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Relative entropy (energy)

Dynamical system:

d
dt

u(t) = A(t, u(t)), u(t) ∈ X , u(0) = u0

Relative entropy:

U : t 7→ U(t) ∈ Y a “trajectory” in the phase space Y ⊂ X

E
{

u(t)
∣∣∣U(t)

}
, E : X × Y → R
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Basic properties

E {u |U} is a “distance” between u, and U, meaning
E(u,U) ≥ 0 and E {u|U} = 0 only if u = U

E
{

u(t)|Ũ
}

is a Lyapunov function provided Ũ is a

equilibrium, meaning

A(t, Ũ) = 0 for all t.

t 7→ E
{

u(t)
∣∣∣Ũ} is non-increasing

E
{

u(τ)
∣∣∣U(τ)

}
≤ E

{
u(s)

∣∣∣U(s)
}

+c(T )

∫ τ

s
E
{

u(t)
∣∣∣U(t)

}
dt

if U is a solution of the same system (ranging in a “better”
space) Y
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Applications

Stability of equilibria. Any solution ranging in X
stabilizes to an equilibrium belonging to Y (to be proved!)

Weak-strong uniqueness. Solutions ranging in the
“better” space Y are unique among solutions in X .

Singular limits. Stability and convergence of a family of
solutions uε corresponding to Aε to a solution U = u of the
limit problem with generator A.
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Navier-Stokes-Fourier system

Equation of continuity:

∂t% + divx(%u) = 0, u · n|∂Ω = 0

Momentum balance:

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = divxS + %∇xF

u|∂Ω = 0, or [Sn]× n|∂Ω = 0

Entropy production:

∂t(%s(%, ϑ)) + divx(%s(%, ϑ)u) + divx

(q

ϑ

)
= σ, q · n|∂Ω = 0

Total energy conservation:

d
dt

∫
Ω

(
1

2
%|u|2 + %e(%, ϑ)− %F

)
dx = 0
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Constitutive relations

Gibbs’ relation:

ϑDs(%, ϑ) = De(%, ϑ) + p(%, ϑ)D
1

%

Newton’s rheological law:

S = µ

(
∇xu +∇t

xu−
2

3
divxuI

)
+ ηdivxuI

Fourier’s law:

q = −κ∇xϑ

Entropy production rate:

σ = (≥)
1

ϑ

(
S : ∇xu−

q · ∇xϑ

ϑ

)
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Equilibrium (static) solutions

Equilibrium solutions minimize the entropy production:

u ≡ 0, ϑ ≡ ϑ > 0 a positive constant

Static problem:

∇xp(%̃, ϑ) = %̃∇xF

Total mass and energy are constants of motion:∫
Ω

%̃ dx = M0,

∫
Ω

%̃e(%̃, ϑ)− %̃F dx = E0
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Total dissipation balance

d
dt

∫
Ω

(
1

2
%|u|2 + Hϑ(%, ϑ)−

∂Hϑ(%̃, ϑ)

∂%
(%− %̃)− Hϑ(%̃, ϑ)

)
dx

+

∫
Ω

σ dx = 0

Ballistic free energy:

Hϑ(%, ϑ) = %
(
e(%, ϑ)− ϑs(%, ϑ)

)
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Thermodynamic stability

Positive compressibility:

∂p(%, ϑ)

∂%
> 0

Positive specific heat at constant volume:

∂e(%, ϑ)

∂ϑ
> 0

Coercivity of the ballistic free energy:
% 7→ Hϑ(%, ϑ) convex

ϑ 7→ Hϑ(%, ϑ) attains its global minimum (zero) at ϑ = ϑ
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Relative entropy

E
(
%, ϑ,u

∣∣∣ r ,Θ,U
)

=

∫
Ω

(
1

2
%|u−U|2 + H(%, ϑ)− ∂HΘ(r ,Θ)

∂%
(%− r)− HΘ(r ,Θ)

)
dx
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Dissipative solutions

relative entropy inequality[
E
(
%, ϑ,u

∣∣∣r ,Θ,U
)]τ

t=0

+

∫ τ

0

∫
Ω

Θ

ϑ

(
S(ϑ,∇xu) : ∇xu−

q(ϑ,∇xϑ) · ∇xϑ

ϑ

)
dx dt

≤
∫ τ

0
R(%, ϑ,u, r ,Θ,U) dt

for any r > 0, Θ > 0, U satisfying relevant boundary conditions
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Remainder

R(%, ϑ,u, r ,Θ,U)

=

∫
Ω

(
%
(
∂tU + u · ∇xU

)
· (U− u) + S(ϑ,∇xu) : ∇xU

)
dx

+

∫
Ω

[(
p(r ,Θ)− p(%, ϑ)

)
divU +

%

r
(U− u) · ∇xp(r ,Θ)

]
dx

−
∫

Ω

(
%
(
s(%, ϑ)− s(r ,Θ)

)
∂tΘ + %

(
s(%, ϑ)− s(r ,Θ)

)
u · ∇xΘ

+
q(ϑ,∇xϑ)

ϑ
· ∇xΘ

)
dx

+

∫
Ω

r − %

r

(
∂tp(r ,Θ) + U · ∇xp(r ,Θ)

)
dx
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Calculations

∫
Ω

1

2
%|u−U|2 dx =

∫
Ω

1

2
%|u|2 − %u ·U +

1

2
%|U|2 dx

∫
Ω

HΘ(%, ϑ) dx =

∫
Ω

(%e(%, ϑ)−Θ%s(%, ϑ)) dx

∫
Ω

∂HΘ(r ,Θ)

∂%
(%− r) dx
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Applications

Unconditional stability of the equilibrium
solutions. Any (weak) solution of the Navier-Stokes-Fourier
system stabilizes to an equilibrium (static) solution for t →∞.

