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Singular limit problem:

Viscous, compressible, and heat conducting fluid in motion:

@ mass density o = o(t, x)
@ absolute temperature ¥ = Y(t, x)

o velocity field u = u(t, x)

Asymptotic limit for
o low Mach number (incompressible regime)
@ high Reynolds number (inviscid limit)

@ high Peclet number (low heat conductivity)
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Scaled Navier-Stokes-Fourier system

EQUATION OF CONTINUITY

Oro + divk(ou) =0

BALANCE OF MOMENTUM

1
Or(ou) + divi(ou ® u) +| 5 Vxp(e.9)| = (&2 div,s

ENTROPY PRODUCTION

0¢(os(0,9)) + divk(os(o, ¥ —|—d1vX <M>
(S :V,u — q(19, VXZ:) ‘ Vx19>

S
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Thermodynamic functions

pressure p = p(o,1), internal energy e = e(p, ), entropy s = s(p,?)

GIBBS’ EQUATION

9IDs(0,9) = De(o,9) + p(o,9)D <z)

THERMODYNAMIC STABILITY

Ip(o,v)
do

Oe(p,v)

99 >0

>0,

Eduard Feireisl Inviscid limits of N-S-F system



Constitutive relations

NEWTON’S RHEOLOGICAL LAW

2
S=pu (qu + Viu— 3divxu]l> + ndivul

FOURIER’S LAW

q=—rVyd
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Relative entropy

BALLISTIC FREE ENERGY

Ho(o, ) = o( (o, 9) — ©s(o,))

1
9% ,Ho(0,0) = Eagp(g, ©)

03Ho(2,9) = (9 — ©) S0se(0, )

RELATIVE ENTROPY
Ee (9, J,u

/Q BQ“‘ = g% <H@(9”9) - W%(;’e)(a — 1)~ Holr, @))

r,O, U) =

4
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Dissipative solutions

RELATIVE ENTROPY INEQUALITY

T

[55 (Q, Jd,u|r,©, Uﬂ o

+/ / © <53S(19, Viu) : Viu — eb_qu’ Vi) VX19> dx dt
0o Ja

9 9

§/ Re(0,9,u,r,©,U) dt
0

for any r > 0, © > 0, U satisfying relevant boundary conditions

v
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Remainder

‘Re(0,9,u,r,0,U)]

_ /Q (g<atu tu. vxu> (U — u) + £35(¥, Vxu) : vxu) dx

—1—%2 A [(p(r7 ©) — p(o, ﬁ))divU + %(U —u) - Vyp(r, @)} dx
% [ (este.n) = s(r.©)) 20 + o(s(0.9) = (. ©))u- V.0

+ Eb q(ﬁa Vxﬁ)

3 . VX@> dx

1 r—o
+2/Q . (8tp(r, ©)+ U - V,p(r, 9)) dx

3
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Target system

INCOMPRESSIBILITY

divy,v =0

EULER SYSTEM

8tV+V'vXV+erI:0

TEMPERATURE TRANSPORT

O:T+v-VT =0

BASIC ASSUMPTION
The incompressible Euler system possesses a strong solution v on a
time interval (0, Tax) for the initial data vo = H[ug].
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Prepared data

0(0,-) = @-FSQ&&), Q&s) — g(()l) in L2(Q) and weakly-(*) in L°°(Q)
9(0,-) = 9 + 0, 95 — 0§ in L3(Q2) and weakly-(*) in L*(Q)

u(0, ) = o — ug in L2(Q; R3), vo € WX2(Q; R3), k > g
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Boundary conditions

NAVIER’S COMPLETE SLIP CONDITION

u-njpg =0, [Sn] x njpg =0
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Convergence

1
b>0,0<a<?0

ess sup || 0s(t,") =0 ll24153(0) < €€
te(0,T)

Voaur — Vo vin | LR (0, T]; Loo(2: R?))
and weakly-(*) in L>(0, T; L?(Q; R®))

9 — 9
£

— Tin L0, T]; LY (2 R%), 1< g<2|,

loc

and weakly-(*) in L>(0, T; L%(Q))
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Uniform bounds

The uniform bounds independent of ¢ are obtained by means of
the choice
r=9, 06=9, U=0

in the relative entropy inequality:

0 — 0
ess sup <c,
te(0,T) € [2415/3(Q)
’195 —J
ess sup <c,
te(0,T) € [2(Q)

€ss  sup H\/EUsHL2(Q;R3) =c
te(0,T)
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Linearization

€0t <Q€E_ Q) + divy(oeu:) =0

[ 0c = 9. -9
e0¢(0eue) + Vi (fﬂgp(@’ﬁ) %2\t 9yp(a,9)| = >:af1

fo.—3] . oz
O (Qaﬂs(é%ﬁ) +50,5(0,0)| =2 >

5

+div,

(9.9 . . _[a=
(Q8195(Q, 19) - + QaQS(Q, 19) g 2 ) u€] —¢eh

€

v
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MAIN IDEA OF THE PROOF
Take B
re=0+¢eR:, ©: =0 +¢eT., U =v+ V0,

as test functions in the relative entropy inequality

ACOUSTIC EQUATION

edt(aR: + BT.) + wAd,. =0
£0:Vx®: + Vyi(aR. + 5T:) =0

TRANSPORT EQUATION

0t(0T: — BR:) + U - V(6T — BR:) + (6 Tz — BR:)divU. =0
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Dispersion of acoustic waves

—Apy Neumann Laplacian

92,0 — wAND =0 J

Hypotheses imposed on 2
e Limiting absorption principle. The operator Ay satisfies the
limiting absorption principle in €2:

pol[-Ayt = A£i0] Loy, pe C°(Q) bounded in L3(Q)

for A belonging to compact subintervals of (0,00), § > 0.

@ There is a compact set B such that Ay satisfies the
Strichartz estimates on D = Q U B.

@ The operator Ay satisfies the local energy decay.
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Strichartz estimates and local energy decay

[@llisrisoy < c(I0ONao) + 1000 imr20) |

2 2 1
2§q<00,§<1—>7’y—3—3—
p q

| (09 MBno) + Ix@e0(t. M-sy) e

—0o0

< c(19(0) 1120 + 19:2(0) 1120 )
X € C(Q).
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