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1. INTRODUCTION

Let N denote the set of all positive integers and let Ng := N U {0}. We consider a
double sequence {a; x: j,k € Ny} of real numbers such that

hr]? ajr =0  and Z |A¢1,23 (aj,x)| converges,
max{j,k}—o00 (j,k)ENg

where A{Lg}(aj7k) = Ak — Gj+1k T Gjt1,k+1 — Qk+1, Jok € Ng. In [13] Moricz
proved that if (x,y) € (0,n)?, then the double cosine series

Z AjAkajpcosjrcosky, Ao =1/2; A\j=1, jeN
(4:k)ENG

converges regularly in the sense of Hardy [3]. In addition, he proved that the following
improper Riemann integral exists:

(1) 61111100/ Z AjAka; i cos ja cos ky d(z, y).
oy Temx 5l

In this paper we prove that the above result of Mdricz is beyond the realm of
Lebesgue integration; we establish the following integrability theorem for double

cosine series:
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Theorem 1.1. Let {a;: (j, k) € NZ} be a double sequence of real numbers such
that 1immax{j,k}—>oo ajr =0,

Apoy(aie) =0, (j,k) € NG\ {27: r € N}?

and ) )
o0 b o0 5
Z {|Aj7k| + {ZAZJ@} + { ZAiq} } converges,
(4,k)eN? p=j q=k
where Aj7k = A{LQ}(CEQ]’QIC), (], k) € N2,
Then ) AjAga,kcosjzcosky is a double Fourier series if and only if

(4,k)ENG )
o0 o0 3
Z { Z Z Af,’ q} converges.
(4,k)EN? * p=j q=k
By modifying the proof of Theorem 1.1, we obtain the following result for double
sine series.
Theorem 1.2. Let {b;x: j,k € N} be a double sequence of real numbers such

that limyax(j k}—oo bjk = 0,

Af1,23(bje) =0, (4, k) € N2\ {2": r e N}?

and
[ee} 2 e3¢} % o) 2 o) %
= (5 )+ 5 ) (5 0] 5 )
(4,k)eN? p=j+1 p=j+1 q=k+1 q=k+1

converges, where Bj 1. := A1) (boi o), (4, k) € N2,
Then ). bjgsinjzsinky is a double Fourier series if and only if

(4,k)eN?
oo oo oo o) 2
S Y Y w3 X s
(j,k)EN2 ~ p=j+1 qg=k+1 p=j+1 q=k+1
0o o) 2 oo o) 2 %
£ (2 Bua) ¢ 2 (3 B)
p=j+1 *q=k+1 q=k+1 “p=j+1
converges.

This paper is organized as follows. In the next section we prove several integrability
theorems for single cosine or sine series. In Section 3 we prove a higher-dimensional
analogue of Theorem 1.1. In Section 4 we prove a higher-dimensional analogue of
Theorem 1.2.
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2. SOME INTEGRABILITY THEOREMS FOR SINGLE COSINE OR SINE SERIES

We begin with the following known result.

Theorem 2.1 (cf. [1, Theorem 5.27]). Let {bi};2, be a sequence of real numbers

such that Y |bi| converges. Then [|z~' Y bysin2*z|dx is finite if and only if
k=1 k=1

0

00 00 1
> { > b?} converges.
j=k

k=1

We are now ready to state and prove an integrability theorem for one-dimensional

cosine series.

Theorem 2.2. Let {a;}7°, be a null sequence of real numbers such that aj —

ar+1 =0, k e N\ {2": r e N} and Y |ap — aky1| converges. Then > Apay coskx
k=0 k=0

1
o0 o0 5
. . .o . 3
is a Fourier series if and only if > { > (agi — ag; +1)2} converges.
k=1 Cj=k

Proof. Since a single summation by parts and our hypotheses yield

o0 o0
sin 2F ¢ 1
sup Ak coskr — Y (age — Gon ) ———| < = lak — ak41] < 00,
z€(0,7) Z kz;) 2 tan 2 kz::
the result follows from Theorem 2.1. O

Let x4 denote the characteristic function of a set A. The following example is an
easy consequence of Theorem 2.2.

