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Model description

STATE VARIABLES:

Mass density Absolute temperature Velocity field
0= o(t, x) 9 = 9(t, x) u=u(t, x)
THERMODYNAMIC FUNCTIONS:
Pressure Internal energy Entropy
p = p(o,) e =e(o,9) s = s(o,7)
Gibbs’ law

9Ds(0,9) = De(o, 9) + plo, 9)D (;)

Thermodynamic stability

dp(o, 1)
do

de(p,V)
09

>0, =c,(0,9) >0
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Transport and conservative boundary conditions

TRANSPORT:

Newton’s law

S = S(9, Vxu) = u(9) (qu + Viu— idivxu]l) + n(9¥)div,ul

Fourier’s law
q = q(?, Vi) = —k(9) Vi
CONSERVATIVE BOUNDARY CONDITIONS:
No-slip
ulspo =0
No-flux
q-njpe =0
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Navier-Stokes-Fourier system (classical formulation)

Equation of continuity

Oro + divy(ou) =0

Momentum balance

Ot(ou) + divy(ou ® u) + Vip(0,9) = divyS 4+ oV F
Thermal energy equation

0c,(0,9) (0¢% +u-V,9)+divig=S: Vou—1

p(o,9) ..
59 div,u
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Navier-Stokes-Fourier system (weak formulation)

Equation of continuity

Oro + divy(ou) =0

Momentum balance

Ot(ou) + divy(ou @ u) + Vip(o,9) = div,S + oV, F

Entropy equation

B (05(0,9)) + div(05(0, 9)u) + divy (%) .

o2 (5: V- 25)

Total energy balance

4
dt Jq

1
(Geluf + oele.) - oF ) ax=0
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Initial state

Initial data (regular)

Q(O, ) = 0o, 19(07 ) = 190, U(O7 ) = Up

| |
00 € W33(Q), 0<o<o0<0
. —
Yo € W32(Q), 0 <9 <9 <0
| |

Compatibility conditions

Vo -nlag =0, uglag =0
Vp(00,Y0) = div,S(Po, Vxug) — 00V Flag =0
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Existence of smooth solutions (classical theory)

A. Valli [1982] Existence of classical local-in-time solutions in the class:

0 € C([0, Tamax); W*%(Q)), 9o € C([0, Tmax); W>?(Q))
u € C([0, Thmax); W32(Q; R?))

A.Matsumura, T.Nishida [1980,1983] Existence of classical
global-in-time solutions in the same class for the initial data sufficiently
close to a static state

Static states

u=0, 9 =19 >0 — a positive constant, V,p(3,7) = §VF
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Weak solutions

m Equation of continuity holds in the sense of distributions
(renormalized equation also satisfied)

m Momentum balance holds in the sense of distributions

m Entropy production equation holds in the sense of distributions,
entropy production rate satisfies the inequality

m The system is augmented by the total energy balance
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Global existence of weak solutions

HYPOTHESES
Pressure

plo,9) = 195/2/3( +§194,a>0

)
i P(Y)

YI—><><> Y5/3

=P >0

Internal energy

3 (932 0 a .,
e(g,ﬂ)—219<g)P(193/2)+919 ,a>0

Viscosity coefficients
p(¥) = (1+9<), 0 <n) <c(l+97), a€l2/51]
K(0) ~ (1+0°)
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Total dissipation balance

Ballistic free energy
He (o, ) = o( (0, 9) — (0, 9) )
2 1
0, ,He(0,0) = gagp(g,@)

619/‘/@(@, 19) = Q(’L9 — 9)6195(@, ’19)

Coercivity

o — Ho(o,©) is convex

¥ +— Ho(p, V) attains its global minimum (zero) at ¥ = ©
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Total dissipation balance

d 1 dHz(8,9) N e
— - . S T 5) — Hs(3,9) | d
r Q(29|lll + Hz(o,9) 90 (0 —0) — Hy(3,0) | dx
+/1§0 dx =0
Q

0, ¥ — static solution

/@dx:/ng:Mm /ge(gﬁ)—ngx:Eo
9] 9] Q



Relative entropy

Relative entropy functional
¢ (o.0,u|r,0,U)

—/Q(;g|u—u2+He(g,z9)—W(Q—r)—%(ﬂ@)) dx
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Dissipative solutions

Relative entropy inequality

£ (0.0, r,@,U)I:O
+/T/ % <S(19,qu) :Veu — W) dx dt
o Ja

g/ R(0,9,u,r,©,U) dt
0

for any r > 0, © > 0, U satisfying relevant boundary conditions
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Remainder

| R(0,9,u,r,0,U)]

:/ (Q(@tU+u Vi U) (U —u) +S(¥9, Vyu) : vxu> bz
/ [(P p(o, 19))d1vU+ (U—u) - V,p(r, @)} dx

/(9(5 )3t9+9( (Q,ﬂ)*s(r,@))wvxe

+ (ﬂﬁv V) ~VX@) dx

+/ = Q<atp(r;e)+U'vxp(r,@)> %
Q r
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Results

Global existence of weak solutions

Dissipative (weak) solutions exist (under the constitutive restrictions
specified above) globally in time for any choice of the initial data.

