively we solved (P},) using the fixed-point method updating the
right hand side after each iteration.

In the first algorithm the nonlinearity arising from the boundary term
is updated when (4.1) was solved ”exactly”. Unlike to this, the second algo-
rithm updates this term inside of (4.1) and thus it should be more efficient.
In the following table both methods are compared.

Algorithm and used method | Iterations | Time in seconds
1 - Fixed-point 12 863
1 - Newton 12 848
2 - Fixed-point 7 101

Table 1: Comparison of the used algorithms, stopping criterion 4, = 1076.

Let us mention that Featflow uses the mixed velocity-pressure formula-
tion. For the discretisation of the function spaces the finite element method
with a nonconforming finite element pair Q, /Qo is used. Let Q, be a polygo-
nal approximation of €2 and T}, a partition of €2, into quadrilaterals. For each
T € Tj, we denote by 7 : T — T the bilinear transformation of 7' = [—1,1]?
onto 1" and set

Qi(T) == {qov7'; q € span {1,6,1,6 —n*}},
Qo(T) := span {1},

where (§,7) denotes the local coordinate system in 7. The degrees of free-

Figure 7: The finite element Q /Qo
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dom are given by the values at the midpoints of each edge for @1, and by
the mean value for (). This element pair satisfies the Babuska—Brezzi con-
dition and enjoys the approximation property (we refer to [8], Chapter 3.1
for further details).

The function ugy, is given by the values of ug at the midpoints of edges be-
longing to the Dirichlet boundary and by zero elsewhere. Due to the velocity-
pressure formulation this function does not need to be divergence-free.

In the model example the following size parameters (in meters) were
chosen: H; =1.0, H, =0.1, L1 = 1.0, Ly = 8.0, Ly = 0.5. The back wall T,
corresponds to the traditional linearly tapering design. These parameters in
fact do not correspond to any existing headbox design.

The physical parameters are chosen as follows: the density p = 1000,
the laminar viscosity po = 0.001, the coefficient of the outflow bound-

ary condition ¢ = 1000. The inflow and recirculation velocity (in m/s) is

uplopx(0,m) = (4(1 = (F22 = 1)),0), upliryx(0,) = (1= (F22—1)5,0),

respectively.

The computational domain is discretized using 12288 elements. On Fig-
ure 8 the used computational mesh is shown. Size of the computed velocity
field, the pressure filed and the viscosity is shown on Figure 9, 10, 11, re-
spectively. Near the right end of I',,; large shear and pressure changes occur,
therefore the mesh is refined locally to get more accurate numerical results.
On Figure 11 one can notice that the viscosity reaches its maximum in the
middle of ©Q while near 9Q \ I'p it diminishes to the value pop due to the
presence of the weight function.

4.2 Numerical solution of shape optimization problem

The set U,q will be discretized by using Bézier functions.

Definition 4.1. Let By, ...,0, € R be given. The expression

Pn(ﬁ) = Z @i,n <§ 22L1> ﬂi, 5 S [Ll,Ll + LQ], (4.2)
=0

where
n
0un(t) = ('
is called a Bézier function of the n-th order on the interval [L1, Ly + Lo].
The points C; = (L1 + %Lg,ﬁi) ,i = 0,...,n are termed control points of
P,.

Z>ti(1 — )" teo,1],
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Figure 8: The computational mesh (3072 elements displayed).

‘

Figure 9: Size of the velocity vector.

Figure 10: Pressure field p/p.

Figure 11: Kinematic viscosity pu/p.
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We now define the set of admissible values of {3;}!" ,:

An: {18: (6077/8n)7 ﬁOZHh /Bn:H27
Omin < Bi < Gz, 1 =1,...,mn =1, (43)

Ly |
|Bi — Bi—1] S’Y;, i = 17---771}-

With any 3 € A,, we associate the Bézier function P, and denote by «,, the
function

Hy, e [O,Ll]
an(§) =< Pu(§), &€ (L1, L1+ Lo) (4.4)
HQ, 56 [Ll +L2,L]

Then the discrete system U, of admissible functions is given by

= {an [0, L] — [Qmin, @maz]; o is defined by (4.4) and 3 € An}
(4.5)
Due to the properties of Bézier’s functions it satisfies the inclusion
UL C Uyg.

