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1 Introduction

There is a large number of real world phenomena that fits in the category of wave motion. We start
with a simple example of transport equation

(0, + cd,)[u] = 0. (1.1)

Obviously, the solutions of (1.1) also satisfy

O su(t, ¥) — 20y pult, ) = (0; — cdy) o (6 + cO,) [u] = 0. (1.2)

Equation (1.2) is a simple example of wave equation; it may be used as a model of an infinite elastic
string, propagation of sound waves in a linear medium, among other numerous applications. We shall
discuss the basic properties of solutions to the wave equation (1.2), as well as its multidimensional
and non-linear variants. To begin, we remark that (1.2) falls in the category of hyperbolic equations,
in accordance with the form of its principal part in the frequency (Fourier) variables

Oeult, x) — POuatt = Figt o) o) [(€ = &) Flrar—oen[tl] |

where F denotes the standard Fourier transform.



Equation (1.2) can be written in several rather different form. Setting d;u = v we may rewrite

(1.2) as a system
at<:> :A<Z>, with A = [0233@ I(H.
There is another way how to write (1.2), this time as a first order system
Owu+ 0,v =0, O + 20u = 0.
Equation (1.3) has a non-linear variant
O+ 0,v =0, O+ po(u) =0
that can be interpreted in two different ways, namely as
tau — ai,mcr(u) =0,
or, introducing a scalar potential ®,
0;® =u, 0, = —v,

we obtain

9;® — 0, (0(0,9)) = 0.
Finally, going back to (1.3), we easily deduce

R+ co,R=0, 0,S—¢c0,S=0, R=v+cu, S=v— cu.

(1.3)

(1.4)

Note that the the systems decouples in (1.4) and can be easily solved by the method of characteristic

lines.

1.1 Exercises



1.1.1 Duhamel’s formula

Suppose that X (t) = T'(t)[Xo] is a solution operator for the problem

d
Ex(t) = A[X(t)], X(0) = X,

where A is a linear operator. Show (formally) that

Y(t) = [ T(t—9)lf(s) ds

is a solution of the non-homogeneous problem

%Y@) = A[Y ()] + f(t), Y(0) = 0.

1.2 Bibliography

There several basic texts concerning the theory of wave motion and wave equations. The reader
interested in physical aspects may consult the monographs by Billingham and King [2], Debnath [5],
Lighthill [9]. Mathematical aspects are nicely exposed by John [6], Leis [7], Strauss [14] , Vainberg
[16]. For more recent and advanced treatment, we refer to Tao [15]. More references will be mentioned
in relevant parts of the text.

2 1-D linear wave equation
Writing
O su(t, z) — 0, pult, x)
= (0 — €Oyp) 0 (O + ¢0y) [u] = (0 + cOy) o (O — Oy) [ul,
we easily observe that solutions of (1.2) can be written in the form
u(t,z) =v(x +ct) +w(x —ct), t€ R, x € R. (2.1)

The general formula (2.1) yields solutions of (1.2) defined for both positive and negative values of
the time ¢. The processes described by means of the wave equations like (1.2) are perfectly time
reversible.



2.1 Uniqueness, finite speed of propagation
Multiplying the operator in (1.2) by u we obtain
1
8t§(|8tu\2 +2|0ul?) — 20, (Orudhu) = 0, (2.2)
where the quantity
1

E = §(|6tu|2 + 02|8xu|2>

represents the energy. Given an interval [a,b] C R' we may integrate (2.2) over the cone
Copr = {te (0,7), z € R ‘ O<t<rT z€ (a+ct,b—ct)},

and use the Gauss-Green theorem to obtain

" L0 + 20,uP) de = [ 210 + o) d 2.3

/CL+762(| u|—|—c\u])x—/a§(|tu|—|-c\zu])x (2.3)
g |Owu(t, a + ct)]* + 2|0,ult,a + ct))| ) + ¢ (0,udpu) (t,a + ct) dt
g pu(t,b — ct)|? + Elopu(t, b — et)?) — ¢ (@,udyu) (t,b — ct) dt

b1
2, 2 2
g/a i(yatm + |0y u| ) dz
Thus the values of the solution in the wave cone C,; . are uniquely determined by the value of the
“initial data” in terms of d;u and O,u at the initial time ¢ = 0. The solutions of the wave equation
(1.2) admit a finite speed of propagation ¢ > 0. This is a characteristic feature of all hyperbolic
problems, meaning the solutions propagate along characteristic curves (lines).
2.2 D’Alembert solution operator
As we have observed in the previous discussion, the solutions of the wave equation (1.2) are

e given by the formula (2.1),

e uniquely determined by v and O;u at the initial time ¢ = 0.



Consequently, in terms of the functions v, w introduced in (2.1),
U(O,.%) = UO(I) = U(I‘) + U)(I),

Ou(0,2) = uy(x) = cv'(x) — cw'(x);

whence, going back to (2.1), we deduce the so-called D’Alembert solution formula:

u(t,z) = %[uo(x + ct) + uo(x — ct)] + %/xi:t uy(s) ds. (2.4)

¢ French mathematician, philosopher,
Jean le Rond dAlembert and encyclopedist
(wikipedia) [1717 (Paris) - 1783 (Paris)]

e D’Alembert rule

e D’Alembert  theorem  (Gauss -
D’Alembert):

A polynomial of degree N with complex
coefficients possesses exactly N com-
plex roots

e D’Alembert martingale

It is easy to check that the function u given through (2.3) (i) solves the homogeneous wave
equation (1.2) and (ii) satisfies the initial conditions

u(0,2) = ug(x), du(0,z) =u(z), r € R (2.5)
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as long as ug, u; are twice continuously differentiable in R.