Example 2.3. Let

o > {27:TEN} ) o = X{Q":TEN}(j)
=a; = TYIIEE and aka_;i(lnj)?’p , keN\{1}.

o0
Then  Apag coskx is not a Fourier series.
k=0

The next result involves absolutely convergent cosine series.
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Theorem 2.4. Let {ay};2, be a sequence of real numbers such that E |ak|
k=1

&)
converges. Then f ‘ LS™ ag(1 — cos 2k )‘ dz is finite if and only if
k=1

converges.

o) 00 2 o) 1
Proof. (<) Supposethat } { ( > aj) + > a?} * converges. We write
k=0 * N j=k+1 j=kt1

Cj(z) =1—cos2/z, j € N and select any N € N. Then

B > ajCj T
(2) /K/QNH Zix()

j=1

dx

n/2k n/2k

4G |4 4 /
S T

The first term on the right-hand side of (2) is bounded above by © Y |a;|:
j=1

7Cj (z) dz.

N n/2k
>

k=0

o k
EZZ‘2k+1‘2J —nZ|aj|

k=1 j=1

k
> wGtlq
xT

Jj=1

k=0

j=k+1
N /2F oo
STy wlg,
ekl PRI

Jk()dx

I Rp

S
S(Sa)r el

k=0 j=k+1 j=k+1

j=k+1
0o 2 % x %
Z a;Ci—p(x) dx}} {/ xde}
j=k+1 ©/2
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As N is arbitrary, the above inequalities imply that

K = aka 2 = %
sup/ Z n2|ak|+2{(z ) + Za?}
NeNJrjon+ | £ =kt j=k+1

and so [ | > axCk (x)/a:‘ dz is finite.
0 k=1

(=) Conversely,

o0
x)/a:‘ dz is finite. Since ) |ag] is

0 k=1 k=1
assumed to be convergent, it suffices to prove that there exists a positive constant C

such that

o () £ (13

NeN =kt 1 j=kt1

> et

j=1

dz +nZ|ak|}

According to [14, Chapter V, (8.20) Theorem], there exists a positive constant C

such that
{/ Z ajCj,k( dx} C/ ] k( ) diL', ke N
/21 /21,1
and so (3) holds:
N 00 2 e 3
S{X o)+ > <
k=0 j=k+1 j=k+1
N T oo 2 3
—Z{/ Z ajCj,k(x) d(E}
k=0 “//21 500
N P 0
ch/ Z a;Cj_i(z)|dx
k=0"7/2 1 j=k+1
N 7:/2’c o0
:CZ/ 2k Z a;Cj(x)| de
=0 Y 7/ 2k T j=k+1
N m/2k 00
a;C;(x)
<l At |
§ Z//Q k1 Z € !
k j=k+1
N r/2" /2" (CL‘)
< TEC{ / dx + / 7j dx}
kZO /2k+1 jzz:l Z /2k+1
T a;Cj(x
<nq C Zidx+n2|ak| )
0 1i=1 k=1
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We are now ready to state and prove an integrability theorem for single sine series

Theorem 2.5. Let {by}72, be a null sequence of real numbers such that by —

biy1 =0, k e N\ {2": r € N} and Z |br, — br41| converges. Then Z b sinkx is a
k=1
Fourier series if and only if

=

i{ i (bas — bas1)® + ( il(bzﬂ —b23+1))2}

k=0 © j=k+1 j=k+
converges.
Proof. Since a single summation by parts and our hypotheses yield
oo (o]
1 —cos2Fx 1
su by sinkx — bor — b _— — b — b < 00,
i opn Z k Z( 2k 2% 41) > tan & 2 Z| k= Dkt
c0m) | .5 k=1 k=1

the result follows from Theorem 2.4.

Example 2.6. Let by =0, let

b = -1 1nj/1112X{2"'17"€N}(j) keN 1
k= (-1 e RN

j=k
and let B; = by;

—bgj g for j=1,2,.... Then {b,}2
variation with

>, is a null sequence of bounded

R P e

(o]
An application of Theorem 2.5 shows that ) by sin kz is not a Fourier series
k=1
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3. AN INTEGRABILITY THEOREM FOR MULTIPLE COSINE SERIES

The main aim of this section is to establish a higher-dimensional analogue of
Theorem 2.2.
Let m > 2 be a fixed positive integer. For any two m-tuples p := (p1,...,Pm),

m
q = (q1,...,qm) belonging to Nj* := [] No, we write p < q if and only if p; < ¢;
i=1
fori=1,...,m. If {ug: k€ N7} is a multiple sequence of real numbers, we write
a Gm
Z uk::Z... Z Uk, p,qENg”’
p<k<q ki=p1 km=pm
and
o0 o0
Zuk = Z Z ug, P ENG,
kzp k1=p1 Em=pm
where an empty sum is taken to be zero. We also write W/ = {1,...,m} \ W

(W CA{l,...,m}).