Weak-strong uniqueness. Weak and strong solutions
emanating from the same initial data coincide as long as the
latter exists. Strong solutions are unique in the class of weak
solutions.

Singular limit in the incompressible, inviscid
regime. Solutions of the Navier-Stokes-Fourier system
converge in the limit of low Mach and high Reynolds and
Péclet number to the Euler-Boussinesq system.
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Scaled Navier-Stokes-Fourier system

equation of continuity

∂t% + divx(%u) = 0

balance of momentum

∂t(%u) + divx(%u⊗ u) +
1

ε2
∇xp(%, ϑ) = εa divxS

entropy production

∂t(%s(%, ϑ)) + divx(%s(%, ϑ)u) + εb divx

(
q(ϑ,∇xϑ)

ϑ

)
=

1

ϑ

(
ε2+a S : ∇xu− εb q(ϑ,∇xϑ) · ∇xϑ

ϑ

)
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Target system

incompressibility

divxv = 0

Euler system

∂tv + v · ∇xv +∇xΠ = 0

temperature transport

∂tT + v · ∇xT = 0

Basic assumption
The incompressible Euler system possesses a strong solution v on a
time interval (0,Tmax) for the initial data v0 = H[u0].
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Prepared data

%(0, ·) = % + ε%
(1)
0,ε, %

(1)
0,ε → %

(1)
0 in L2(Ω) and weakly-(*) in L∞(Ω)

ϑ(0, ·) = ϑ + εϑ
(1)
0,ε, ϑ

(1)
0,ε → ϑ

(1)
0 in L2(Ω) and weakly-(*) in L∞(Ω)

u(0, ·) = u0,ε → u0 in L2(Ω; R3), v0 ∈ W k,2(Ω; R3), k >
5

2
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Boundary conditions

Navier’s complete slip condition

u · n|∂Ω = 0, [Sn]× n|∂Ω = 0
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Convergence

b > 0, 0 < a <
10

3

ess sup
t∈(0,T )

‖ %ε(t, ·)− % ‖L2+L5/3(Ω) ≤ εc

√
%εuε →

√
% v in L∞loc((0,T ]; L2

loc(Ω; R3))

and weakly-(*) in L∞(0,T ; L2(Ω; R3))

ϑε − ϑ

ε
→ T in L∞loc((0,T ]; Lq

loc(Ω; R3)), 1 ≤ q < 2 ,

and weakly-(*) in L∞(0,T ; L2(Ω))

Eduard Feireisl Relative entropies and the N-S-F system



Uniform bounds

The uniform bounds independent of ε are obtained by means of
the choice

r = %, Θ = ϑ, U = 0

in the relative entropy inequality:

ess sup
t∈(0,T )

∥∥∥∥%ε − %

ε

∥∥∥∥
L2+L5/3(Ω)

≤ c ,

ess sup
t∈(0,T )

∥∥∥∥ϑε − ϑ

ε

∥∥∥∥
L2(Ω)

≤ c ,

ess sup
t∈(0,T )

‖√%uε‖L2(Ω;R3) ≤ c
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Linearization

ε∂t

(
%ε − %

ε

)
+ divx(%εuε) = 0

ε∂t(%εuε) +∇x

(
∂%p(%, ϑ)

%ε − %

ε
+ ∂ϑp(%, ϑ)

ϑε − ϑ

ε

)
= εf1

∂t

(
%∂ϑs(%, ϑ)

ϑε − ϑ

ε
+ %∂%s(%, ϑ)

%ε − %

ε

)

+divx

[(
%∂ϑs(%, ϑ)

ϑε − ϑ

ε
+ %∂%s(%, ϑ)

%ε − %

ε

)
uε

]
= εf2
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Stability

Main idea of the proof
Take

rε = % + εRε, Θε = ϑ + εTε, Uε = v +∇xΦε

as test functions in the relative entropy inequality

acoustic equation

ε∂t(αRε + βTε) + ω∆Φε = 0

ε∂t∇xΦε +∇x(αRε + βTε) = 0

transport equation

∂t(δTε − βRε) + Uε · ∇x(δTε − βRε) + (δTε − βRε)divxUε = 0
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Dispersion of acoustic waves

−∆N Neumann Laplacian

∂2
t,tΦ− ω∆NΦ = 0

Hypotheses imposed on Ω

Limiting absorption principle. The operator ∆N satisfies the
limiting absorption principle in Ω:

ϕ ◦ [−∆−1
N − λ± iδ]−1 ◦ ϕ, ϕ ∈ C∞c (Ω) bounded in L2(Ω)

for λ belonging to compact subintervals of (0,∞), δ > 0.

There is a compact set B such that ∆N satisfies the
Strichartz estimates on D = Ω ∪ B.

The operator ∆N satisfies the local energy decay.
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Strichartz estimates and local energy decay

‖Φ‖Lp(R;Lq(D)) ≤ c
(
‖Φ(0)‖Hγ(D) + ‖∂tΦ(0)‖Hγ−1(D)

)

2 ≤ q < ∞,
2

p
≤
(

1− 2

q

)
, γ =

3

2
− 3

q
− 1

p

∫ ∞

−∞

(
‖χΦ(t, ·)‖2

Hγ(D) + ‖χ∂tΦ(t, ·)‖2
Hγ−1(D)

)
dt

≤ c
(
‖Φ(0)‖Hγ(D) + ‖∂tΦ(0)‖Hγ−1(D)

)
,

χ ∈ C∞c (D).
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