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Motivation, aims, goals

GOAL: Mathematical analysis and modeling of complete fluid
systems
@ Fluid system conserves total mass and energy

@ Fluid motion is dissipative, mechanical energy is irreversibly
converted into heat

o Fluid system occupies an energetically insulated (bounded)
physical space
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@ Existence theory of global-in-time weak solutions for the
complete Navier-Stokes-Fourier system

Long-time behavior, stabilization to equilibria

Singular limits, in particular, the passage from compressible to
incompressible fluid motion

Propagation of acoustic waves (dispersion)
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Physical space

EULERIAN COORDINATE SYSTEM
e Q C R3 - bounded regular (Lipschitz) domain
x € Q) - reference spatial position
etel/=][0,T), T <oo-time )
STATE VARIABLES
@ o = o(t,x) - mass density
e u = u(t,x) - velocity field
e ¥ = 9(t,x) - (absolute) temperature
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Conservation and balance laws

MASS CONSERVATION

Oro + divk(ou) =0

BALANCE OF MOMENTUM - NEWTON’S SECOND LAW

0t(ou) + divy(ou ® u) = div,T + of

STOKES’ LAW

T=S-—pl

V.

T - Cauchy stress, S - viscous stress, p - pressure, f - external force
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Energy balance

KINETIC ENERGY BALANCE

1 1
Ot <2g|u\2> + divy <<2g\u]2 + p) u-=S- u>

:’pdivxu—S:VXu‘+gf~u

INTERNAL ENERGY BALANCE

Ot(0e) + divy (geu) + divyq = ’ S:Viu— pdivXu‘

e - (specific) internal energy, q - the internal energy (heat) flux
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Second Law - Entropy

THERMODYNAMIC FUNCTIONS
p=p(o,9), e = e(e,V) J

p(o, ¥)diviu = —p(gg’ﬁ) (&g +u- VXQ)

(internal energy balance) —-

de p de p
Q([ag @2]8t9+[39 92]UVXQ>

Oe Oe e
+o0 ([aﬁ]amju[%}u V19>+d1vxq—S.VXu
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Gibbs' relation

s = s(o, ) - (specific) entropy ]

995(0,0) _ [9e(0.9)  plo, 19)} , 995(0,0) _ 9e(o.9)

Do 0o 02 oy 0

GIBBS’ RELATION

9IDs(0,9) = De(po,9) + p(o,9)D <;>
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Entropy equation

ENTROPY BALANCE EQUATION

B¢ (0s) + divx(osu) + divy (%) _

ENTROPY PRODUCTION RATE

1 -V
az(S:VXu—q Vﬁ>

9 9

Second Law = o >0
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Newton's law, Fourier's law

S linear in Viu, q linear in V9

NEWTON’S LAW

2
S = u(VXu + V,ut — gdivxuﬂ) + ndivyu I

1 - shear viscosity coefficient, 7 - bulk viscosity coefficient

FOURIER’S LAW

q=—rVyd

k - heat conductivity coefficient
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Energetically closed systems

IMPERMEABLE BOUNDARY

u-l‘l|aQ:0,

THERMAL INSULATION

q-njgo = —kVd-nlga =0
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Boundary behavior of velocity

NoO-sLIP

[u]tan’{)Q =0

NO-STICK

[Sn]tan‘aﬂ =0

NAVIER’S BOUNDARY CONDITION

[Sn]tan + /B[u]tan‘BQ =0
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Total energy balance

CONSERVATIVE DRIVING FORCE

f=V.F, F=F(x)

TOTAL ENERGY BALANCE

d
dt Jq

:/Q<ﬁa—(s:vxu—q§“9)> dx =0

1
<2QIU\2 + oe(o, V) — 9F> dx

Eduard Feireisl Mathematics of complete fluids



Energy balance - weak form

ENTROPY BALANCE EQUATION

Ot(0s) + divy(osu) + divy (ﬂ) =0

9
ENTROPY PRODUCTION RATE
1 - V0
0219<S:qu—q ﬁx )

TOTAL ENERGY BALANCE

d
at Jo

1
(zgrurzme(g,ﬁ)—gF) dx =0
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Compatibility principle

weak + regular —> strong

1 . qvxﬁ
0'—19<S.VXU— 19 > }
as soon as
°
0<o<o(t,x) <o, 0<d <I(t,x) <V
°
lu(t,x)| < U
°