We note immediately that solutions of the wave equation obtained from (2.4) inherit the regularity
of the initial data (2.5). What is more, formula (2.4) could be used to provide a kind of “generalized”
solution to the initial-value problem (1.2), (2.5) provided the data wug, u; are not smooth enough.
Indeed, for non-smooth data, say

up € Llloc(Rl)7 uy € Llloc(Rl)7
we can find a sequence of smooth functions uy. € C:°(R), ui . € C(R) such that
Upe — Ug, Upe — Up D L'(K) for any compact set K € R

and use (2.4) to conclude that the corresponding (unique) solutions u. of (1.2), (2.5) converge in
Li.([0,T] x R') to a (unique) function u that may be viewed as a “weak” solution of the same
problem with the initial data wug, uy.

2.3 Dispersion and local energy decay

Before starting our study of more complicated and even nonlinear analogues of the wave equation
(1.2), we take advantage of the simplicity of D’Alembert’s formula (2.4) to illustrate other charac-
teristic features of wave propagation. We have seen in Section 2.1 that the total energy

/Rl L2G) = %/ (10eu(t, ) + |9zu(t, )?) do

Rl

is a constant of motion, meaning independent of time for any solution of (1.2). Of course, we need
the above integral to be finite at least at one time instant ¢ ¢5. This can be easily seen for compactly
supported initial data wug, u; by means of formula (2.3) and then extended via density argument to
general ug, u;.
Consider the local energy
b
Eap(t) = / E(t,z) dz for —oo <a <b< 0.
a

Going back to D’Alembert’s formula (2.4) we may compute

/_7; Eap(t) dt = ;/_TT /ab (\atu(t,x)F + |8xu(t,x)|2) dx dt

7



T b

<2c+ 1)/ / (10.u0(x + ct)[* + Do (x — ct)?) da
—T Ja
T b

+2(e+ 1)/T/ (10w (z + )P + [z — ) de db

< 4(b - a) /R (10.:u0(2) + 0,1 (2)]?) da

for any 7" > 0.
Letting T" — oo we may therefore infer that

—0o0

N Bt dedt<ap—a) [ E@©,2) de, (2.6)
[ | e I,

which may be interpreted as local energy decay. In accordance with (2.1), waves - solutions of (1.2)
emanating from spatially localized initial data - decay locally to zero in the integral sense (2.6). We
may also observe uniform time decay, meaning

[/;E(t,x)] S 0ast — oo

but only for compactly supported initial data. These phenomena are conditioned by unboundedness

of the physical space R, where the waves have enough space to disperse. As we shall see later, the

situation is completely different on bounded intervals, where the waves are reflected by the boundary.
Finally, we note that the local L?—norm of a solution

b
/ lu(t, 2)? do

may remain bounded below away from zero as t — oo for certain data as a direct consequence of
D’Alembert’s formula.

2.4 Wave equation on bounded intervals

Consider the 1-D wave equation
OFu(t,x) — 202 u(t,x) =0 (2.7)
for x belonging to a bounded interval, say (0, ), supplemented with the boundary conditions

u(t,0) = u(t,m) =0, t >0, (2.8)



and the initial conditions,
u(0,2) = up(x), Ou(0,z) =uy(z), x € (0,m). (2.9)

Our goal is to observe that D’Alembert’s formula (2.4) can be adapted to the initial-boundary
value problem (2.7 - 2.9). To this end, we first suppose that ug, u; are spatially periodic with the
period 27. In such a case, it is easy to check that D’Alembert’s formula yields a solution u with the
same property, meaning periodic in z. In addition, assuming that both ug and u; are odd functions,

up(—z) = —up(x), ui(—2) = —uy(z), v € R

we easily observe that u given by (2.4) is also odd. In particular, as a byproduct, we recover the
boundary conditions (2.8).

We conclude that D’Alembert’s formula yields a solution for the problem (2.7 - 2.9) provided
the initial data ug, u; were extended as odd, 2r—periodic functions in R'. Similarly, replacing odd
by even we may deduce a solution formula for the problem with the so-called Neumann boundary
condition

O,u(t,0) = Oyu(t, ™) = 0. (2.10)

: German mathematician, physicist, and
Carl Neumann mineralogist
(wikipedia) (1832 (Koenigsberg) - 1925 (Leipzig)]

e works on Dirichlet principles

e Neumann series

At this point, it is important to notice that extending the function ug to be odd requires certain
restrictions on 8§,zu0 at the boundary points = 0, 7 provided we want C?—solutions, namely,

92 4u(0) = 92 Jug(m) = 0. (2.11)

9



Relations (2.11) are called compatibility conditions, and their meaning is the the initial datum wug
satisfies the equation (2.7) at ¢ = 0 provided we set, in accordance with (2.8),

07u(0,-) = 0.
Similarly, we derive that the compatibility conditions for the Neumann problem (2.10) read simply
(%uo(O) = axUO(W) = 0.

Next, we introduce the total energy

;/0 (10t 2)* + |0pu(t,2) %) da,

exactly as in Section (2.1). However, unlike in the case of spatially localized solutions defined on the
whole real line R!, the total energy, though evaluated over a compact interval, does not decay to
zero as t — o0o. It can be easily seen that the total energy is actually conserved, meaning constant
in time, as a consequence of our choice of the boundary conditions.

We conclude this part by a simple but rather interesting observation that all solutions to the

initial-boundary value problem (2.7 - 2.9) are also 27”—752’me periodic, a property that can be easily

deduced from (2.4).

2.5 Riemann invariants, observability

There are several ways how to write the wave equation (1.2). One possibility is to introduce the
so-called Riemann invariants
R = Oyu + cO,u, S = Oy — cOu (2.12)

and rewrite (1.2) as a system
O R(t,x) — cOR(t,x) =0, 0,S(t,x) + c0,S(t,z) =0 (2.13)

of two independent transport equations. Accordingly, the quantity R is constant along the lines
t +— [t,z — ct], while S is constant on t — [t,x + ct] for = € R.