Stability

Any (weak) solution of the Navier-Stokes-Fourier system stabilizes to an
equilibrium (static) solution for t — oo.

Weak = dissipative

Any weak solution is a dissipative solution

Weak-strong uniqueness

Dissipative (weak) and strong solutions emanating from the same initial
data coincide as long as the latter exists. Strong solutions are unique in
the class of weak solutions.
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Conditional regularity criterion

Theorem (Conditional regularity)

Let Q C R? be a bounded domain of class C*>t. Under the structural
hypotheses specified above, suppose that {o,9,u} is a dissipative (weak)
solution of the Navier-Stokes-Fourier system on the set (0, T) x Q
emanating from regular initial data satisfying the relevant compatibility
conditions.

Assume, in addition, that

ess sup ||V,u(t,-)||Lo(q;r3x3) < 00
tc(0,7T)

The {o,9Y,u} is a classical solution determined uniquely in the class of all
dissipative (weak) solutions to the problem.
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Other applications

® Inviscid incompressible limits for the system with Navier-type
boundary conditions

m Inviscid vanishing viscosity and/or heat conductivity, convergence to
(inviscid) Boussinesq system
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Scaled Navier-Stokes-Fourier system

EQUATION OF CONTINUITY

0ro + divy(ou) =0

BALANCE OF MOMENTUM

1
O¢(ou) + divy(ou @ u) + ?VXp(g, 9) | = diVXS

ENTROPY PRODUCTION

9r(os(0.9)) + divi(es(o, 9)u) +| " div, (W)

L (v - [T V)
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Target system

INCOMPRESSIBILITY

div,v =0

EULER SYSTEM

Oov+v-Vv+V, M1=0

TEMPERATURE TRANSPORT

0T +v-ViT =0

BASIC ASSUMPTION
The incompressible Euler system possesses a strong solution v on a time
interval (0, Tiax) for the initial data vo = H[uo].
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Prepared data

0(0,-) =72+ 69(()2, ggi — Qél) in L2(Q) and weakly-(*) in L*(Q)

9(0,-) =9+ 6796172, 1982 — 1981) in L2(Q) and weakly-(*) in L>(Q)

u(0,-) = ug. — ug in L*(; R*), vo € Wk2(Q; R®), k > g

Eduard Feireisl Complete fluid systems



Boundary conditions

NAVIER'S COMPLETE SLIP CONDITION

u- n|aQ = 0, [Sn] X n|,99 =0
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Convergence

1
b>0,0<a<?0

ess sup || oc(t,") — 2 [l 24 15r30) < €C
te(0,T)

Vorue = /3 in | L ((0, T (2 %)) |
and weakly-(*) in L>(0, T; L3(Q; R%))

I — I
£

— Tin|[L2((0, T]; LY (4 R?), 1<qg<2],

loc

and weakly-(*) in L>(0, T; L3(Q))
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Linearization

€0y (ng_ Q) + diVx(qus) =0

3 e — 196 - 79
0 (0-uc) + Vi (3919(@7 ) E—2 |+ dyp(a, ) ) = efy

| Ve =0 _. =] 0—
81’ <Q6195(Qv 19) + Qags(g7 79) Q Q )

Ve =0 . . —
+diVx (Qa&S(AL 19) c + QaQS(Qa 19) ¢ ¢ > us] = Ef2

3
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Stability

Application of the relative entropy inequality
Take

rE:§+5R8; ea :54’57:5’ Uc =v+ Vb,

as test functions in the relative entropy inequality

Acoustic equation

edi(aR: + BT.) + wAd. =0
€0; VP + Vyi(aR. + 8T:) =0

Transport equation

61&(57:3 - ﬂRE) +U.- Vx((s/];s - ﬁRE) + (57; - BRa)diVan =0
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Lighthill’s acoustic equation

Wave equation

SatZ+A¢ :07 68t¢+Z:O7

Neumann boundary condition

qu) o I’I‘QQ = 07

Initial conditions

®(0-) = ®o, Z(0,-) = 2o,
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