The system O of admissible domains will be now replaced by O, =
{Q(an); o €U} Since all Q(a,) € O, are domains with a curved part of
the boundary, functions «, € U, will be replaced by their piecewise linear
approximations rjq,. Discrete state problems will be formulated and solved
in polygonal domains Q(r,c,,) whose shapes are still uniquely defined by
B € A,. Starting from the design vector 3 € A, we have the following
chain of mappings:

B Q(an) = Q(Than) = uh(IB) = J(B),
where uy () is the solution of (Pp,(rpay,)) and
16) = [ Jura(®) — zpPas.
r
The discrete shape optimization problem then reads as follows:

Find B* € A, such that J(3") < J(B) VB € A,. (P)

The minimization of J in (IP,,) is realized by means of the student version
of the optimization software KNITRO, which uses the trust-region method
and the interior barier method for unconstrained, constrained optimization,
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Figure 12: Creation of the mesh from the template.

respectively. The trust-region algorithm needs the gradient of J. We approx-
imate it by the forward finite differences:

aJ(B) _ J(Bo,---Bi-1,Bi + 6, Bit1,- -, Bn) — J(B)
B 5

, 60> 0.

It is known that computations using this approach are sensitive with respect
to the choice of §. On the other hand the algorithm can be easily parallelized.

In the model example we used the Bézier functions of the 8-th order.
The desired outlet velocity profile was chosen to be constant zp = —0.45
on the part of the boundary I' = [1.5,8.5] x {0}, the bounds a,,;, = 0.09,
Qmaz = 1.2 and the parameter for the gradient computation § = 1073, The
constraint on the derivatives of «,, was not used since

n .
lal | < L—Q(ozmam — Qmin) a.e. in [0, L] Yo, € Uy

The computational mesh on the domain Q(rpa,), o, € O, was created from
a template on the reference domain by stretching in the vertical direction (see
Figure 12). After 8 iterations the cost functional decreased from 3.98 x 102
to 1.12 x 1073 (the convergence history is shown on Figure 15). Figure 13
shows the velocity profiles on I',,; for the initial shape given by the linearly
tapering header and for the optimized shape. The initial and optimized
shape are depicted on Figure 14, where the vertical scale is 3x enlarged in
order to notice the difference better.

35



Figure 14: The original and the optimized domain shape.

5 Conclusion

The work consists of three parts. The first one deals with the existence proof
for the generalised steady-state Navier—Stokes system. In the second part
the shape optimization problem with the Navier—Stokes system as a state
constraint is studied. Finally, the third part is devoted to the discretization
of previous problems and presents numerical results.

Due to an algebraic turbulence model the weak formulation of the state
problem involves the weighted Sobolev spaces. The existence and uniqueness
of a solution is proved for small data and with a constraint imposed on the
model parameters. The existence proof is based on energy estimates and the
Galerkin method.

The key result in the shape optimization part is the proof of the con-
tinuous dependence of solutions on boundary variations. This property is
proved under an additional assumption, namely that a limit function of a
minimizing sequence belongs to an appropriate space.

The numerical results revealed that even a small change of the geome-
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Figure 15: The convergence history.

try has a great influence on the fluid flow properties. This emphasizes the
importance of state problem computations as the numerical inaccuracy can
devalue the whole optimization process. The finite difference approximation
of the cost functional gradient turned out to provide sufficiently exact in-
formation for the optimization algorithm. However more efficient methods
may be used after performing the sensitivity analysis.
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A Auxiliary tools

By R we denote the field of real numbers.

Theorem A.1 (Young’s inequality). Let a,b > 0, r,s > 1, % + % =1.
Then P
ab< L+ (A1)
r s

Theorem A.2 (Brouwer’s fixed-point theorem). Let B denote a closed
ball in R? and P : B — B be a continuous mapping. Then there exists a
point © € B such that P(z) = x.