10



- ' German mathematician
Georg Friedrich Bernhard Rie- | [1826 (Breselenz) - 1866 (Verbania, Italy)]

mann
(wikipedia) e Riemann problem

e zeta function

e Riemann hypothesis

Now, we exploit the relatively simple form of (2.13) to show boundary observability property for
(1.2). To be more specific, we consider the situation described by the initial-boundary value problem
(2.8), where the solutions u and, consequently, d,u vanish on the boundary x = 0, 7. Since (2.13) is
a system of two independent transport equations, we easily deduce that

T, 2 27/ c 9 3 2m/c 9
/ R (c’x) dz < C/ R*(t,0) dt = ¢ / |0 u(t,0)|° dt, (2.14)
0 0

0

and, similarly,

LI A 2m/c 9 3 27 /c 9
['s (x) dr<e [T S0 at=¢ [T 0.l 0) dr (2.15)
0 C 0 0

We recall the convention that v may be viewed as a 2w —spatially periodic odd function, while 0, u
is 2w —spatially periodic even.
Consequently, relations (2.14), (2.15) give rise to

/07r EQ@2r/c,x) dx = ;/OW <|3tu|2 + |8Iu|2) (2m/c, ) dx
2m/c
< const(c)/ 10,u(0,1)]* dt.
0

11



However, the total energy is a constant of motion and we deduce the observability inequality:

s 1 /7 2m/c
/ Ey dz = 5/ (10,0l + Jur?) da < Const(c)/ 19,u(t, 0)[2 dt. (2.16)
0 0 0

The message hidden in (2.16) reads that the behavior of solutions to the boundary value problem
(2.7 - 2.9) is entirely controlled (determined) by the boundary values of d,u on the time interval of
the length at least 27/c.

Repeating the same arguments we can show a more general inequality

" By da < const(c) /0 e (19u(t, )2 + 0,u(t, €)[) dt for any € € [~m, 7] (2.17)

—T

that holds for any 2w —spatially periodic solution u, in particular for any solution of the initial-
boundary value problems (2.7), (2.8), (2.9) and (2.7), (2.9), (2.10).

2.6 Uniqueness and data dependence

As we have seen in Section 2.1, smooth solutions are uniquely determined by their initial values on
any wave cone. We have used the Gauss-Green formula, and, in particular, the existence of suitably
defined traces. Here, we show that solutions of the wave equation (1.2) are still uniquely determined
by the initial data even if we suppose much less regularity. To begin, we extend the class of solutions
saying that u is a weak solution of the wave equation (1.2) on the space-time cylinder (0,7") x B if
the integral identity

/OT /Bu(t, x)(agtgp(t, x) — 202 ot x)) de dt =0 (2.18)

holds for any test function ¢ € C°((0,7") x B).
First, we observe that the “initial values” of v and O;u at the time ¢ = 0 can be well defined.
To this end, we take a special test function ¢(t,z) = ¥ (t)¢(z) in (2.18). We easily check that the

mapping
t|—>/ u(t, z)p(x) do dt
B

has two derivatives with respect to the ¢ variable integrable in [0, 7] provided u € L'((0,T) x B). In
particular,

t— /Bu(t,a:)¢>(x) dz dt, o (t — /Bu(t,x)(b(:v))

may be viewed as continuous functions of ¢t € [0, 7. In particular, it makes sense to speal about the
values of u and J;u at any time ¢ € [0, 7.

12



Assuming the solution u is more regular, say,
o, dyu € L*((0,T) x B)
we deduce from (2.18) that
J& [ (Oyu 4 cOpu) (Byp — cOpp) da dt =0,
(2.19)
S [ (0w — cOpu) Dy + cOpp) da dt = 0.

Thus the Riemann invariants R, S introduced in (2.12), being now solely integrable functions
in (0,7) x B, are still constant on the characteristic lines ¢ — [t,x — ct], t — [t,x + ct], z € B,
respectively. In particular, the solution « is uniquely determined in the wave cone

Cpr={t€(0,T), ye B|t€(0,T), y=ax+ctory=ux—ctfor a certain x € B}

by the initial values v and d,u at t =0, z € B.

2.7 Exercises

2.7.1 Non-homogeneous wave equation

Using Duhamel’s formula (see Section 1.1.1) show that

u(t,z) = %[uo(a: +t) + up(x — t)} + % /:urt uy(s) ds

1 st rz+(t—s)
—1—5/0 /x_(t_s) [f(s,z)}dz ds

is a solution of the non-homogeneous problem
pu(t,x) — 02 u(t,x) = f(t,x), t >0, z € R,

u(0, ) = uo(z), du(0,z) =uy(x), x € R.

13



3 1-D nonlinear wave equation
We discuss briefly the situation when the speed of propagation dependends on d,u, specifically,
O} ult, ) — Dp0 (Dpult, x)) = 0. (3.1)

Our main goal is to show that, in general, equation (3.1) does not admit smooth solutions no matter
how regular and small the initial data are.

3.1 Riemann invariants

Similarly to Section 2.5, we rewrite equation (3.1) in terms of the Riemann invariants. Writing
U= atu, V= &UU

we obtain

OV — 0,U =0, U — 8,0(V) = 0. (3.2)

= [ o'ls) ds

Furthermore, introducing

we get
—\Jo!(V)a,U =0, QU — \Jo'(V),h(V) = 0;
whence
0, [U + h(V)] = \Jo'(V)a, [U + h(V)] = 0, (3.3)
and

0, [U = h(V)] + /o' (V)0 [U — h(V)] = 0. (3.4)

By analogy with Section 2.5, the quantities
R=U+hn(V), S=U—-h((V)
are termed Riemann invariants

3.2 Shock waves

It is easy to deduce from (3.3), (3.4) that the nonlinear equation (3.1) does not admit, in general,
global in time smooth solutions. Indeed we can take that initial data so that U = h(V'), meaning

14



S = 0. In accordance with (3.4), this property is preserved at any positive time as S is constant
along characterisic curves

X' = /o' (V(t,X), X(0) = X,.