Vyo € L%((0,T) x Q; R®)
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Weak-strong uniqueness principle

Weak and strong solutions necessarilly coincide as long as the latter
exists. Strong solutions are unique in the class of weak solutions.
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Navier-Stokes-Fourier system - weak formulation

FIELD EQUATIONS - BALANCE LAWS
Oro + divk(ou) =0
Ot(ou) + divyi(ou @ u) + Vyp(o, V) = divsS + oV« F

Ot(0s(0, 1)) + divk(os(o, ?)u) + divy (%) =0

1 V0
azﬁ(S:VXu—q Q9X >
d 1
- - 9) — oF ) dx =0
a o <2Q|U| + 0e(0,9) — 0 > X
ENERGETICALLY INSULATING BOUNDARY CONDITIONS )
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Existence theory - main stumbling blocks

@ Weak a priori bounds
@ Absence of a priori bounds on Vo
@ Possible concentration phenomena for Vu, V1

@ Possible occurrence of vacuum regions (¢ = 0)
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A priori bounds: Motto

DitE ENERGIE DER WELT IST CONSTANT;
DIE ENTROPIE DER WELT STREBT EINEM MAXIMUM ZU

Rudolph Clausius, 1822-1888
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Equilibria - static states

Equilibria minimize the entropy production and maximize the entropy
among all states of the same mass and energy

Ustatic = 0, ﬂstatic = @ >0-— constant, Ostatic = @(X)

V,p(8,0) = 6VF in Q

/ 0 dx = My (total mass)
Q

/ <§e(§, 9) — §F) dx = Ey (total energy)
Q
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Thermodynamic stability

POSITIVE COMPRESSIBILITY

op(0,V)
T 0

POSITIVE SPECIFIC HEAT AT CONSTANT VOLUME

de(o, V)
59 >0 |
lim infM > 0 for any fixed ¥ > 0
0—0 (9@
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Ballistic free energy - relative entropy

BALLISTIC FREE ENERGY

H(o,9) = oe(o,9) — Jos(o, )

H(o,9)  19p(0,9)
07 o o0 0

e o— H(p,?) is strictly convex

Oe(p,v)
09

OH(e, ) _ o

09 19(19 )

e ¥ — H(p, 1) attains its strict local minimum at o
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Relative entropy - coercivity

“RELATIVE ENTROPY”

OHE.9) , _ 5) _ 1z, 9)

H(o, ) — 90 2

> c(B)(lo— o + v - 9
provided g, belong to a compact interval B C (0, c0)

> c(B)(l + oe(0,79) + o|s(o, 79)‘)

otherwise

as soon as g, ¥ belong to int[B]
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Principle of maximal entropy

— OH(5,9
0, 1 static state = ég,) = F + const =
o

o< [ (o)~ LD (- ) - Hz.9)) o

— [ (ee(e9) - oF — 5e(@.) + F [ {Tes(e. 1) + 72s(2,7)]) 4

as soon as

/de—/édx
Q Q
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Principle of maximal entropy - conclusion

@ Given the total mass and energy, there is a unique static state
0,V

o The static state g, J maximizes the entropy among all
admissible states o, 1 with the same total mass and energy
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Total dissipation balance

d 1 o OH(G,9), . _
dt/Q(z‘Q'“' +Hle,d) - —5 (Q—Q)—H(@,ﬁ)) dx
+19/adx:0

Q

K t 2. 2 K 2
o> 5\vxu Vi §dwxun‘ + 51V,

o Total dissipation balance yields practically all available a priori
bounds

o Effective dependence of the transport coefficients u, 1, and &
on the absolute temperature 1 is needed
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Relative entropy revisited

£ (g,ﬂ, u

5,9, a)

_ /Q <%g|u — % + Hy(0,9) — aH%(g,m(Q ~8)— Hy(@.9)) dx

Hj(0,9) = oe(o,¥) — Dos(o, )
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Hypotheses imposed on constitutive relations

WHAT IS NEEDED...

