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Motivation
Classical formulation:

—Au=FfinQ, u=0o0n09Q
Weak formulation: V = H}(Q)
veV: a(uv)=F(v) VveV
Error bound: u, € V

Ju— unll < Ily = Vuglly + G | +divylly Vy € H(div, Q)

Notation:
» a(u,v) = (Vu,Vv)
> F(v) =(f,v)

> (o) = [ pvax

» Energy norm: [le||> = a(e, e) = (Ve, Ve) = | Ve||3
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Standard:
Ivlg < G lIVvlly Vv € Hg()
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Friedrichs’ inequality

Standard:
Ivlg < G lIVvlly Vv € Hg()

Generalization:
[vilo < Crllvll VveV

Variants:

> IVIP = [Vull 4 = (AVu, Vu)
> VIR = 1V ull + llullg = (AVw, Vo) + (cu, u)

» V =H}Q) %
» V={veH(Q):v=00nT} @



Relation with eigenvalues
Friedrichs’ inequality:

Ivlp < Ge||Vv|, YveV = GCp=sup Vil
veV HVVHO

Laplace eigenvalue problem

—Au; = )\,-u,~ in Q, u; = 0 on 00

1
Theorem: C2 = ™ where A1 = min \;.
1 1




Relation with eigenvalues
Friedrichs’ inequality:

Ivlp < Ge||Vv|, YveV = GCp=sup Vil
veV HVVHO

Laplace eigenvalue problem

—Au; = )\,-u,~ in Q, u; = 0 on 00

1
Theorem: CZ = — where \; = min \;.
1 1

Proof:
Weak formulation: u; € V: (Vu;, Vv) = Ai(uj,v) VveV

V2 1 2
N = inf | V!o o L_ HVHo2
veV lvl[g A1 vev Vv




Rayleigh—Ritz approximation of \;
Weak formulation:
uieV: (Vu,Vv)=X(u,v) YveV
Rayleigh—Ritz method: V" c V, dim V" < o
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Weak formulation:
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Theorem: A\ < )\f

Proof:

vev |v[g T veeve v]d

2 2
Al — |nf ||VV||0 < 'nf ||VV||0 A{'




Rayleigh—Ritz approximation of \;
Weak formulation:
uieV: (Vu,Vv)=X(u,v) YveV
Rayleigh—Ritz method: V" c V, dim V" < o
ul e Vi (YUl wvh) = Al vy vl e vh

Theorem: A\ < )\f

Proof:

vz L Vv
A1 = inf I v!() < inf H V!() = /\l11
vev |vilg — vhevr v

Corollary: Cﬁ’ < Cp




Lower bound on \;

Method of a priori-a posteriori inequalities.

Theorem (Kuttler and Sigillito, 1978):
» Let H be a separable Hilbert space.
» Let A: H+— H be a symmetric operator with dense domain D(A).
» Other technical assumptions on A.
» Let A\, and u, € D(A) be arbitrary.

» Consider w € D(A) such that Aw = Au, — A us.
Then
A Il
A T el
Ussage: H=L%(Q), A=-A =
j= | wlo ¢ 9wl

min
1

Ai L sl lusllo



Algorithm
Al — A

Ai

||VW”0

< @G
= T

min
i

Theorem:
Vwllg < |Vuse — gl + Cr [[Aus + divglfg

Vq € H(div, Q).
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1

Theorem:
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Algorithm
A — Ab
Ai

min
i

<o (10 le ¢ s,
HUIHO HUIHO

Theorem:
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Algorithm
A — Ab
Ai

min
I

<o (Il g 1 +dval)

R lezllo lezllo
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Iy I+ dival

v

CGr =

=
:

lezllo ltllo

:>)\’1’)\1<1<+1B>
ot
ATV VA1

v
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Algorithm
A — Ab
Ai

min
I

<o (Il g 1 +dval)

R lezllo lezllo

Theorem:
IVwlo < IVe. — allg + G [ v +divally Va € H(div, ).