In particular, equation (3.3) reads

1 / —1 _
O — 5\ (=1 (U)D.U = 0, (3.5)

which is nothing other than a quasilinear transport equation discuss. In particular, solutions of (3.5)
may develop discontinuities (shock waves) in a finite time even if the initial data are taken smooth
and small.

3.3 Exercises

3.3.1 Shock waves for transport equations

Using the method of characteristics show that solutions of the 1D—transport equation
Oyu~+ 0zo(u) =0

develops singularities in a finite time provided o is a non-linear function.

3.4 Bibliography
A classical introduction to the theory of shock waves is the monograph by Smoller [13]. A more
recent exposition of the theory of nonlinear conservation laws can be found in Dafermos [4] or
Benzoni-Gavage and Serre [1], [12].
4 Semilinear equations
We finish our study of the wave equations by the semilinear problem

O yu(t, ) — 95 ju(t,z) + f(u(t,z)) =0, (4.1)

together with its multidimensional analogue

15



O u(t, z) — Agu(t, z) + f(u(t,z)) =0, (4.2)

supplemented with suitable boundary as well as initial conditions.

In contrast with the example of a quasilinear equation examined in the previous section, the
equations (4.1), (4.2) are nonlinear only on the lower order terms. Thus we expect, at least under
certain hypotheses imposed on f, that the solutions will inherit regularity of the initial data.

4.1 Finite time blow-up

Solutions of non-linear equations may not exist an arbitrary long time intervals. We have seen an
example of a singular behavior in Section 3.2, where solutions of a quasilinear equation developed
singularities in the form of shock waves in a finite time. For semi-linear equations like (4.1), (4.2),
solutions may develop a blow-up, where the amplitude becomes infinite in a finite time. In contrast
with the shock waves, where usually the solutions my be “continued” in some form, the blow up
behavior may lead to the ultimate state with hypothetial “infinite” energy. Here, we employ the
method based on convezity of the nonlinear response function developed by Levine [8].

Consider regular solutions of the semilinear equation (4.1), supplemented, for definiteness, with
the homogeneous Dirichlet boundary conditions

u(0,t) = u(m,t) = 0. (4.3)

16



o German mathematician
Johann Peter Gustav Lejeune | [1805 (Dueren) - 1859 (Goettingen)]
Dirichlet
(wikipedia) e number theory

e Dirichlet principle

e mathematical analysis, function theory

Multiplying the equation by 0,u, integrating by parts and making use of the boundary conditions,
we obtain

5 [ (Glow + 1ol + Fw) ) dz =0,
where we have set "
Flu) = —/O £(2) dz.
The quantity
B = | (1|8tu|2 + Hosup FF@W) (1) do
o \2 2 ’

plays the role of energy for the semilinear wave equation (4.2), and, as we have just observed, it is a
constant of motion. Note however that “energy” defined in such a way may be negative.
Introducing

() = ;/Q|u(t,x)|2 do

we easily compute
d
1) = /Q ult, 2)u(t, z) da,

and
72 I(t) = Oyu(t 2t x)0%u(t,x)) d
142 ( ) /Q(| tu( ’:U)’ u( ) ) t7tu< ) )) T,

17



where, by virtue of (4.2),

/u(t,x)@ftu(t,x) dz = _/Q (IVault, o) + f(u(t,2))ult,z)) da.
Q K
Thus, combining the previous two identities, we arrive at

dQ 2 2
51t = (2+23) /Q Opu(t, )|? dz + 2\ /Q Vou(t,o)|? do (4.4)

+/Q ((2+ 4N F(u) — uf(w)(t.2) do — (2 +4N)E

for any A > 0.
Suppose that

e there exists € > 0 such that

(24 ¢e)F(u) > uf(u) for all u € R; (4.5)

e the energy F(t) = E < 0 is negative.
Consequently, we can take A = /4 and compute

](t)(;itQI(t) > (1—}-)\)/Q|u(t,x)|2 dx/ﬂ|8tu(t,x)|2 do (4.6)

2

> (1+ ) (;itl(t)

Y

where we have used the Cauchy-Schwartz inequality. Moreover, it follows from (4.5) that

d2
—I(t) > —(2+4ME >0
()= 2+ ANE >0,

in particular, [ is strictly convex and there is 7 > 0 such that
I(r) >0, I'(t) > 0.

Thus, finally, dividing (4.6) on II’, we get

d d d 1A
T log (dt[(t)> > T log ([ (t)) for all t > 7,

18



from which we deduce that

d d
&I(t) > pl*Mt), with u = &I(T)I*H(T) > 0. (4.7)

Relation (4.7) yields the existence of a finite number T" such that

lim I(t) = oo. (4.8)

t—=T—

We conclude that solutions of the problem (4.2), (4.3) with negative total energy £ must blow-up
in a finite time as soon as that nonlinearity f satisfy the convexity hypothesis (4.5). It is easy to
check that the latter holds, for instance, if

fu) =mu — [ufPtu, m >0, p>1.

Moreover, for such an f, we can find a couple of (smooth) functions uy = ug(x), uy = uy () satisfying

Fy = /Q <;|u1(:13)|2 + ;|a$u0(x)|2 + F(uo(x))> dz < 0.

