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Mathematical model

Viscous, compressible, and heat conducting fluid in motion

@ mass density o = o(t, x)
@ absolute temperature ¥ = 9(t, x)

e velocity field u = u(t, x)

v

Thermodynamic functions

@ pressure p = p(o, V)
e internal energy e = e(p,v)

@ entropy s = s(p,v)

@ viscous stress S = S(1J, V,u)
e heat flux q = q(9, Vx19)
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Gibbs' equation and thermodynamic stability

Gibbs' equation

1
Y¥Ds(0,9) = De(o,?) + p(0,9)D <>
Willard Gibbs o

[1839-1903]

Thermodynamic stability

Ludwig Boltzmann
[1844-1906]
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Constitutive relations

Newton’s rheological law

2
= X wu— =di xull iv,ul
| AT S M(’lg) <V u -+ VXU 3d1V u > + 77(19)le u
[1643-1727]

Fourier's law

q = —(V)Vxd Francois Marie

Charles Fourier
[1772-1837]
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Navier-Stokes-Fourier system

Oro + divk(ou) =0

. : Momentum balance
. Momentum balance |

Marie Henri Navier
[1785-1836] 0t(ou)+divy (ouau)+V,ip(o,9) = div,S(J, Vxu)

Entropy balance

8t(QS(Q, 19)) "‘diVx(QS(Q, ﬁ)u) + divy <Q(19,vx19)> .,

v George
1 v Gabriel
a:19<S:VXu—q 3 ) Stokes

[1819-1903]



Scaled Navier-Stokes-Fourier system

Mass conservation

[Sr]0¢0 + divy(ou) =0

| \

Momentum balance

[Sr]@t(gu)+divx(gu®u)+[ ] xp(0,9) [ ]divx (9, Vu)

&~
4
)

[
D=
¢”)

n

Entropy balance

[Sr]0:(es(e, ¥)) + divi(es(e, ¥ [P ]
o3 ([ v- H >
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Characteristic numbers - Strouhal number

Strouhal number

char

length,
[Sr] = = :
tlrnecha]rVeIOCItyChar

Cen&k Strouhal
[1850-1922]

Scaling by means of Strouhal number is used in the study of the

long-time behavior of the fluid system, where the characteristic
time is large
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Mach number

velocity par

[Ma] = .
7 3 \/ pressure,,, /density 4.,

)

Ernst Mach [1838-1916]

Mach number is the ratio of the characteristic speed
to the speed of sound in the fluid. Low Mach number
limit, where, formally, the speed of sound is becoming
infinite, characterizes incompressibility
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Reynolds number

Reynolds number

density ., velocity g length g ..

[Re] = —
VISCOSILY char

Osborne Reynolds
[1842-1912]

High Reynolds number is attributed to turbulent flows, where the
viscosity of the fluid is negligible

Eduard Feireis! Singular limits in fluid mechanics



Péclet number

Péclet number

pressure,,velocity ;..length ;..
~ heat conductivity,,, temperature

char

High Péclet number corresponds to low heat conductivity of the
fluid that may be attributed to turbulent flows

[}
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Inviscid incompressible limit

Mass conservation

Oro + divk(ou) =0

Momentum balance

| \

1
Be(ou) + divx(ou @ u) + | 5 Vip(o,9) | =2 iv,S(¥, Viu)

Entropy production

| m
N

Or(0s(0.9)) + diva(os(o.9)u) + [ diva (Q(ﬁyﬁvx'ﬂ))

= 119 (8(19, V) : Viu — q(f}, vxg) , fo})

A\
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Boundary conditions and total energy conservation

Navier's slip

u- I‘I|3Q =0, 6C[S(19, qu)l‘l]tan + ﬁ(ﬂ)u‘ag =0,¢p03>0

<

Energy insulation

a(9, Vi) - nlpo = —B(9)eul?lsq, d =2+a—c—b

N

Total mass and energy conservation

d d
— dx =0, — 2olul® + 9)) dx =
dt/ﬂ@ x =0, dt/ﬂ(e olul® + oe(o,9)) dx =0
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Target (limit) system