Definition 3.1 (cf. [9], [10], [5]). Let {ug: k € NF*} be a multiple sequence of

real numbers. The multiple series > wug converges regularly if for each € > 0 there
keNp

>

p<k<q

exists N(g) € Ny such that

<e

for every p, g € NJ* satisfying g > p and max{p1,...,pm} = N(e).

For any multiple sequence {ug: k € N'} of real numbers, we write Ag(ug) = ug,

Ay (Uk) = Why oo kg1 kg kgtsekm — Wk ek —1 k41 k1 J = 1y oy M

and A{j1:~~~gjs}(uk) = A{]l} s A{]ﬁ}(uk% {jla o 7js} g {15 .. 7m}~
Set ||z := , max |zg| (& = (21,...,2m) € R™). We are now ready to state the
=1,...,m

following importdnt generalized Dirichlet test for multiple series.

Theorem 3.2 (cf. [5, Theorem 2.3]). Let {cx: k € N’} be a multiple sequence
of real numbers such that lim ¢, =0. If {zg: k € NJ'} is a multiple sequence of

lInf|—o0

real numbers and if

> {|A{1,...,m}(6k)l}{or£3§k

keNz

D

o<g<r

} converges,
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then Y, Ay .. my(ck) > xj convergesabsolutely, »  xy converges regularly
keNm 0<G<k keNT e,

Z Crlp — Z A{l,...,m}(ck) Z Ty

0<k<n 0<k<n 0<j<k

and

lim =0.

min{ni,...,nm }—00

In order to prove a higher-dimensional analogue of Theorem 2.1, we need the
following result.

Lemma 3.3. Let {b;: j € N™} be a multiple sequence of real numbers such that

>~ |bj| converges.
jeN’ln
(i) If k e NJ', then

/ <f ¥ )
[=/2,7]™ j>k+1

(if) There exists a constant Cy, (depending only on m) such that

/ Z b Hst” i { Z b2}
[r/2,7]™ jzk+1

j=>k+1 i=1
for every k € N{'.

Z b; Hsm2]‘ ‘x;

j=2k+1 i=1

Proof. Part (i) is obvious. The proof of part (ii) is similar to that of [2,
Theorem 3.7.4] and [11, Lemmas 1 and 2]. O

A two-dimensional analogue of Theorem 2.1 is given in [12]. The next theorem is
a higher-dimensional analogue of Theorem 2.1.

Theorem 3.4. Let {by: k € N™} be a multiple sequence of real numbers such
that

(4) > Z{ > bi}%<oo.

rc{i,...,m} keNm™ reN™
ri2k; Vi€l
[=lelEFl
m
Then f[o qm ‘ > b H sin(2¥i2;)/x;| de is finite if and only if
’ keN™ i=1
%
5) BR DI

keNm N p>k
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Proof. We write Sj(x) =sin2/(x), j € N. Clearly, it suffices to prove that

)
(6) sup /m b dx < oo
Nt J B r/2mie o Y Hl
5
=y (e <=
keN™  p>k

For each IN € Ni* we have

/,n S b [ [0 (@
il;[1[m/2Ni+1

keN™ i=1

0<%;N /H [r/2Fit1,n/2ki]

Z bj Hx_lsjl

1<G<k  i=1

m

—1
b [T 785 (o)
Jizki+1Viel i=1
1<, <k Vier’

Z b; Hm715j1

j=k+1 i=1

dx

D> /.
0ATC(L,...m} 0<ka N TTIR/20 /28]

+ > ‘/;

o<k 7 1L [7/287 0 /2%]

= Sno+ Y. SN +SN{..m}
0ATC{1,...,m}

The sum Sn, 0 is bounded above by ©™ > |bgl:
kEN™

(7) Sno= 3 / S b [ 2785 (@) da

k;
o<k /I Im/2M /28] Ty Gige i1
m T m
- ) Ji
< ¥ (IIs) X Il
1<k<N Niml 1<k i=1
m
T E |bk|
kenm