Accordingly, any classical solution u of the nonlinear wave equation (4.2) emanating from the initial
data
u(0,x) = ug(x), Owu(0,2) =u(x), z € Q (4.9)

must blow-up in a finite time 7', specifically,
/ lu(t,z)|* dz — oo as t — T.
Q

It is worth noting that the arguments used in the above discussion were based mainly on the
structural properties of the non-linearity f. Accordingly, similar examples may be constructed for
other types of boundary conditions and also on a large class of (unbounded) spatial domains, in
particular for Q = R3.

4.2 Soliton solutions, breathers

The example discussed in the previous section showed that the semilinear wave equation need not
to possess a global-in-time solution for a certain class of convex nonlinearities. Here, we consider a
seemingly similar problem, namely the so-called Sine-Gordon equation
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07 u(t, x) — 07 ju(t, z) + sin(u(t,z)) =0, z € R, (4.10)

where the solutions are defined on the whole real line and decay for large =z,

lim u(t,z) = 0. (4.11)

|z|—o00

Equation (4.10) possesses an explicit solution, namely

V1 — w? cos(wt) )
w cosh (\/ 1- ng)

u(t, z) = 4arctan ( (4.12)

for0 <w < 1.

The solution given through (4.12) is called breather; it is time-periodic and spatially localized.
Breathers belong to the class of solutions to nonlinear evolutionary equations termed solitons. Soli-
tons are stable objects and may interact. There is a vast literature devoted to solitons and their
basic properties. The evolutionary equations possessing soliton solutions are typically completely in-
tegrable, meaning, possessing and infinite family of conserved quantities. Here, we restrict ourselves
to claiming that the Sine-Gordon equation (4.10) possesses this kind of spatially localized solutions.

4.3 A priori bounds

Unlike the equations with convex nonlinearities discussed in Section 4.1, the solutions of the Sine-
Gordon equation (4.10) remain bounded on compact time intervals. Indeed we may write

OFu(t, x) — 07 u(t, x) + sin(u(t, z))

= tau(t, x) — 8§7$u(t, x) +u(t,z) + sin(u(t, ) — u(t, x);
whence, multiplying (4.10) on J,u and integrating by parts, we may infer that

;(i [ (1ol + |, + Jul?) (t.2) @t (4.13)
< /R (sin(u(t, 2)) — u(t, ) Beult, ) dt < 2 /Q u(t, 2)||Ovult, )| dz
g/Q]u(t,az)\z dx—i—/ﬂ|8tu(t,x)\2 dz.
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Thus, by virtue of Gronwall’s lemma,
/ (100al? + [0l + [ul?) (¢, ) dt (4.14)
R

< exp(21) /R (10l + [05ul? + [ul?) (0, 2) dt.

- B ol 2 Swedish mathematician

Thomas Hakon Gronwall (1877 (Dylta bruk) - 1932 (New York)]
(wikipedia)
e Gronwall area theorem

e Gronwall inequality

The relation (4.14) yields bounds, uniform with respect to compact time intervals, on the L?—norms
of dyu, 0,u, and v in terms of the initial data. Specifically, denoting

u(0,x) = ug(x), Ou(0,x) = ui(x)
we get
sup ([10u(t, )| 2y + lu(t, ) lwrey) (4.15)
t€[0,T]

< ¢(T) (||U1||L2(R) + ||U0||W1,2(R)) :

We may wish to deduce similar bounds on higher order derivatives. To this end, we take the time
derivative of the equation (4.10), and, denoting d;u = v we obtain

OF v — 02 Jv + cos(u)v = 0.
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Since | cos(u)| < 1, we can repeat the arguments leading to (4.15) to obtain

sup (107,u(t, )2y + 1Ol ) lwrar) (4.16)
te[0,7
< oT) (Iuollwescay + lurlwrag )

where we have used (4.10) to express
97 u(0,-) = 92 Juo — sin(uq).
Moreover, as
|sin(u)] < ul,
we may use once more the equation (4.10) to include 92, in the left-hand side of (4.16):
o (197 e, Y2y + 19t Wlwracry + lult, ) lw2em) (4.17)

< oT) (Iuollwescay + llurlwrag ) -
Thanks to the standard embedding relations

W2(R) — BC(R), (4.18)

the estimate (4.17) yields uniform bounds on w and its first derivatives in the space of bounded and
continuous function on R. In particular, we may continue the above procedure be differentiating
(4.10) in t and  to obtain uniform bounds on the solutions in the Sobolev space W*2(R) of an
arbitrary order k = 0,1,.... We note that, by virtue of (4.18), that solutions are classical, meaning
twice continuously differentiable, if £ > 3. Unlike the situation treated in Section 4.1, where the
norm of solutions blows-up in a finite time, the solutions of the Sine-Gordon equation (4.10) are
controlled by the initial data. This is obviously due to the specific properties of the nonlinearity,
here represented by a uniformly Lipschitz function sin(u).
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Russian mathematician

Sergei Lvovich Sobolev [1908 (Saint Petersburg) - 1989 (Moscow)]
(wikipedia)
e Sobolev spaces

e Sobolev equation

e Sobolev inequality

The estimates (4.15 - 4.17) are formal. They have been derived under the principal hypothesis
that a sufficiently smooth solution u exists. Such a type of bounds is usually called a priori estimates
in the literature. Intuitively, the available a priori bounds determine the function spaces framework
suitable for a given nonlinear problem. From this point of view, the scale of Sobolev spaces W2
resulting from the “energy” estimates (4.15 - 4.17) is more convenient for second-order problems like
(4.10) rather than the classical framework of continuous functions.

4.4 Exercises
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4.5 Bibliography

Here, we follow the presentation in the spirit of the modern geometric theory of evolutionary equa-

tions, see Cazenave and Haraux [3] or, in the context of parabolic problems, Quittner and Souplet
[11].

5 Well-posedness for semilinear wave equations




We follow the nowadays standard scheme based on
e a priort bounds;

e compactness or (weak) sequential stability;

e approximate scheme and convergence.