Incompressible Euler system

div,v =0

Ov + divye(vev) + V,MM=0

- =
Leonhard Paul vV-njgpo =0
Euler [1707-1783]

Transport equation for temperature deviation

6tT+v-VXT:0
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Ballistic free energy _

Ballistic free energy

Ho(o,#) = o( (o, 9) — ©s(0,))

Coercivity

1
837QH@(95 e) = Eagp(ga e)

0oHo(e,9) = (0 — ©) 5dne(e,)
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Coercivity

Coercivity of the ballistic free energy

- 8H@(r, @)
do

> c(K) (lo— r|* + |9 — ©) forall (0,9) € K

He (0,) (e —r)—He(r,©)

8H@(r, @)

H@(Q’ﬁ)_ (Q_r)_H@(rae)

> c(K) (1 + oe(o,9) + os(0,9)) whenever (g,7) € [0,00)? \ K.

v

K C (0,00)? a compact containing r, ©
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Relative entropy (scaled)

Relative entropy

£, (g,ﬁ,u r,e,u) -
| [5eta =P+ 5 (et - 2500 - ) - hor. )
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Dissipative solutions

Relative entropy inequality
|:58 (Qu 197 u’r, @7 U>i| =0
/ / ( S(9, Vxu) : qu—e”_zqw’ VX:;)'VX@) dx dt

T O
+e“/o /im?ﬁw2 dsS, dt

< / Re(0,9,u,r,0,U) dt
0

|

for any r > 0, © > 0, U satisfying relevant boundary conditions

4
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Remainder

’Rg(g,ﬁ,u,r,@,U)‘

:/ / (Q(atu+u'vxu) (U—u)+&S(, Vyu) : VXU> dx dt
0 Q
teoe / Bu- U dSy dt
0 o0
17 o
5 [ (.00 ple.0))avu+ 20 ) V.. ©)] et
/ / —sr@))(@t@—l—u-VX@)dxdt
+ab—2/ /W-vxe dxdt
0o Ja Y

1 /" r—o
+€2/0 /Q r (atp(r’@)+u pr(f,@)) dx dt




Initial data and far field behavior

Initial data

0(0,-) = 2+¢ 052 | o§!) — 0§ in L3(Q) and weakly-(¥) in L(Q)

9(0,-) = I+ 95|, 95 — 9§ in L2(Q2) and weakly-(*) in L(Q)

u(0,-) = ug. — vo in L2( R%), vo € WR2(Q; R%), k

Far field

V
N | o1
\

0—2, 99— 10, u—0as|x| — oo

A,
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Convergence

1
b >0, 0<c<a<?0,

Asymptotic incompressibility

ess sup_ || 0=(t,") = @ Il 25/ < €€
te(0,T)

Vosue = /o vin | L ((0, TT; Lo (2 R%))
and weakly-(*) in L>(0, T; L*(Q; R®))

P —
€

— Tin |[L2((0, T); LT (2 R?)), 1< g < 2|

loc loc

and weakly-(*) in L>(0, T; L*(Q))

N,
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Uniform bounds

The uniform bounds independent of ¢ are obtained by taking

r=p, ©0=9, U=0

in the relative entropy inequality

Energy bounds

| A\

0 — 0
ess sup ||—— <cgc,
te(0,T) € [2+15/3(Q)
’195 -9

ess sup <c,
te(0,T) € [2(Q)

ess sup |[[\/0clel|j2(q.pe) < €
te(0,T)
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Dissipation

Integral bounds

I,

2

2
Viue + Viue — §divxu€]1 dx dt < ¢

T
5"_5/ / lus|? dS, dt < ¢
0 o0

;
gb—2/ /|VX19€|2 dx dt < c
0 Q
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First order approximation