@ integrability of all quantities in the weak formulation -
hypotheses of coercivity imposed on thermodynamic functions
p, e s

@ bounds on the spatial gradients of u, 9 - the transport
coefficients 1, x depend on the temperature

@ compactness of the temperature field on the “vacuum” zones
- introducing radiation pressure
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Thermodynamic functions

Monoatomic gas:

p= %Qe = p= 195/2P<193/2>

Third Law:

P(Z)~ Z°3 for Z —

Radiation pressure:

+ 29

p(0,9) = 05/2P(03/2) :
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Pressure-Energy-Entropy

PRESSURE

_952p (2 ) 4 294
plo.9) =P (575 ) + 57*,

INTERNAL ENERGY

3 (932 0 2
ele.9) =3 (Q)P(w)+ i

ENTROPY

s(0,9) = S (193—"/2) + 350

Eduard Feireisl Mathematics of complete fluids



Transport coefficients

SHEAR VISCOSITY

0 < p(l+9% <p@) <p(l+9%), 1/2<a<1

BULK vISCOSITY

0 < n(9) <71+ 9%)

HEAT CONDUCTIVITY

0 < ®(1+9°%) < w(W) <R +93)
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A priori bounds

UNIFORM-IN-TIME [P—BOUNDS:
Jou € L=(0, T; L*(Q; R?))

o€ L0, T; L53(Q))
¥ € L0, T; LY(Q))
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GRADIENT BOUNDS:

8

L2 T'Wl’qQ'R3 —
ueLl*(0, TiWH(QR%), g=¢——

9 € L2(0, T; WH3(Q))
log(v) € L2(0, T; W2(Q))

PRESSURE BOUNDS:

p(o,9)0” € L1((0, T) x Q) for a certain 3> 0

@ Pressure bounds are obtained by multiplying the momentum
equation on 1 (t)B(0%), where B ~ Div!
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Weak sequential stability

0. — o weakly-(¥) in L>(0, T; L5/3(Q)) J

¥ — ¥ weakly-(*) in L>(0, T; L*(Q))
and weakly in L%(0, T; W2(Q))

u. — u weakly in L2(0, T; W9(Q; R%)) J
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Main difficulties

@ Compactness of convective terms pu, ou ® u, gsu
@ Pointwise convergence of temperature

@ Pointwise convergence of density
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Div-Curl lemma

[F-Murat, L.Tartar, 1975]

Lemma
Let
v. — v weakly in LP,
w. — w weakly in L9,
with
1 1 1
S4Z=S<1
p q r

Let, moreover,
div|v.], curllw.] be precompact in W~

Then

Ve - W: — V-w weakly in L.
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Weak sequential stability of convective terms

ve = [0, 0euc], we = [1,0,0,0], i =1,2,3
Aubin-Lions argument (Div-Curl lemma) =
ou = ou

ouU=ogu@u

0s(0, %) = os(0, V)V
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Pointwise convergence of temperature, |

GOAL: Use monotonicity of s(p,?) in 9
to show

T
/ /Q (QES(Q&‘J 198) - QES(Q&V'I?)) (’195 - ’19) dX dt — O
0
=
[0 = F|pa — 0

STEP 1: Aubin-Lions argument (Div-Curl lemma) =

T
/ / Qas(gaﬁa)(ﬁg - 19) dx dt — 0
0 Q
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Pointwise convergence of temperature, |l

STEP 2: Renormalized equation of continuity [DiPerna and P.-L.
Lions, 1989]

01b(0) + div(b(o)u) + (b/(2)o — b(o) ) div.us = 0 J

STEP 3: Aubin-Lions argument (Div-Curl lemma):

b(e)g(¥) = b(e) g(?)
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Fundamental theorem on Young measures

[J.M Ball 1989, P.Pedregal 1997]

Theorem

Letv. : Q C RN — RM be a sequence of vector fields bounded in
L(Q; RM).
Then there exists a subsequence (not relabeled) and a family of
probability measures {v,},cq on RM such that:
For any Carathéodory function ® = &(y,Z), y € Q, Z € RM such
that

(-, v.) — & weakly in L}(Q)

we have

d(y) = /RM d(y,Z) dvy(Z) fora.a. y € Q.
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Pointwise convergence of temperature, Il

STEP 4: Since we already know from STEP 3 that

v]o:Ue] = vlo:] @ v[V],

Fundamental theorem yields the desired conclusion

T
/ / 0e5(0e, V) (Ve —¥) dx dt — 0
0 Q

POINTWISE CONVERGENCE OF TEMPERATURE

Y. — v aa. on(0,T)xQ
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Pointwise convergence of density (formal proof),I