Corollary A.3. Let P : R? — R? be continuous and let for some R > 0
P(z)-z >0 VYz € R |z| = R.

Then there ezists a point x € Br such that P(x) = 0, where Bp is the closed
ball of radius R.

Theorem A.4 (Arzela-Ascoli). Let (S,p) be a compact metric space and
C(S) the Banach space of real- or complex-valued continuous functions f in
S normed by || f|| = supseg | f(s)]. Then a sequence {fn} C C(S) is relatively
compact in C(S) if the following two conditions are satisfied:

(i) fn is equibounded, i.e. sup,,>1 Supscg | fn(s)| < oo,

(ii) fn is equicontinuous, i.e.

lim su W(s) — fn(s)] =0.
lim sup [fuls) = fuls)
p(s,s")<é

Proof. See [9], Chapter IIL.3. O

Theorem A.5 (Mazur). Let X be a Banach space and x,, — x (weakly)

in X. Then for every e > 0 there exists a convex combination 2?21 aﬁn)xj
<a§n) >0, >, a§n) = 1) of xj’s such that |lz — 370, ag»n)CUjH <e.
Proof. See [9], Chapter V.1, Theorem 2. O

B Properties of the Sobolev spaces

In what follows we assume that © is a bounded domain in R? with the
Lipschitz boundary. We denote for k integer and r € [1,00) the Sobolev
space

WhET(Q) := {v € L"(Q); D% € L"(), |a| <k}
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with the norm
1/r
o= (3 1D%0a)
<k
where L"(§2) is the Lebesgue space endowed with the norm | - ||, q.

Theorem B.1 (Hélder’s inequality). Let r,s € (1,00) such that 1 +1 =
1, f€L"(Q) and g € L*(Y). Then fg € L' () and

19l < [fl-ellglls.q-

Theorem B.2 (Imbedding theorem). Let r € (1,d) and s € [1, ddrr]

Then there exists a positive constant Crpmp := Crmp(2, 7, 8) such that for all
v € WHT(Q) it holds
lv]ls,0 < Crmpl|lv]|1,r0-

For s < = this imbedding is compact.

We denote by Trv the trace of v € W17 (Q). The symbol L"(9Q) stands for
the Lebesgue space of traces with the norm || - ||, s0.

Theorem B.3 (Properties of traces). Let r € (1,d) and s € [1, 4=L].

Then there exists a positive constant Cp, := Cpp(Q, 1, 8) such that for all
v € WHT(Q) it holds

| Tro|ls.00 < Crrllv]ir0-

For s < CZ’:TT the operator Tr : WL (Q) — L*(09) is compact.

Theorem B.4 (Friedrichs’ inequality). Let r € (1,00) and T' be a non-

empty and open part of OS). Then there exists a positive constant Cp, :=
Crr(Q,T,7) such that for all v € WHT(Q) it holds

[oll1r.0 < Crr ([0]lrr + Vo)

Theorem B.5 (Green’s theorem). Let u € WLT(Q), v € Wh5(Q), 2 +
l=1andie{1,....d}. Then

v
u[‘)xi dm—/uvyldS /axlvda@,

where v; denotes the i-th component of the unit outward normal vector to
09.

Theorem B.6 (Korn’s inequality). Let r € [1,00) and I' be a non-
empty and open part of OS2. Then there exists a positive constant Cgopn :=
Crorn(Q,T,7r) > 0 such that

CKornHVUHT,Q < Hg(U)HrQ (B.1)

for all u € (Wl’r(Q))d such that u|p = 0.
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Lemma B.7. Let u € (W“(Q))d, r € [1,00). Then

le(@)llra < [IVullra

Proof. From the triangle inequality we obtain

auz (9uj
Hel] Hr Q — (930] "0 ami e
and therefore
1/r

HrQ Z llej (u HrQ < Z lles; (w)l Q> < [Vull, 0
1,7
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