Next, we fix a non-empty set I' C {1,...,m}. For each k € N{J' we write

Wk, D)={jeNy: ji=kViel,and 1< j <k VIel},
QQ(k,F)I{T€N6nI ri=>ki+1Viel, andrl:k‘lVléI"},
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E JHx Sji (i)

and apply a #(I")-dimensional version of Lemma 3.3(i) to get
Jizki+1Viel =1

/_1‘[ [m/2ki+1 n/2ki]
=1 1< <k VIeT

< ) Ar(j)/

[T [v/2%+1,7/2%]

Z HmflS

H dx;

JEQ(k,T) ier reQa(g,I) i€l el
. 20t
(where Arp(7) := H W)
ler
<> a6 ST b Lo S| I o
jeQ (k,T) I1F/25 e,y ier =
1/2
S MU S
JE€Q(K,T) r€Q2(3,T)
and hence
m
8)  Snr= 3 / S b [ )| da
o<k Y TL[F/25 /280 1 5o v i—
jizki+1Viell =1

1< <k Vier’

1
9 2
m
T E { E br} .
keN™ r; >k;Viel
T1=klvl€1—‘/

Since N € NJ* is arbitrary, we infer from (4), (7) and (8) that

o) o {Swo+ 3 swrf<oe

NeNg 0ATC{1,...,m}

Finally, an application of Lemma 3.3 gives

(10) sup SN {1,..,m} <00 Z{Zbi} < 0
r>k

NeNg yrer

and so (6) follows from (9) and (10).

The following theorem is a higher-dimensional analogue of Theorem 2.2.
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Theorem 3.5. Let {ar: k € NJ'} be a multiple sequence of real numbers such
that lim an =0, Ay my(ax) =0 (B € Ng*\ {2": r € N}™) and

i)l —o0

(11) > Z{ > (A{me}(ayl7___72%))2}%<oo.

FC{I:"'vm} keNm reN™
ri2k;Viel
’I“l:k}],VlEF/

m
Then > ag [] Ak, cosk;z; is a multiple Fourier series if and only if
keNp =1

1

> { > (A (a2, 2w ))2}2 < .

keN™ \ r>k

Proof. Let Ag:= Aq . mi(ags:  orm) (B €N™). Then, for each x € (0, 7],
an application of Theorem 3.2 yields

m ™ 1 /sin 25 x; cos L _
ag k. COSK;XT; = k —|\———————= +cos2™x;
5w I coskiai = 3 A [ 5 (Tt 4 cos2bn)

keNp  i=1 keNm =1 sin 3

sin 25 z; cos Lx; cos 2k 1,
- Z ZAkH 251111 xlz zH 2

C{1,...,m} keN™ i€l lery

It is now clear that the theorem is a consequence of Theorem 3.4, since the proof

of (9) gives

Z AkH sin 2% Ixzcos Lr:2 H cos 2P | d

max /
Pc{loem}t Jioam |55 ier sin 5 xl et

sin 2" x;
<™  max E / E A, H :
rc{i,...m} 0,x]card(T) tan 2 5%;

k;=1Viel’ ri>1viel
k,}lVleF’ ry=kVier’

2 2 %
< (27*)™  max E E Az
rc{i,...,m} .
keN™ ri>k;Viel’
[=klvl€1—"

H dz;

and (11) holds.

Example 3.6. Let {b;x: (j,k) € NZ} be a double sequence of real numbers
such that b, = 0, (j,k) € N3\ {2": r € N}? and by o = (j + k)73, (j, k) € N2
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Then the double series (Z > by, s) Aj Ak cos jx cos ky converges regularly for
(G, k)ENZ =] s=k
every (z,y) € (0,7]?. However,

o0 o0
(12) Z (ZZZ}T,S) Aj Ak cos jx cos ky

(5,k)EN] *7=7 s=k
is not a double Fourier series.

Proof. This is a consequence of Theorems 3.2 and 3.5. (]

Remark 3.7. Let {b;x: (j,k) € N?} be given as in Example 3.6 and let

Z <Zzb'¥5>>‘j>‘k cosjzcosky if (z,y) € (0,72,

flz,y) = (j,k)ENZ “r=j s=k
0 if (z,y) € [0,7)%\ (0,72

An application of [8, Corollary 6.4] shows that the function f is Henstock-Kurzweil
(i.e. Perron) integrable on [0, %)%, and (12) is the Henstock-Kurzweil Fourier series
of f.

More details on the Henstock-Kurzweil integral can be found in [6], [7] and refer-
ences therein.