STEP 1: Renormalized equation of continuity:

Ot(olog(o)) + divk(olog(o)u) + odivyu =0

O¢(0log(p)) + divk(olog(o)u) + odiviu =0

PROPAGATION OF DENSITY OSCILATIONS

(;it/Q (ngg(Q)— glog(g)) dx = —/Q (m- Qdivxu> dx
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Pointwise convergence of density,ll

STEP 2: Effective viscous pressure [P.-L.Lions, 1998]

p(0,9)b(e) — ple, V) b(o) = [R : S]b(0) — [R :S]b(e) |

where

Rij = 0 A0y

R:S

= [R 'S — (%,u(ﬂ) + 7](19)) divxu} + (%,u(ﬂ) + 7](19)) divyu
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Commutator lemma

[in the spirit of Coifman and Meyer]
Lemma
Let w € WEr(RN), V € LP(RN; RN) be given, where

1 1 1
l<r<N, 1<p<oo, —+-——<1.
r p N

The for any s satisfying
1

+1 1<1<].
r p N s

there exists 3 > 0 such that

IRIWV] = wRIV][lws.s(rr gry < cllw]lwrr||V]|Le-
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Pointwise convergence of density,ll|

STEP 3: Effective viscous pressure revisited:

0 < (o, Mo — ple, D)o = (3(9) + n(9) (odiven — odiv,)

yielding (combined with renormalized equation of continuity)

olog(o) = olog(o) J
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Pointwise convergence of density - general case, |

STEP 1: Renormalized equation of continuity:

Ot(oLk(0)) + divx(oLk(0)u) + Tk(0)diviu =0

Ot(oLk(0)) + divx(oLk(0)u) + Tx(o)divxu =0

Tk(0) = min{o, k}

log(g) for 0 < p < k

Li(o) =
constant otherwise
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Pointwise convergence of density - general case, |l

(ft/g (QT(Q)—QL,((QD dx:/Q(Tk( )diveu— Ty (o )leXU> dx

Ti(0)diveu — Ti(o)diveu) dx
+ [, (7@ )

STEP 2: Effective viscous flux revisited:

p(o,9) Tk(0) — p(o,¥) Tk(o)
4

() + () (Te(@)div.u - Tule)divsu)

yielding
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Oscillations defect measure

-
sup [Iim sup/ / | Tk(0:) — Tk(0)|9 dx dt| < o0
k>1| =0 Jo Ja

g=5/3+1=28/3
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Boundedness of oscillations defect measure guarantees:

@ The limit functions g, u satisfy the renormalized equation of
continuity

/ (Tk(Q)diqu — Tk(g)divxu) dx — 0 for k — oo
Q

CONCLUSION - POINTWISE CONVERGENCE OF DENSITY

olog(o) = oLi(e) = lim oLk(e) = olog(e)

lim
k—o00

0 —o0aa. on(0,T)xQ J
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Long-time behavior

ENERGY OF A CLOSED SYSTEM IS CONSTANT;
ENTROPY OF A CLOSED SYSTEM TENDS TO A MAXIMUM

Rudolph Clausius, 1822-1888
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Navier-Stokes-Fourier system

FIELD EQUATIONS - BALANCE LAWS
Oro + divk(ou) =0
Ot(ou) + divyi(ou @ u) + Vyp(o, V) = divsS + oV« F

Ot(0s(0, 1)) + divk(os(o, ?)u) + divy (%) =0

1 V0
azﬁ(S:VXu—q Q9X >
d 1
- - 9) — oF ) dx =0
a o <2Q|U| + 0e(0,9) — 0 > X
ENERGETICALLY INSULATING BOUNDARY CONDITIONS )
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@ N-S-F system is conservative: the total mass and energy are
constants of motion

@ Because of viscosity and heat conductivity, the N-S-F system
is dissipative: a (part of) mechanical energy is irreversibly
transformed to heat
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Long-time behavior

CONSERVATIVE DRIVING FORCES
f=V.F, F=F(x)

CONSERVED QUANTITIES

M = / o dx
Q
Total energy:

1
E=/ <Q|U|2+QG(Q,79)—QF> dx
o \2

Total mass:
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STEP 1: Boundedness of total energy = boundedness of total
entropy:

S5(t) = /QQS(Q,ﬁ)(t, ) dx < S

STEP 2: Boundedness of total entropy = finite integral of the
dissipation rate:

00 2
/0 /Q (2*:9 ’vxu + Viu - Zdivau

< 0[(0,00) x Q] dt < oo

2
K
+ 55 \va) dx dt

STEP 3: The velocity field u as well as the temperature gradient
vanish in the asymptotic limit t — co = any solution tends to a
uniquely determined static state

8=20(x), >0
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STEP 4: Total dissipation balance:

d 1 2 . 8H(§a 5) oy ~
it [, (ol + e 0) = Z5h 20— 8) — H(@. 7)) dx
—H?/ ocdx=0
Q
OH(5,9)

1 5 . o
/Q (§Q|U| +H(0719)—8—Q(Q—Q)—H(Q,19)) dx - 0ast — oo
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Long-time behavior for conservative driving forces

CONCLUSION:

f=V.F, F=F(x)

o(t,") — & in L>3(Q) as t — oo

I(t,") — Jin L[*(Q) as t — oo

(ou)(t,) — 0in L}(Q;R3) as t — o0
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Attractors

Hypotheses:

/g(t,-) dx > My, t>0
Q
1 2
Solul” + oe(o,9) = oF ) (t,-) dx < Eo, t>0
Q

/ 0s(o,9)(t,-) dx > Sp, t >0
Q
Conclusion:
lo(t,-) = 8llsr2qy < & 19(t;-) = I3y <& for t > T(e)

lou(t, )l 2 (or2) <€ for t > T(e)
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Uniform decay of density oscillations

d(6) = | (2og(a) - olog(o)) r.") dx

Ord(t) +W(d(1)) < 0 J
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General time-dependent driving forces

F=F(t.x), [f(t.0)] <F
EITHER

E)= [ (§@|u|2+ge(@,z9)) (t,2) dx — o0 as t — o

OR

|E(t)] < E fora.a. t >0
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In the case E(t) < E, each sequence of times 7, — oo contains a
subsequence such that

f(mn + -, -) — Vi F weakly-(*) in L*°((0,1) x Q),

where F = F(x) may depend on {7,}
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STEP 1: Assume that E(7,) < E for certain 7, — oo = total

entropy remains bounded =- integral of entropy production
bounded

STEP 2: For 7, — oo we have V,p(p,9) =~ of, ¥ =~ 1, meaning,
f~V,F

STEP 3: The energy cannot “oscillate” since bounded entropy
static solutions have bounded total energy
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Corollaries:

f=f(x) # ViF
=
E(t) — o0

f = f(¢t,x) (almost) periodic in time, f # V F, F = F(x)

=
E(t) — o0

Eduard Feireisl Mathematics of complete fluids



Rapidly oscillating driving forces

f = w(t?)w(x),w € W(Q; R3), 5> 2
/T w(t) dt
0

(ou)(t,-) — 0'in L*(Q;R3) as t — oo
o(t,”) = 2in L3(Q) as t — oo
I(t,") = Jin [*(Q) as t — oo

w € L*(R), sup
7>0

< 00

o Possible extension for f(t,x) = t®w(t%)w(x)
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HOWEVER BEAUTIFUL THE STRATEGY,
YOU SHOULD OCCASIONALLY LOOK AT THE RESULTS

Sir Winston Churchill, 1874-1965
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Singular limits

X
X =
Xchar
Mach number Ma = M
\/Pehar [ Ochar
|ul

char

\/‘X|Char/|vxF|Char

Froude number Fr =

Incompressibility: Ma ~ ¢ — 0

Stratification: Fr ~ £%/2 — 0
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CHARACTERISTIC NUMBERS:

B SYMBOL B DEFINITION B NAME
Sr length,¢/(time,crvelocity,.r) Strouhal number
Ma velocity,.¢//pressure, ¢ /density,q; Mach number
Re density,svelocity,.¢length, ¢ /viscosity,.s Reynolds number
Fr velocity,q/ \/ length ¢force e Froude number
Pe pressure,length cvelocity,.;
/(temperature,sheat conductivity,.) Péclet number
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Material vs. geometric scaling

o Material scaling concerns material properties of the fluid:
viscosity, pressure etc.

o Geometric scaling compares the relative amplitude of purely
geometric quantities: velocity, time, length

o Different scaling procedures may lead to the same resulting
system of equations
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Scaled Navier-Stokes-Fourier system:

