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HOMOGENIZED DOUBLE POROSITY MODELS FOR
PORO-ELASTIC MEDIA WITH INTERFACIAL FLOW BARRIER
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Abstract. In the paper a Barenblatt-Biot consolidation model for flows in periodic porous
elastic media is derived by means of the two-scale convergence technique. Starting with the
fluid flow of a slightly compressible viscous fluid through a two-component poro-elastic
medium separated by a periodic interfacial barrier, described by the Biot model of consol-
idation with the Deresiewicz-Skalak interface boundary condition and assuming that the
period is too small compared with the size of the medium, the limiting behavior of the
coupled deformation-pressure is studied.
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1. INTRODUCTION

The concept of double porosity was introduced by Aifantis to consider diffusion
or infiltration processes in porous deformable media which are characterized by two
distinct families of diffusion or flow paths (usually pores and fissures). The derived
equations read as follows (see [10]):

(1.1) —pAu — (A 4 p)V(divu) + aPvp® 4+ 0P vp® = £,
(1.2) Mo pM 4+ oM div(du) — kP ApD + h(p™ — pP) = gV
(1.3) c@0,p® + a® div(du) — kP Ap® — h(pM) — p@) = ¢,

Here u is the displacement of the medium; the elastic constants A and p are
referred to as the dilation and shear moduli of elasticity, respectively; p(*) and p(®
are the pressure of the fluid in the pores and fissures, respectively; c(™ (m = 1,2) is
the compressibility, k(™ is the permeability and a("™ is the pressure-deformation;
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they are well-known in literature as the Biot-Willis parameters [6]. It is a measure of
changes of porosities in each phase m = 1,2 due to applied volumetric strains. The
dilation a(™) div(d¢u) accounts then for the additional pore fluid content while the
term o™ Vp(™) for the pressure stress of the pore fluid on the structure.

We observe that if we let the volume of fissures shrink to zero so that ¢(®), a(?),
k), h become negligible then the system (1.1)—(1.3) reduces to the Biot system with
single porosity [5]

1.4 —puAu — (A + p)V(divu) + aMvph) = f,
(1.4) Iz I
(1.5) Mo pM + oW div(du) — kM ApH = ¢,

On the other hand, by neglecting the deformation effects A, p and o™ the system
(1.1)—(1.3) reduces to the Barenblatt-Zheltov-Kochina model with double porosity [4]

(1.6) (DM — EOARD 4 p(pM — p@)y = g,
(1.7) c29,p® — E@AP@ _ h(pD) — p@) = 4

Aifantis’ theory of consolidation with the concept of double porosity unifies then
the proposed models (1.4)—(1.5) of Biot for consolidation of deformable porous media
with single porosity and (1.6)—(1.7) of Barenblatt for fluid flow through undeformable
porous media with double porosity.

It is the aim of this paper to derive a more general system in which, at the
microscale, the inhomogeneities are taken into account. More precisely, we consider
porous elastic inclusions periodically distributed and embedded in an extra porous
elastic matrix. The micro-model is based on Biot’s system for consolidation processes
with interfacial barrier formulation. The macro-model is then derived by means of
the two scale convergence technique and it reads as follows:

(1.8) —dive(u) + aMvpl) 4 o2 vp? = f,

(1.9)  (ctmpt™ + (B e(u), — div[K W VpI™] — (=1)"h(p™) - pi?) = g™

where o, (™, 3™ and K(™) are some effective tensors (see (3.10)—(3.11) for their
definition). It is then worth pointing out that the Aifantis model (1.1)—(1.3) can be
seen as a special case of the homogenized model (1.8)—(1.9) (8(™) = (™) = (™1,
I, is the identity matrix).

The outline of the paper is as follows: Section 2 is devoted to the problem setting
of the governing equations at the microscale for double-diffusion model in hetero-
geneous media. Section 3 is aimed towards deriving, via the two scale convergence
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technique, the Barenblatt-Biot model which is stated in the main result of the paper,
Theorem 3.1.
Throughout this paper, integration symbols dz, dy, dt, ... will be omitted.

2. THE MICRO-MODEL

We consider a bounded domain 2 C R" with a smooth boundary I'. Let Y = [0, 1]"
(n > 3) denote the generic cell of periodicity divided as Y := YD UY® UY where
Y| Y2 are two open subsets and ¥ := Y (W N9Y (@) is the interface that separates
them. We assume that the Y-periodic continuation of Y™ defined as |J (k-+Y (™))
is open and connected. ezr

Let € > 0 be a sufficiently small positive number. We define the inclusions

0® .= U (ek +eY @)
keK.

where K. = {k € Z™: ek +eY? C Q}. Let
0 .= 0\

be the matriz part and
Y. = 00 non?

the periodic interface between these two materials assumed to be sufficiently smooth.
We have then 8(222) NOQ = (. Note that other geometrical settings can be considered
without affecting the main result of the paper, see for example [8], [1].