» Compute Rayleigh—Ritz approximations /\i’ and uf

> Set A\, = )\’1’ and u, = uf

» Find approximate minimizer q, € H(div, Q)

v Vel A divally 1
h lutlly latle 7 VA

A — A1 1 1
> = 1)\1 < T (a + \/)\716>
» o 0< X2+ aX+ 38— M, where X = V1

v

= X2 <)\, where Xp = (\/042—1—4()\5’—5)—(1) /2



Algorithm
min A= M A
i )\,’

<o (Il g 1 +dval)

R lezllo lezllo

Theorem:
IVwlo < IVe. — allg + G [ v +divally Va € H(div, ).

» Compute Rayleigh—Ritz approximations /\i’ and uf
> Set A\, = )\’1’ and u, = uf
» Find approximate minimizer q, € H(div, Q)

o [ wly Dt aval, 1
HUIHO HUIHO 2
A\ 1 1
T TN S (“wﬁ/})
» o 0< X2+ aX+ 38— M, where X = V1
» = X?< )\, where Xp = (\/042 + 4\ —8) —a) /2
> = CFS]./XQ



Computing g, € H(div, Q)

2
(IV6. = allg + G [ Avu. + divallo)

~ (6} ~allo + (M) 2|\buf +divalo)’
1+o 1+g .
< THV ! —allg+ 5 \|>\1U1 divally, Ve>0
Minimize over W), C H(div, Q):
Find g, € Wj:
. . Y Ao h oh oy
(divap, divep,) + ?(Qhﬂ/)h) = ?(Vuplbh) — (AM{uy, divepy,)

Y, € Wy
Solve by standard Raviart-Thomas finite elements.



Example 1

I'n

—~Au=fin (0,2) x (0,1)

u=0onTlp

n'Vu=0on N I'p
52
f=>
16
X1 . TX2

= sin — sin —
u I 4 I 2



Example 1

—Au=fin(0,2) x (0,1) t
u=0onTlp
n"Vu=0on N I'p
572 Friedrichs’ constant — Example 1
f=—u 1 ‘ ‘
16
u = sin ™ sin e
4 2 0.8
Go— — =—0s5604 O
CES |
G = 0.5693 ' —*-Upper bound p=1

Gx" = 0.6004 o2l - Upper bound p=2||

’ ——Exact value

-©-Lower bound

10° 10" 10° 10° 10
Number of elements




Example 1

—Au=fin(0,2) x

u=0onTlp

n"Vu=0on N

Lower bound:
reference solution

Upper bound:
error majorant

(0,1)

I'n

T'p

Error bounds — Example 1

107 f

;><—Upper Bound p=1
—¥-Upper bound p=2
-©-Lower bound

10

10" 10> 10° 10
Number of elements




Example 2

—Au="fin(0,2) x (0,1)
u=0onTp

n"Vu=0on N

I'p
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Example 2

—Au="fin(0,2) x (0,1)
u=0onTlp I'p Tn

n"Vu=0on N

2
£ 5t sin T™X1 sin X2 Friedrichs’ constant — Example 2
16 4 2 15
GV = 0.7750 1
P = 0.8712
0.75f 0/9/9/6——9—‘0
0.5r
- Upper bound p=1
0.25¢ - Upper bound p=2||
0 -©-Lower bound
10° 10" 10° 10° 10"

Number of elements



Example 2

—Au="fin(0,2) x (0,1)
u=0onTp

n"Vu=0on N

I'p I'n

Error bounds — Example 2

Lower bound:
reference solution 10 |

Upper bound:
error majorant

107

-©-Lower bound

;><—Upper Bound p=1
—¥-Upper bound p=2

10" 10> 10°
Number of elements

10



Conclusions

Practical method

v

v

Guaranteed upper bound on Friedrichs' constant

v

Easy to generalize to similar inequalities

» Computationally demanding

v

Exact representaion of the domain Q

» = curved elements

v

= Splines!
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