Sr dp + divy(ou) =0

1

1
div,S+ —5 oV F
o iv +Fr2 oV

1
Sr 0¢(ou) +divx(ou @ u) + vap(g, 9) =

Sr 0:(0s(0, 7)) + divk(es(e, ¥)u) + idivx (%) =0

Pe
1 [ Ma? 1q -V
>- [ —S:Vou— —
0_19<Re Vsl Pe o >
d Ma? 5 Ma?
fal 9) — —oF | =
dt/9< 2 olul? + oe(o. ) Frzg) 0
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Acoustically hard boundary conditions

u-nlpo =q-nlpg =0, [Snjn =0 J
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Low Mach number limit - weak stratification

Ma=¢, Fr= /¢

STRATEGY:

@ Existence theory for the primitive Navier-Stokes-Fourier
system

@ Uniform bounds independent of the singular parameter

© Passage to the limit - analysis of acoustic waves

@ Identification of the limit system
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Scaled Navier-Stokes-Fourier system revisited

0r0 + divy(ou) =0in (0, T) x Q, u-njpg =0

1 1
Ot(ou)+divy(ou@u)+ ?VXp(g, 9) | = div,S+ EQVXF in (0, T)xQ

[Sn] X n[so =0

:(0s(0,9)) + divx(os(o,9)u) + divy (%) —gin(0,T) xQ

.
dt Jq

q-njpa =0

g|u|2+ge<g,m—) a0

<82S:qu —q'Zxﬁ>zo

—
| M

)
Vv
SA

Eduard Feireisl Mathematics of complete fluids



Total dissipation balance revisited

/Q <;Q‘u|2 + Eiz (H(Q,ﬁ) = aQH(@e,a)(Q - §€) - H(@sﬂ”)) (T7 )

=7y
il o —
g2 0 JQ

/Q <;g0|uo|2 + glz (H(g0,00) — OpH (8-, 0)(00 — 5-) — H(éeﬂ?)))

v

pr(ég,g) = €0.VxF, /Q@e dx = /QQO dx, 0 ~ 0
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lll-prepared initial data

00~ D0+ 80827 {9&3}90 bounded in L' N L>(Q), / (1) dx=0

9o ~ 0+ 0, {9{)}.20 bounded in L1 N L(Q), / 98 dx =0
k) b Q 9

Ug & Uge, {ugc}eso bounded in L2(Q; R3)
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Uniform bounds

BOUNDS UNIFORM IN TIME

{QS — Q} bounded in L>(0, T; L?> @ L9(RQ)), q < 2
e e>0

9. — 0
{ 88 } bounded in L>(0, T; L2 ® LI(Q)), g <2
e>0

{Q6|U5|2}€>0 bounded in L>(0, T; L}(Q))

Ye in Mt Q
{52 }5>0 bounded in M™([0, T] x Q)
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INTEGRAL BOUNDS

{g}m bounded in M*([0, T] x Q)
—

{Vu.}.., bounded in L2((0, T) x Q; R**3)

{vXﬁE} bounded in L%((0, T) x Q; R3)
€ e>0
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Convergence

0. —0in L°°(0, T; L% @ LI(Q))
Ve — 0 in L0, T; L2 @ LI(Q))
u. — U weakly in L2(0, T; W2(Q; R?))

9=V _, & weakly in 12(0, T; W2(Q))

€
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Target problem - Oberbeck-Boussinesq system

divxU = 0
@(atu 4 dive(U® U)) + Vil = divsS + rVxF in (0, T) x Q
U-njsa =0, [Sn] X njgpg =0
¢ (8t@~|—divx(@U)) —divy(GU) —divx(kVxO) = 0'in (0, T) x
G=p0F, VO - -nlspa =0
r+a® =0, a>0
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Problem of rapid oscillations of acoustic waves

HELMHOLTZ DECOMPOSITION

OcUe = W, + Vo, ) diVx(Ws) =0, w- n|BQ =0
—

solenoidal part acoustic part

Lions-Aubin argument =

w. — Uin [2.((0,T) x Q)

loc

GOAL:

Vi®. — 0in L2.((0,T) x Q)

loc
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Lighthill's acoustic equation (F

|20:Z. + div, V. | = edivF!