Such a way of a constructive proof of existence is easily adaptable when solving the real world
problems, where the chosen approximate scheme coincides with the expected numerical implemen-
tation. Although it may seem at the first glance that a priori bounds as well as the property of
compactness of the (hypothetical) family of solutions are superfluous in the proof of existence, they
represent the natural preliminary steps in identifying the suitable function spaces framework as well
as the approximate scheme.

In general, given a nonlinear problem, we first try to identify as many a priori bounds as possible in
order to guarantee compactness or sequential stability of a hypothetical class of solutions. Sequential
stability means that any sequence of smooth solutions bounded in terms of a prior: estimates possesses
at least a subsequence that converges to another solution of the same problem. Having clarified these
two rather crucial issues, we may try to construct solutions by means of a suitable approximation
scheme, the convergence of which can be established by the tools developed in the preceding two
steps.

5.1 A priori bounds

Basically all a priori bounds available for solutions of the problem (5.1 - 5.3) follow from the so called
energy method.

5.1.1 Basic energy estimates

We adopt the procedure introduced in Section 4.3. Multiplying the equation (5.1) on d;u, integrating
the resulting expression over {2, and using the Gauss-Green theorem together with the boundary
condition (5.2) to eliminate the boundary terms, we obtain the standard energy balance:

SEwM) =0, Et) = /Q (;|(‘3tu|2 + ;|vgcu|2 + F(u)) (t,7) dz, (5.4)

where we have denoted

As we have seen in Section 4.1, the relation (5.4) itself is not strong enough to yield wuniform
bounds unless we impose certain structural restrictions on f. Our aim is that the energy E represents
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a kind of “norm” in a suitable space. Since  is a bounded and regular domain, say of the class C?,
we have the Poincaré inequality:

/Q |V ol* dz > /\2/Q lv|? dz for any v € W,2(Q), (5.5)

where A > 0 is the first (minimal) eigenvalue of the Dirichlet Laplacean in (2,

—Aw = Aw in Q, wlsq = 0.

- French mathematician, physicists, and
Henri Poincaré philosopher
(wikipedia) [1854 (Nancy) - 1912 (Paris)]

e Poincaré’s conjecture
e Poincaré - Bendixson theorem

e Poincaré’s mapping

Inequality (5.5) motivates the following hypothesis imposed on f:
f(u) > —c(1 + |ul) for all u € R, (5.6)
where c is a certain (positive) constant. Accordingly,
F(u) > —c(1 + |uf?) for all u € R'. (5.7)

Here and hereafter, the symbol ¢ or ¢; denotes a generic positive real constant that specific value of
which may vary from line to line.
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With (5.7) in mind, we return to (5.4) to deduce

E(t) = /Q (%|8tu|2 + %mm2 +F(u)) (t,7) dz

> ¢ ([|nu(t, )22 + lult, M) — callult, )32 0);

whence, by Gronwall’s lemma,

5.1.2 Higher order energy bounds

In order to derive estimates on higher order derivatives, we multiply the equation (5.1) on —A,u and
integrate by parts to obtain:

%/Q% <|AxU|2 + |3thu|2) (t,z) dz = /Qf(u(t, x))0,Ayu(t, ) dr. (5.9)

The integral on the right-hand side needs extra treatment. We write

/Q Flu(t, 2))Apu(t, z) dz

= %/Qf(U(t,x))Azu(t, x) dz — /Q f’(u(t,:c))atu(t, ) Agu(t,z) dz,

where, by virtue of Holder’s inequality,

/Qf(U(t,fr))AxU(t, x) dw‘ < (ult D2 @llAzult, )l 2@, (5.10)

and
‘ /Q F(ult, 2)0pu(t, 2) Aut, ) da (5.11)
, 111
< f (ut, )| e [|0cult, 2) || Lo [ Azult, )| L2(), With ’ + 2
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Keeping in mind that we control 0;V,u by the expression on the left-hand side of (5.9), we use
the imbedding
qg=o0 for N =1,

W&’Z(Q) — L1(Q), ¢ ¢ < oo arbitrary fimite if N = 2, (5.12)

q < % for N > 2.
Consequently, under the growth restriction

N
If(u)| <c (1 + |u]7’_1) , r arbitrary finite for N =1,2,r = N 3 (5.13)

the uniform energy bound (5.8), together with the embedding (5.2), imply that

p < oo arbitrary finite if N = 1,2,

sup || f'(u(t, )| o) < (T, Ep), (5.14)
te[0.7] p=N for N > 3;

which, together with (5.9), (5.11) and the standard Gronwall argument, give rise to a priori bounds

sup (HAxu(ta ez + [|Ovult, ‘)lev?(Q))
t€[0,T

< (T, Eo, [ Aol 2@, llur[fr12ay) -

Finally, we may use the standard elliptic estimates for the operator A, to conclude that

sup ([[u(t, )llweag) + [0u(t, ) lwi2@) (5.15)
te[0,T

<c (T, Eo, [|Azuol r20), HulHévm(Q)) :

If f is sufficiently smooth and 0f) regular, we may continue differentiating the equation in time
to deduce a priori bounds on higher order derivatives in terms of the initial data ug, u;.