4. AN INTEGRABILITY THEOREM FOR MULTIPLE SINE SERIES

The main aim of this section is to prove a higher-dimensional analogue of Theo-
rem 2.4. We need

Lemma 4.1. Let {ar: k € N§'} be a multiple sequence of real numbers such that
> |ak| converges. Then there exists a constant C,, (depending only on m) such

keNy
/[n/ 2,7m

that

1 — cos 29~ kig,

dx

aj T
j>k+1 i=1 v
1

~ 2 2
o )
[n/2,m]™

Proof. The proof is similar to that of [2, Theorem 3.7.4] and [11, Lemmas 1
and 2]. O

Z 1 — cos 29 kig,
Qi | | o The
J ;

j>k+1 i=1

for every k € Nj*.
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The following theorem is a higher-dimensional analogue of Theorem 2.4.

Theorem 4.2. Let {ar: k € Nj'} be a multiple sequence of real numbers such
that

(13) 3 z{z T ( T ar)Q}%@o.

rc{1,...,m}keNg ~ SCI j; 2k;+1VieS ri=4; Vi€ Sur’
qi1=k;vieS’ =5 +1VIET\S
m
Then [ ar [[ (1 — cos2¥ix;)/x;| dz is finite if and only if
[0,7]™ kEN’” i=1

2

{ < ar) } = oo
kENB" Sg{l,...,m} Jizki+1VieS r;=7;Vi€S
Ji=k;VieS’ =5 +1vies’

Proof. Let Cj(z):=1—cos2/(x), j € Nyg. For each N € NJ* we have

/ﬁ [r/2Ni+1 z] Z ak’Hxiilcki (z;)| dee

A keNp  i=1
S S 0[]0 ()
T /25 /2% Lo =1
m
—1
Yo e [[e'Cilai)|da

0<k<N
Sy oy f
k;+1 k;
0£TC{L,...,m} 0<k<N ¥ TL[R/25F5/250 1 s Divier =1
" 0y <k VIeT’

> wl[ete

j>k+1 i=1

=:Cnyp+ Z Cnr +CnNy1,.om)

dx

o<k ¥ IL[=/28 /28]

The rest of the proof is similar to that of Theorem 3.4. The term C'n ¢ is bounded

above by ™ > |agl:
keng

(14) Cno< > (ﬁ%) >

0<k<N Vi=1 0<j<k

m

ajHZj"'

i=1

" ol

keNz

Next, we fix a non-empty set I' C {1,...,m}. For each k € Nj* we follow the
proof of Theorem 3.4 by setting

QQ(k,F)I{T€N6nZ ri=>ki+1Viel, andrl:leleI"}
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and
Qg(k,F):{jeNg”’: ji:kiViEF, andOéjléleleI"}

to obtain

/H [m/2Fkit1 n/2ki)

i=1

Z a; Ha:i_lCJ (x;)|d

jizki+1Viel i=1
0< i<k VIeT!

< ) Ar(j)/

€T

Z (28 Hx;l rLfk H dxz

FEQs(K,T) /25 e,y ier i€l
. 2t
(where Ar(j) := H W)
ler
2 3
< > a6 > o TICw| ] anf
F€Qs (k1) IEA reuGr)  ier ieT
2 3
ST IR I D DR DS | (CARERERY B 1 2
§€Qs (k) ILEA  scrren,gr)  ies i€l
2 3
< ¥ a6 f | S allcor b T
scr 11 [x/27] ier

JE€Q3(k,T) reQy(j,I) €S

i€l

2y 3
< S oAl Y E wW))
JEQs(k,T) SCI ri2ji+1ViesS qi=r;Vie SUT’

ri=jVI€S’ q > +1VIET\S
Therefore
2y 3
m o< Y {Y Y (X W)}
keNT SCT j; >k, +1VieS ri=j;Vie SUr’
ji=kVieS’ =25 +1VIET\S
Since N € NJ* is arbitrary, it follows from (13), (14) and (15) that
(16) sup {CNy) + Z CN,F} < 0.