A
OV, + WV, Z.| = s(divxwg 4V F3 4+ gvaXza)

Vs-n|5Q =0

5 A W) —s(@.0)\ A
Z = =0 + =0 <S(Q8 8) S(Q )> +—2X V.= ocu
w g EW

< Le o >=<og lp] >

Hel(t, x) = /Ot ©(z,x) dz for any ¢ € [}(0, T; C(Q))
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HELMHOLTZ DECOMPOSITION

V. =w, + V, P, diVX(Wg) =0, w,- n‘aQ =0

WAVE EQUATION

€0:Z. + D®. =Gl in (0, T) x Q
0P, + w2z, = 5G52 in (0, T) xQ

VXCDE o I’I’aQ =0

@ No-stick boundary conditions needed!
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Dispersive estimates

PROBLEMS ON LARGE DOMAINS

Q~ Q.
00, =ToUTE, Ty regular and compact

e dist[[5.; To] = c0ase — 0
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Wave equation revisited

€0:Z. + D®d. =Gl in (0, T) x Q
€0y P, + wZ. = G2 in (0, T) x Q,
VXCDE . n|aQ =0

Q exterior domain 92 = Iy
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Abstract wave equation

edir. — A[®.] = £GL(A)[h]
€at¢5 +re = 6Gz(’4)[h§]

Alv] = —wAyxv, Vxv-n|gg =0

A is a non-negative self-adjoint operator on the Hilbert space L?(Q)

h, h? € L%(0, T; [3(Q))

gr°°g

e Functions G' = G'(Z) may be singular for Z — 0 and
Z — 00
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Example:

divF, F € [2(0, T; L*(Q; R%))

—

diveF = A™Y2[n], h e L[2(0, T; L3(Q))

G(Z)=2z71"?
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Duhamel’s formula

b (t,) =exp (12\/Z> Bq)o,e + 2\1//2[@,6]]
+ exp (—%ﬂ) B‘Do,s - z\i/Z[rO,s]}
+ [[on (E22va) [Frammio + S D] o
v [[on (422Va) e - S R m] as
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Acoustic propagator

. (i;/—AN) [A] J

Since Vu. is integrable it is enough to control only:

.t
o exp (H/—AN) F(—Ay) [h]
~— 5 ———
cut—off in physical space cut—off in frequency space

DISPERSIVE ESTIMATES

/ (e (£ /=2 11 o) de < e, Py

w(e, v, F) — 0 as ¢ — 0 for any fixed ¢ € C°(R), F € C°(0,00)



Theorem [Kato, 1965]

Theorem

Let C be a closed densely defined linear operator and H a
self-adjoint densely defined linear operator in a Hilbert space X.
For A ¢ R, let Ry[\] = (H — M\Id)~! denote the resolvent of H.
Suppose that

r= sup ||C o Ry[A] o C*[v]||lx < o0.
MR, veD(C*), ||lv|x=1

Then

o0

sup 7r/ | C exp(—itH)[w]||% dt < 2.

weX, wllx=1 2 J-o
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Apply Kato's theorem to

X = 1%(Q)
H=+\/-An, C=ypoF(-Ap), Fe C®(0,00), p € Q)

oF(—Ap) F(=An)y = pF(—Ap)

1
V=ABy - A (—An) - X

LIMITING ABSORPTION PRINCIPLE

<c< oo
[L%;L7]

sup
peC, 0<a<Re[u]<A<1, 0<|Im[u]|<1

¥

1
(p(_AN) —
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RAGE theorem

Theorem

Let X be a Hilbert space, H: D(H) C X — X a self-adjoint

operator, C : X — X a compact operator, and P. the orthogonal
projection onto H., where

X=H:o® clx{span{w € X | w an eigenvector of H}}

Then
1

T

— 0 for 7 — o0.