We assume that the material QU™ (m = 1,2) is saturated with a slightly com-
pressible and viscous fluid with pore-pressure denoted by pgm) and let

&™) = C(M)(g)’ K (@) = (kgn) (g))1§i,j<n

denote respectively the combined compressibility-porosity and the permeability. We
assume that ¢(™) is a smooth and Y-periodic function such that ¢™)(y) > C > 0
where (here and throughout this paper) C is any positive constant independent
of . We also assume that (kgn)(y))lgz"jgn is smooth, Y-periodic and satisfies the
following symmetry and ellipticity conditions:

(m) N _ 1.(m)
kij (y)_kij (y),

(2.1) ST R @ = CY mim, Yy e YU, ¥y = (n;) € R™

ij=1 i=1
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Let the total stress tensor at any point in Qém) (m =1,2) be given by
o™ = Ace(u.) — a™p™1,  in QU

where u. denotes the displacement in 2, e(-) is the linearized stain tensor and A, =
(aijkl(x/s))1<i.jk 1< 18 the elasticity tensor of () where a;ju (y) are smooth, Y-
periodic and satisfy

(2.2) aijri(y) = ajirki(y) = aijir(y) = arij (),

n n
it (W)ami; = C Y nignig, Yy €Y, V= (n;;) € R™™, nij = ;.
i,k l=1 i,j=1
We shall include here the situation when the inertia effects are negligible both in
the matrix and inclusions materials. Let T' > 0 and let ¢ € [0,T] denote the time
variable. The micro-model for the Biot system with interfacial barrier formulation
reads as follows: for m =1, 2,

(2.3) —dive™ =f in (0,T) x Q™

24)  (™ptm™ 1 o™ divu,); — div(K™Vp™) =0 in (0,T) x Q™)
(2.5) [uc]s, =0, [Ace(uc)]y, -n. =0 on (0,7) x ¥,

(2:6) (KOVD) - ne = —eh(D) ™5, on (0,7) x Ze,

(2.7) [K{MVp™]s -n. =0 on (0,T) x %,

(2.8) u. =0 andp) =0 on (0,T) xT,

(2.9) u.(0,-) =0,p™(0,-) =0 in Q™

where f € L?(Q) is the volume-distributed force in €, the subscript (-); represents
the time derivative, HEE denotes the jump across X., n. stands for the unit normal

to X pointing out into ng) and h(y) is the rescaled interface hydraulic permeability
function assumed to be smooth and Y-periodic on R™ such that h(y) > C > 0.
The interfacial barrier exchange formulation (2.6) is well-known in literature as the
Deresiewicz-Skalak boundary condition [7].

Let

H. = [H}(Q)]", Le == LX) x 12(Q®),
Vg(l) — {U c Hl(Qél)); v = 0}7 Ve(Q) e Hl(ng))

and let us introduce the Hilbert space V. := Vs(l) X VE(Q) equipped with the norm
2
Bl = 195D, g0, + 19821, ) + el Bls, IBacs)s p = (60,02,

360



The variational formulation of (2.3)—(2.9) can be read as follows: Find (u., ps) €
L*(0,T;H.) x L*(0,T;V.), p. = (pgl),pg)) such that

(2.10) (efmpl™ + al™ divue), € L2(0, 75 (V™))

(2.11) / Ace(ug)e(v) — Z/ almplm) diy v = / fv for all v € Hy,
— Jalm Q

(2.12)

Z (<(C§m)2’§m) +al™ div ue)taq(m)>(va(m>)*7va(m> +

m

[ KT

e / he [pels, [dls, =0 for all q = (¢, ¢2) € V) x V@,

€

(2.13) u.(0,-) =0,p"™(0,) =0 in Q) (m =1,2).

Theorem 2.1 (see [9]). For any sufficiently small € > 0 there exists a solution
(u.,p:) € L=(0,T; He) x L2(0,T;V.) of the system (2.10)—(2.13).

Next, we shall give uniform a priori estimates. By taking v = (u.); in (2.11) and
¢m™() = pgm)(t, ) (t € [0,T] and m = 1,2) in (2.12), adding these two equations
and integrating over (0,t), we find

(2.14) /Aeug e(u.) Z/()E )2

t
+3 / KMVpmvpim e / / he([pely )? = / fu..
 Jo Jalm 0Js. e Q

Now, using Korn’s and Poincaré’s inequalities on the right hand sides of (2.14) and
taking into account (2.1), (2.2) we get

(2.15) [ucllLoe 0,71, + Pellz20,7v.) + [[PellL (0,7, < C.

In view of the estimate (2.15), one is led to study the limiting behaviour as & — 0
of the sequence (u., pc). This is the scope of the next section.
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3. HOMOGENIZATION PROCEDURE

The study of the limiting behaviour of (u.,pc) is performed by the two scale
convergence technique. For more details on this method, we refer the reader for
instance to [2], [3].