5.2 Compactness - weak sequential stability

Similarly to the derivation of the a priori bounds performed in the preceding section, the following
step is purely formal but very illustrative. Assuming we are given a sequence of (smooth) solutions
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{u,}5°, of the initial-boundary value problem (5.1 - 5.3), bounded only via the energy bounds (5.8),
our goal is to show that, at least for a suitable subsequence,

U, — % In a certain sense,

where u is a (possibly weak) solution of the same problem.
To be more specific, we therefore suppose that

sup (10 (t, ) 17200 + llun(t, finay) < e (5.16)
te[0,7)
where the constant is independent of n = 1,2,.... Accordingly, at least for a suitable subsequence
(not relabeled) we have
U, — u weakly-(*) in L>(0,T; W, *(Q)), (5.17)
and
O, — Oyu weakly-(*) in L>=(0,T; L*(Q)). (5.18)

Moreover, we have
|tn|[wr2(0,mx0) < ¢

whence, by virtue of the compact embedding
Wh(Q) —— L*(Q), Qbounded in RN

we may infer that
u, — uin L*((0,T) x Q),

and, passing again to a subsequence as the case may be
f(uy) — f(u) a.a. in (0,7) x €. (5.19)

Next, we have to make sure that the sequence { f(u,)}>; does not admit concentration points,
meaning it is equi-integrable in (0,7T) x Q. To this end, we use the bounds (5.16), with embedding
relation (5.12). Supposing

2N
N -2

|f(u)| < c(1+ |u|"), r arbitrary finite for N =1,2,r < (5.20)

which is obviously weaker than (5.13), we get

q arbitrary for N =1, 2,
{f(un)}>2, bounded in LI((0,T) x Q), :
q=13%5 >1if N >3,
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which, together with (5.19), gives rise to the desired conclusion
f(un) — f(u) weakly in L((0,7T) x Q). (5.21)

The above relation clearly allow us to pass to the limit in the equation (5.1) in the sense of
distributions. However, it seems more convenient to introduce a concise weak formulation of the
whole initial-boundary value problem (5.1 - 5.3), where the equation (5.1) with the initial conditions
(5.3) are replaced by a family of integral identities:

/OT /Q w020+ Vou - Voo + f(u)e] (¢,-) dz dt (5.22)

:/Quoatgo((), ) dx—/ﬂulgo(o,-) dz

for any test function ¢ € C°([0,T) x Q). Note that the relation (5.22) includes the distributional
formulation of the equation (5.1), together with the satisfaction of the initial conditions (5.2). Since
our solutions satisfy

w € L(0,T; Wy (),

the homogeneous Dirichlet boundary conditions (5.2) are satisfied in the sense of traces.

Since the sequence of solutions {u,}>°; converges in the sense specified in (5.17), (5.18), (5.21),
it is easy to pass to the limit for n — oo in the weak formulation (5.22) to conclude that the limit u
is another solution of the same problem. As for the initial data

un(07 ) = UQ,n, atun(oa ) = U1 n,
our hypotheses imply that
Upn — Up weakly in Wol’z(Q), U1, — up weakly in L*(Q)

at least for suitable subsequences, which is compatible with (5.22).

5.3 Approximate solutions, convergence

The final and the only constructive step of the existence theory consists in finding a suitable family
of approximate problems. To this end, we consider a finite family of (sufficiently) smooth functions
{w,}N_, in Q, satisfying the homogeneous boundary condition (5.2). We introduce a finite dimen-
sional space Xy,

Xy =span{w, | n=1,2,...,n}
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endowed with the Hilbert structure induced by the Lebesgue space L*(2). Without loss of gener-
ality, we may therefore assume that w, is taken to be a basis of Xy. Our aim is to construct the
approximate solutions uy in the form

un(t, ) =Y ap(t)wn(z), (5.23)

n=1

where a,, will be solutions of a certain system of (non-linear) ordinary differential equations.

Taking the L?—scalar product of the equation (5.1) with w, and integrating by parts we obtain
d2
1w (u(t);wp) = (Vou; Vowy) — (f(uw); wy) , (5.24)

where we have denoted
(v;w) = /ﬂ vw dx

the (real) scalar product in L?(().
Using the ansatz (5.23) in (5.24) we obtain a system of second order equations

The system (5.25), (5.26) is solvable, at least locally on a certain time interval [0, Tiax]. In order
to see that one can take T, and arbitrary positive number, we need uniform bounds independent
of n, similar to the energy a priori bounds obtained in (5.8). To this end, mimicking the procedure
leading to (5.8), we multiply (5.25) by 0.a, and take the sum over n to obtain a discrete version of
the energy balance

d 1 5 1 9
— - ~|V, F t,-) dx = 0. 2
= [ (Gl + 5[ Vaunl + Fa)) (¢-) do =0 (527)
Consequently, exactly as in Section 5.1.1, we derive the uniform bounds
Sup, (Ieun (£, M7z + lun(t ) ira@) < (T + Eo) exp(eaT), (5.28)
e,
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for any T' < Thax, uniformly in € — 0.In particular, the existence interval of the approximate solutions
can be extended to an arbitrary positive number T', and uy satisfy the integral identity:

/OT/Q un 020 + Vauy - Vo + f(uy)g| (t,) dz dt (5.29)

= /Quoatgp((), ) dz — /Qulap(O, ) dz

for any test function ¢ belonging to the class

0 € CY[0,T); Xn). (5.30)

5.3.1 Higher order estimates

One may wonder, if the higher order estimates analogous to (5.15) can be also derived at the ap-
proximate level. To this end, we have only to realize, that all we need is invariance of the space Xy
with respect to the Dirichlet Laplacean. In other words, the basis {w, }\_; must be taken as the first
N eigenfunctions of the Laplace operator A, in €2, endowed with the Dirichlet boundary conditions.
Accordingly, multiplication by 0;A,uy can be performed even at the level of approximate equation
(5.25).

French mathematician, physicists, and
Pierre-Simon de Laplace astronomer
(wikipedia) (1749 (Beamount-en-Auge) - 1827 (Paris)]

e Laplace operator
e Laplace transform

e Central Limit Theorem
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5.3.2 Limit n — oo

With the uniform bounds (5.28) at hand, it is now a routine matter to let N — oo in (5.29), where
we can follow step by step the arguments of Section 5.2. In such a way, we obtain a weak solution w,

u e L=(0,T; W, 2(Q)), du e L=(0,T; L*(Q))
satisfying the integral identity (5.22) for any
p € U=, CH([0, T); X).