NeNg 0ATC{1,...,m}

In view of (16), it remains to prove that

(17) sup CN,{l,...,nL} < 00
NEN'(I)’L

2 1
— E E E E [e7% < 0.
keNT SC{1,...,m} ji=k;+1VieS ri=7;Yi€S
jl:kNIES’ rl>j1+1VlES’
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But it is clear that (17) holds, since N € NJ* implies

a x; dz
0<%;N‘/ [r/2ki+ T m /2 J>zk;r1 le_[1
Z /ﬁ ] Z aJHx Cjy—k, (z3)| d
[5.m

0<k<N jek+1 i=1

Z a; ch*kz ({E

jzk+1 =1

)de}é

kEN"" { 1_[ [T"/2 T

>{/ > Y o[l - 1)
keNg VL ILIR27 L gc i my ikt ies
{ / > ai [[(Cimn (@) = 1)
keNg Y sc{t,..,m}y” HLF/28 1 iskia des
2y 3
kEN’” SC nL} Jizki+1VieS r;=7;Vi€S
= k:]VlES r,,}leerlES’

and

> “JHm

j=k+1 i=1

Z a; Hm Cji—ki (2:)

j=2k+1 i=1

>Cn 2, {/ﬁrjl[n/z,ﬂ > 4[] Cilar)

0<k<N >kl i=1

ogggzv /H [n/2kitt n/2ki]
Z /1_[ [7/2,7]

Ok N

dx

"as)’
(by Lemma 4.1)
ca vl sy v (2 W)}

0<k<N S SC{L,..,m} jizki+1VieS N ri=j,Vies
jl:kNIES’ r,,}leerlES’

The next theorem is a higher-dimensional analogue of Theorem 2.5.

2

dw}
2

dw}

[N

[V
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Theorem 4.3. Let {by: k € N™} be a multiple sequence of real numbers such
that lim bp =0, Agy 3 (be) =0 (K€ N\ {27: r € N}™) and

i)l —o0

2y 3
S Y (2 8)}ex
rc{l,..,m} keN™  SCT j;>k;+1Vi€S  r;=j;VieSUL’
1=k vileS’ r1 =5 +1VIET\S

m
E bk H sin kiil,'i

where By := Ay, my(b2r1 .. 2rm ) (1 € N™). Then f[o,r]m
keEN™ =1

dx is

finite if and only if
2y 3
keN™ N SC{1,....m} ji>ki+1Vies ri=jViES
jl:kNIES’ r,,}leerlES’

Proof. Foreachj €N we set Cj(z) :=1—cos2/x and S;(z) := sin2z. Then,
for each « € (0, )™, we deduce from Theorem 3.2 that

Z bk ﬁ sin kiil,'i

keN™ i=1
m
Ch, (i
= > 5]l (th(lz). +Skv(xz))
Ko i 2tan g

C.xi
=Y Bl gt XY Bl I sute)

rc{l,..,m}ykeNm  iel

Next, we follow the proof of (16) to find a constant D,, (depending only on m)

such that
C
S (I 5y ) I ute e

max /
rcft,...,
b Jjoapm | icTm ieT’

2y %
< max D, E E g E By < 00.
rc{i,...,m} . .
keN™ ~ SCT j; 2k;+1VieS ri=4; Vi€ Sur’
1=k, VieS’ ri =5 +1VIET\S

An application of Theorem 4.2 gives the result.

Example 4.4. Let

(_1)r+5 i ) 0
—— if (4, k) € {(27,2%): (r,s) € N},

o i TG () e
0 otherwise,
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o0 o0

andlet b;r, = > > a5, (4,k) € N?. Then the double series Y b; j sin jzsin ky
r=js=k (5,k)EN2

converges regularly on [0, n]2. However, it is not a double Fourier series.

Proof. The first assertion is a consequence of Theorem 3.2. The other assertion
follows from Theorem 4.3, since limyax{;,k}—o0 0j.6 = 0,

o] 2 o] oS 2 [eS) %
2 A (o) ¢ 2 e (32 o)+ 2 i}

(G k)En p=j+1 p=j+1 q=k+1 q=k+1
s Z { g + i : + 2 }% < o0
(j,k)EN? (7 +k) p=it1 (p+k) (J+Ek)

and

(4,k)EN?

Remark 4.5. Let {bjx: (j,k) € N?} be given as in Example 4.4. k An applica-

tion of [8, Theorem 8.1] shows that the function (x,y) — > bjrsinjasinky is
(4 k)EN?
Henstock-Kurzweil (i.e. Perron) integrable on [0, n]?. Furthermore, we deduce from
(13, Theorem 2] that > bj xsin jasin ky is the Henstock-Kurzweil Fourier series
(J:k)EN?
of the function (z,y) — > b ksinjxsinky.
(4 k)EN?
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