In view of the a priori estimate (2.15) and owing to [2, Theorem 2.9], [3, Proposi-
tion 2.6] there exist a subsequence still denoted (u.,p.) and u € L>(0, T; H}(12)),
w € L0, TiLA(QHL(Y)/RY), p™) € L=(0,T: HY(Q), pi™ € L2(0,T) x
Q;H#(Y(m))/[R) (m = 1,2) such that for a.e. t € (0,7, for all ® = (¢i;)1<i.j<n;
pij = w3i € DI C(Y)), 1 € D((0,T) x 2 C<(Y)) and € D((0, T) x 4 C=(Y )",
the following two scale convergences hold:

(3.1) Jim e(ug)cpgz/ (e(u) + ey (1)),
e=0 Jq Qxy

(3.2) lim M. = / p™p,
=0 Joim Qxy(m

e olm QxY(’")

w L[

where ®.(z) = ®(z,2/¢), Ye(t,x) = P(t, 2,2/¢) and p-(t,7) = ¢(t,x,3/¢).
Next we introduce the test functions: let

U.(z) = U() +6\I/1<9c, g)

where ¥ € D(2)" and ¥y € D(Q;C(Y))" and let also
(m) (¢ (m) (m) =
VI () = 60 (4 2) + ™ (b2, D)

(m = 1, ) where (™ € D((0,T) x Q) and ¥{™ € D((0,T) x Q;CF(Y)). Taking
v =", in (2.11) we have

(3.5) / Ace(u:)(e(V) +ce(¥1) + ey (V1))
-3 /Q(M oM pm) (div ¥ + e div ¥, + div, ¥;) = /Q f(U +e0,).

According to (3.1), (3.2), letting € — 0 in (3.5) we obtain

(3.6) A YA(e(u)+ey(u1))(e(‘lf)+ey(‘lfl))
- ™ plm) (diy iv, Uy) = .
%:/wa,) P (div ¥ + div, ¥;) /qu/
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Similarly, we pass to the limit in (2.12) with t = T, ¢(™ = wém) and taking into
account (3.1), (3.2) and (3.4) we find

T
1) -3 /O/Q o L™ 6 i div, )
o Sy

+ K (vpm™ 4+ v, p™) (V™ 4 v, 9(™)]

T
h (1) _ (2 (1) _ ,,(2) -0
+/O/M (D = p@) (D — )

In view of the linearity of the equation (3.6) we can write
"L du
(3.8) Wty ==Y a—h )N () + e(x)

where for 1 < k,h < n, \Fh = ()\fh)lgign € H;E(Y)/[R” is the solution of the
microscopic problem

a(A" — PM w) =0, VYw e HL(Y)/R",

where Pkh = (YxOnj)1<j<ns Onj is the Kronecker symbol and
a(z, w) — / Acy(2)ey(w), z,w € HL(Y)/R".
Y

Similarly, we seek p(lm) (m =1,2) in the form

(3.9) "™t 2, y) = Z (60" (4) + ea(a),

where Ci(m) € (H'(Y™))/R is a solution of the micro-pressure equation

—div, (K™ (y)(V¢™ +e)) =0 in Y™,
(VQ‘(m) +e) n=0 onkX,
yr— Ci(m)(y): Y -periodic

where e; is the ith vector of the canonical basis of R™ and n is the unit normal to X
pointing out into Y2,
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Let

(3.10) i = a(AF" — PP NT — P o) = Y agren(w),
ij=1
(3.11)
act™ n ONkh
K,(T”):/ K™ (y) (6, + =2 ‘m):/ (N (Gindin — =
" y (m) i (y)(l]+ oy )7 ik y (m) “ ;< o 3%‘) ’
(3.12) 87 = [ aRG)VG - (VG - e)

(3.13) o) — /Y M), R /Z h(s).

Finally, inserting (3.8), (3.9) into (3.6), (3.7) together with an integration by parts
we obtain the following homogenization result:

Theorem 3.1. The two scale limits (u, p"), p(?) (m = 1,2) satisfy the homoge-
nized model

—divo(u) + aMvpH + a@vp® =f, in (0,T) x Q,
(cDp® + tr(8Ve(w)), — div[KOVpD] + h(p® — p®) =0 in (0,T) x Q,
(c@p™ 4 tr(F@e(u)); — div[K@Vp@] — h(p® —p®) =0 in (0,T) x Q
u=0, p™ =0 on(0,T)xT,

u(0,2) =0, p™(0,2)=0 inQ.

We have thus shown that the “general” Aifantis model can be obtained with
help of the multiscale homogenization technique starting with a Biot micro-model
for a two component heterogeneous media with interfacial exchange barrier. An
interesting problem is to investigate the limiting behaviour of such media when the

2

flow potential in the inclusions is rescaled by . This occurs especially when the

flow in the inclusions presents very high frequency spatial variations as a result of a
relatively very low permeability, for instance 2K (2.
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