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Relative entropy (energy)

DYNAMICAL SYSTEM:

d
au(t) = A(t,u(t)), u(t) € X, u(0) = up

RELATIVE ENTROPY:

U:t— U(t) € Y a “trajectory” in the phase space Y C X

E{U(t)‘U(t)}, E:XXY >R
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Basic properties

e £{u |U} is a “distance” between u, and U, meaning
E(u,U)>0and E{ulU} =0onlyifu=U

o & {u(t)|0} is a Lyapunov function provided U is a

equilibrium, meaning

A(t, U) = 0 for all t.

t— S{U(t)

U} is non-increasing

5{U(T)‘U(T)} < 5{u(s)‘U(s)}+c(T) /STS{u(t)‘U(t)} dt

if U is a solution of the same system (ranging in a “better”
space) Y
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Applications

@ STABILITY OF EQUILIBRIA. Any solution ranging in X
stabilizes to an equilibrium belonging to Y (to be proved!)

o WEAK-STRONG UNIQUENESS. Solutions ranging in the
“better” space Y are unique among solutions in X.

@ SINGULAR LIMITS. Stability and convergence of a family of
solutions u. corresponding to A. to a solution U = u of the
limit problem with generator A.
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Navier-Stokes-Fourier system

EQUATION OF CONTINUITY:

Oro + dive(ou) =0, u-nlspa =0
MOMENTUM BALANCE:
0t(ou) + divy(ou @ u) + Vyp(o,9) = divyS + oV F
ulpo =0, or [Sn] X njypo =0
ENTROPY PRODUCTION:

B(0(0,9)) + divx(os(o,9)u) + divy (%) — 0, q-nlpg =0

TOTAL ENERCY CONSERVATION:

d
at Jo

1
(2gru12+ge(g,ﬁ)—gF) dx =0

V.
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Constitutive relations

GIBBS’ RELATION:

1
UDs(o,9) = De(e,9) + p(o; 19)05

NEWTON’S RHEOLOGICAL LAW:

2
=u <qu + Viu— 3divXu]I> + ndiv,ul
FOURIER’S LAW:
q=—rVt
ENTROPY PRODUCTION RATE:

-V, 0
a:(Z)ﬂ(S:VXu—q Z >
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Equilibrium (static) solutions

Equilibrium solutions minimize the entropy production:

u=0, 9 =19 >0 a positive constant

STATIC PROBLEM:

vxp(éa 19) = EVXF

Total mass and energy are constants of motion:

/@dx:Mo, /@e(é,ﬁ)—éF b= 5
Q Q
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Total dissipation balance

:1:11_./9 <;Q’U’2 a4 Hg(@,ﬂ) — 5/‘%(5,?9)(@ —8)— Hﬂ(é,ﬁ)> dx

+/adx=0
Q

BALLISTIC FREE ENERGY:

Hs(o,9) = o(e(o, ) — Ts(e, 1))

Eduard Feireisl Relative entropies and the N-S-F system



Thermodynamic stability

POSITIVE COMPRESSIBILITY:

op(0,9)
> 0

POSITIVE SPECIFIC HEAT AT CONSTANT VOLUME:

0e(o,)

99 >0

COERCIVITY OF THE BALLISTIC FREE ENERGY:
@ o Hy(0,7) convex

o ¥ — Hy(o,V) attains its global minimum (zero) at ¥ =¥
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Relative entropy

5(g,ﬁ,u)r,e,u)

= /Q <;g\u —UJ)? + H(o,9) — ‘w@a(;’@)(e —r)— He(r, @)> dx
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Dissipative solutions

RELATIVE ENTROPY INEQUALITY

[5 (g,ﬁ,u r,®, Uﬂ::o
+/T /Q(z <S(19, Viu) : Vyu — a(v, VX::) . Vﬂ?) dx dt
0

S/ R(0,9,u,r,0,U) dt
0

for any r > 0, © > 0, U satisfying relevant boundary conditions

v

Eduard Feireisl Relative entropies and the N-S-F system



Remainder

(R(¢,,u,r,0,U)]|

:/ 0 atu+u-vxu) -(U—u)—i—S(q?,VXu):VXU) dx
Q

—i—/ p(r d1vU+ (U —u)- pr(r,@)} dx

:O

/Q(Q s(o0, ) — s(r, @ 8t@+g<s(g,19)—s(r,@))u.vxe

+/ - Q(6tp(r,9) + u-vxp(r,e)) dx
Q r

ive entropies and the N-S-F system



Calculations

1 1 1
/Q|u—U\2 dx—/g\ulz—gu-U—i—glU\z dx
02 02 2

/ Holo.9) dx = / (0e(o, 9) — ©os(o,9)) dx
Q

Q

aH@(r7 @)

—r) dx
. oo (0—r)
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Applications

o UNCONDITIONAL STABILITY OF THE EQUILIBRIUM
SOLUTIONS. Any (weak) solution of the Navier-Stokes-Fourier
system stabilizes to an equilibrium (static) solution for t — oc.

o WEAK-STRONG UNIQUENESS. Weak and strong solutions
emanating from the same initial data coincide as long as the
latter exists. Strong solutions are unique in the class of weak
solutions.