Linearization

€0 (ng_ Q) + divy(ocue) =0

—Jo: — _ |9 -9
ede(0-uc) + Vi (agp(@,ﬂ) %~ 2|+ 0yp(a, D)

€ €

N ) p— —_ —20
0, (@8195(@,19) |+ 20,s(2.9) # Q)

+divy,

€ €

a 195 - 19 = = & & —
(@8195(57 19) + Qags(gaﬁ) ¢ ¢ > Ua]

) = fl,a

:f-Za

)
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Stability

Another application of the relative entropy inequality

Take

r.=0+¢eR., ©.=0+¢T., U. =v+V, b,

as test functions in the relative entropy inequality

Acoustic equation

edi(aR: + B7:) + wAP. =0
e0tVx®: + Vyi(aR. 4+ 57:) =0

Transport equation

at((g,]; - ﬁRs) +U; - VX((S?; - BR&:) + (67; - ﬂRz-:)diVXUs =0
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Lighthill's acoustic equation

Wave equation
E(?tZ+ Aq) = 07 €8t¢ + Z = 0,

Neumann boundary condition

VX(D 0 n‘aQ = O,

Initial conditions

Michael James
Lighthill ®(0-) = o, Z(0,") = Zo,

[1924-1998]
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Neumann Laplacean

Domain of definition

D(—~Ay) = {W e Wi(Q) ‘ /vaw-vx¢ dx = /Qg¢ dx

for a certain g € L?(Q) and all ¢ € Cé’o(ﬁ)}

—Ayw = g.

| A\

Neumann Laplacean

The Neumann Laplacean —Ap is a non-negative self-adjoint
operator on the Hilbert space L2(Q)

N
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Duhamel’s formula

Acoustic potential

Jean-Marie
Constant Duhamel
[1797-1872]




Strichartz estimates for the flat Laplacean

> . p
/_ ) Hexp (+iv=at) [h]HLq(Rs) At < [[AZa e
1 1 3
~=—+—, <
2 p q

4

Local energy decay

[ Iese (siv=zse)

2
He, 2(R3) 5 S C(X)”h”Ha,2(R3)

a <

, X € C(RY)

N W
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Limiting absorption principle

Limiting absorption principle

The cut-off resolvent operator
(14 |x2)2o[-Ay —p£i0] Lo (1 + [x[2)™/2, 6 >0, s> 1

can be extended as a bounded linear operator on L2(Q) for § — 0
and p belonging to compact subintervals of (0, c0).

Tosio Kato [1917-1999] Robert S. Strichartz



Kato's theorem

Theorem

Let A be a closed densely defined linear operator and H a
self-adjoint densely defined linear operator in a Hilbert space
X. For A\ & R, let Ry[\] = (H — AId)~! denote the resolvent
of H. Suppose that

M= sup |Ao Ry[\] o A*[V]||x < oo.
AZR, veD(A*), |lv|x=1

Then

T [ . 2 2
sup = |Aexp(—itH)[w]||% dt < T=.
weX, [wlix=12 J—oo
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Frequency localized local decay estimates

Decay estimates

| xe-ames (xiv=aw) t[, , d < clalkg

Scaled estimates

T t 2
| [xet-anee (xiv=ans) ], , dt< Dl

G € C2°(0,00), x € C°(Q)
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Admissible domains

Limiting absorption principle

The operator Ay satisfies the limiting absorption principle in Q.

Strichartz estimates on “larger” domain

There is a domain such that DN {|x| > R} = QN {|x| > R} and
A satisfies the Strichartz estimates in D.

Local decay on “larger" domain

The operator Ay satisfies the local energy decay estimates in D.

Frequency localized Strichartz estimates

/:: HG(—AN)exp (ﬂ:i\/—ANt) [h]leq(Q) < c(G)lIlxq

1 1 3 o
E_EJFE, g < oo, Ge CX0,00)

A S a————