/ exp(—itH)CP. exp(itH) dt
0

£(X)
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Apply RAGE theorem to

X—Lz() ﬁc
©0), 0 <

= ( Ap), with ¢ € C§°(9),

©°
<1

M

/OT <exp (—15\/—7AN> O’ F(—Ap)exp (12\/_7@\,) X: y> dt

- 5/0”8 <exp (—it\/E) 2F(~Ap) exp (it\/E) X; Y> dt

< w(@) X2 1Y l20)

where w(e) - 0ase — 0
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For Y = F(—Ap)[X] we deduce that:

dt

/0 ' [eF(-anyew (i2v=ax) X

< w(s)HXH%z(Q) for any X € L%(Q)

2
12(Q)

w(e) = 0fore — 0

e Kato's theorem yields w(e) = ¢
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General approach via spectral measures

(exp (i2V/=Bn) 11 G(-Aw)e])
_ /0 " exp (%fx) GOVAO) dya,

[, - Spectral measure associated to ¢

he 120,001 dpp). 1llz, < Al
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Conclusion

RAGE theorem: i, does not charge points (point spectrum of
—Ay is empty) = w(e,:) - 0ase — 0

Kato’s theorem: i, is Lipschitz with respect to the classical
Lebesgue measure:

po(1) < c(9)|/] for any interval I C (8,1/9).

= w(e,-) =~ €. This property holds if —Ay satisfies Limiting
Absorption Principle.

Intermediate results:

po(1) < c()|1|* for any interval | C (4,1/9).
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Decay via RAGE theorem:

/OT ‘<€Xp (i\/%) v, F(A)90>‘2 dt J

:/OT/OOO/OOOeXp<i(\/;<—ﬁ);> X
< F()F(y)0(x) W(y) dpg(x) dpg(y) de

<e/ / </ exp (—(t/T)? exp(i(\/;(—ﬁ)g) dt>><

X FO)F(y)W(x)W(y) dpp(x) dug(y)
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4¢2

<eTf/ / exp( TV~ \F|2>

X[ [W(y)] FONdpe(x) [F(y)|dpg(y)
by Cauchy-Schwartz inequality

< wi(e, F, )|Vl

w4(5, F,p) <
o [ [T ow (-TRESE) ol Fm o) aut)

4
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Conclusion via RAGE theorem

w(e,F,p) > 0ase—0

jt, does not charge points

—

the point spectrum of A is empty
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Following Y.Last [1996]:

/OTK‘*XP (AL) 1, Falel)| ae J

<erv [T 1veor ([T oo (<P i) »

3

X F2(x) dpp(x)
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/OOO exp (—WT) dpp(y)

3

o0 2 2
X =yl T
- Z/ exp (W4) dps(y)
=0 “ en<|/y—v/x|<e(n+1) €

Zexp( 2-,-2>

cup [
n>0 sn§|ﬁ—\/?|<s(n+1

for x € supp|F]
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Stone’s formula:

1y (a; b)

b—¢ 1 1
= lim i - dx
5L'B’+nir6’+/a+5 <(A—)\—i77 A—A+in)¢’¢>
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Limiting absorption principle:

Operators
Vo(A=A+in)toV:I12(Q) — L2(Q),

Vvl = 1+ [xP)7/2 s> 1

| are bounded uniformly for A € [a,b], 0 < a< b, n >0, |
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Conclusion via Kato's result

Operator A satisfies Limiting Absorption Principle

e

poll] < cs|l| for any interval I C [6,1/6], 6 >0

w(e, F,p) < Vec(F, )
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Uniform decay for varying domains

°
Q. =R\ K., K.C{lx|] <r}
°
QcCQ., C, forex >e
°
0 \Q| - 0ase—0
°

Q. satisfy the uniform cone condition

= w(e, F,p) =~ e J
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Stone’s formula =

pep(a, b) = /ab <(W;/\ _ W;:A> ,¢>L2(QE) d\, 0<a<b,

+
where W solve

e e . E=
Awy +Aw, =g in Q. Viw_y - njasq. =0,

Sommerfeld radiation condition

lim r (8, + i\fA) wh =0, r=|x

r—o0
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Reduction to bounded domain case:

supply] C {|x| < R}

EAE Z Z a"Y["(0,¢) for |x| = 2R

I=0 m=—1

(r,0,¢) polar coordinates

h§1)(iﬁr)

for all x € R3\ Bag,
h(”(iﬁzm

00 /
Wi () =2 Z
=0 m=

Y™ spherical harmonics of order /

hfl) spherical Bessel functions
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“Perforated” domains

M

Q. =Q\ ) Bylx]
i=1

Bs[xi] = {lx — xi| < 6}

d(e) —0ase—0
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Stratified fluids

pr(é) = évxF

Anelastic constraint

div,(3U) =0

1
A= =divy(5V,) J
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