@ SINGULAR LIMIT IN THE INCOMPRESSIBLE, INVISCID
REGIME. Solutions of the Navier-Stokes-Fourier system
converge in the limit of low Mach and high Reynolds and
Péclet number to the Euler-Boussinesq system.
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Scaled Navier-Stokes-Fourier system

EQUATION OF CONTINUITY

Oro + divk(ou) =0

BALANCE OF MOMENTUM

1
Or(ou) + divi(ou ® u) +| 5 Vxp(e.9)| = (&2 div,s

ENTROPY PRODUCTION

(0, Vxv
0t(0s(0, 1)) + divy(os(o, V¥ dle <)>

(7 .- qw, )

S

Eduard Feireisl Relative entropies and the N-S-F system



Target system

INCOMPRESSIBILITY

divy,v =0

EULER SYSTEM

8tV+V'vXV+erI:0

TEMPERATURE TRANSPORT

O:T+v-VT =0

BASIC ASSUMPTION
The incompressible Euler system possesses a strong solution v on a
time interval (0, Tax) for the initial data vo = H[ug].
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Prepared data

0(0,-) = @-FSQ&&), Q&s) — g(()l) in L2(Q) and weakly-(*) in L°°(Q)
9(0,-) = 9 + 0, 95 — 0§ in L3(Q2) and weakly-(*) in L*(Q)

u(0, ) = o — ug in L2(Q; R3), vo € WX2(Q; R3), k > g
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Boundary conditions

NAVIER’S COMPLETE SLIP CONDITION

u-njpg =0, [Sn] x njpg =0

Eduard Feireisl Relative entropies and the N-S-F system



Convergence

1
b>0,0<a<?0

ess sup || 0s(t,") =0 ll24153(0) < €€
te(0,T)

Voaur — Vo vin | LR (0, T]; Loo(2: R?))
and weakly-(*) in L>(0, T; L?(Q; R®))

9 — 9
£

— Tin L0, T]; LY (2 R%), 1< g<2|,

loc

and weakly-(*) in L>°(0, T; L*(Q))
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Uniform bounds

The uniform bounds independent of ¢ are obtained by means of
the choice
r=9, 06=9, U=0

in the relative entropy inequality:

0 — 0
ess sup <c,
te(0,T) € [2415/3(Q)
’195 —J
ess sup <c,
te(0,T) € [2(Q)

€ss  sup H\/EUsHL2(Q;R3) =c
te(0,T)
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Linearization

€0t <Q€E_ Q) + divy(oeu:) =0

[ 0c = 9. -9
e0¢(0eue) + Vi (fﬂgp(@’ﬁ) %2\t 9yp(a,9)| = >:af1

fo.—3] . oz
O (Qaﬂs(é%ﬁ) +50,5(0,0)| =2 >

5

+div,

(9.9 . . _[a=
(Q8195(Q, 19) - + QaQS(Q, 19) g 2 ) u€] —¢eh

€

v
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MAIN IDEA OF THE PROOF
Take B
re=0+¢eR:, ©: =0 +¢eT., U =v+ V0,

as test functions in the relative entropy inequality

ACOUSTIC EQUATION

edt(aR: + BT.) + wAd,. =0
£0:Vx®: + Vyi(aR. + 5T:) =0

TRANSPORT EQUATION

0t(0T: — BR:) + U - V(6T — BR:) + (6 Tz — BR:)divU. =0
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Dispersion of acoustic waves

—Apy Neumann Laplacian

92,0 — wAND =0 J

Hypotheses imposed on 2
e Limiting absorption principle. The operator Ay satisfies the
limiting absorption principle in €2:

pol[-Ayt = A£i0] Loy, pe C°(Q) bounded in L3(Q)

for A belonging to compact subintervals of (0,00), § > 0.

@ There is a compact set B such that Ay satisfies the
Strichartz estimates on D = Q U B.

@ The operator Ay satisfies the local energy decay.
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Strichartz estimates and local energy decay

[9llsrssiop < (19O 0) + 0COllo) |
2§q<oo,2§<1_2>7 :§_§_,
p 2 qg p

| (09 MBno) + Ix@e0(t. M-sy) e

—0o0

< c(19©)l11+(0) + 10:20)l1r-1(0) )
x € C2(D).
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