Finally, using the density of the functions w, in, say, W,(Q), we conclude. We have proved the
following result:
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5.4 Energy equality, uniqueness

We conclude the chapter by addressing the problem of uniqueness of the weak solutions obtained in
Theorem 5.1. To this end, we restrict ourselves to the class of nonlinearities f satisfying the growth
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condition (5.31). It is easy to check that
flu) € L=(0,T; L*(Q))

as soon as u is a “finite energy” solution of (5.22), in particular, u € L>(0,T; W,2(Q)). Indeed this
follows directly from the standard embedding (5.12). Thus u can be viewed as a (weak) solution of
the linear equation

O u(t,x) — Agu(t,x) = g(t,x) = — f(u(t,z)) € L=(0,T; L*(Q)). (5.32)

We therefore start our discussion by a short excursion in the linear theory.

5.4.1 Linear equation and the Fourier method

The initial-boundary value problem associated to the linear equation (5.32) may be solved by the
Fourier method. To this end, we consider the eigenvalue problem for the Dirichlet Laplacean:

—Azw = Aw in Q, wlgq = 0. (5.33)

As is well-known, the problem (5.33) possesses a family of solutions {w,}52, together with the
associated (positive) real eigenvalues {\,}>,, where {w, }>° | can be taken as an orthogonal basis of
the Hilbert space L*(Q2). Moreover, the functions w,, are smooth (twice continuously differentiable)
as soon as 9 is smooth (of class C*™).

French mathematician, and physicist
Joseph Fourier [1768 (Auxerre) - 1830 (Paris)]

(wikipedia)
e Fourier series

e Fourier transform
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Revoking the functional calculus associated to the self-adjoint operator —Ap - the Dirichlet

Laplacean - we may define
H(— Z [)wn,

where
an[v] = (v;w,) = / vw,, dz are the Fourier coefficients.
Q

Accordingly, the function

u(t, ) = ; {exp (i —ADt> [ug] + exp ( i —ADt) [uo]}

+2\/1—_A [exp (i —ADt> [ug] — exp < —ADt> [ul]]
—l—/otz\/l__A [exp (i@(t—s)) lg(s,-) —exp( —Ap(t—s) )

(5.34)

]} ds

represents a weak solution of the linear equation (4.9), supplemented with the boundary conditions
(5.2) and the initial conditions (5.3). More specifically, u satisfies the integral identity

//uﬁftso u- Do — gl (t,-) de dt

—/uoﬁtw da:—/ﬂumo(O,) dz

(5.35)

for any test function ¢ belonging to the class ¢ € C°([0,T") x §2) provided, for instance

uy € Wo(Q), uy € L3(Q), g € L*0,T; L*()).

Indeed relation (5.35) can be verified first for the approximate data
N N
Z nlto)wn, N = aglur]w,, gn(t Z
n=1 n=1 n=1

for which the equation (5.32) holds in the standard sense, and then we let N — oo. Moreover, it is

easy check, by a direct inspection of (5.34), that
w e C(0, T WE2(9)), B € C(0, T 13(2),

and that u satisfies the energy balance

/Q; (\8tu!2 + \quP) (t,-) dz = /Q; (\U1|2 i \quOIQ) da
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+ / Ou(s, ) ds.

Finally, we observe that the weak solutions satisfying (5.35) are uniquely determined by the data
up, uy, and g. Indeed the difference v of two integrable solutions satisfies

T
/ /Qv ((’ftgo - Awg0> dz dt = 0 for any ¢ € C°([0,T") x Q); (5.37)
O k)

whence, by a simple density argument, the identity (5.37) holds for any ¢,
p € C*([0,T] x Q), ploa =0, ¢(T,-) = dp(T,-) = 0. (5.38)

On the other hand, the image of the space of test functions (5.38) under the wave operator 97, — A,
is dense in, say, L?((0,T) x ); whence (5.37) yields immediately v = 0.
We have proved the following result:

5.4.2 Energy equality and uniqueness for the nonlinear problem

As already observed in (5.32), the solution u of the semilinear equation (5.1) constructed in Theorem
5.1 can be seen as a solution of the linear equation (5.32) with g = — f(u), where g € L>(0,T; L*(Q))
as soon as the nonlinearity f obeys the hypothesis (5.31). Consequently, we may apply the conclusion
of Theorem 5.2 to deduce that

w e C([0,T); Wy *(Q)), du e C([0,T); L*(Q)), (5.39)
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satisfies the energy balance (5.36); whence
1 2 1 2
/Q (2]8tu] oIVl + F(u)) (t,-) do (5.40)

1 1
:/Q<2\u1|2—|—2|qu0\2—i—F(uo)) da.

Suppose now that u!, u? are two solutions emanating from the same initial data. Taking v =
u! — u? and revoking (5.36) again, we obtain

;/Q <|3tv|2 + |va|2> (t,-) de = /Ot/Q (f(u2) - f(u1)> O dx ds (5.41)

fl(ut + (1 - uQ)‘ [v||Ov| dz ds,
where, since u', u? belong to the regularlty class (5.39) and f obeys (5.31),

ocoif N=1

fléut + (1 - f)uQ)’ € L>(0,T;L"(Q2)), r =< arbitrary finite for N = 2
N for N > 3.

Consequently, by means of Hélder’s inequality and the embedding (5.12), we may infer that

1 t
5/9(|3tv|2+ Vaol?) (t,) da < c/o Vel 2 1| 22

whence a straightforward application of Gronwall’s lemma yields v = u! — u? =

Summarizing the previous discussion, we obtain:
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5.5 Bibliography

The basic strategy of this chapter is taken over from the classical monograph of J.-L.Lions [10].
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