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THE CROSS-RATIO IN HJELMSLEV PLANES
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Abstract. The cross-ratio in Hjelmslev planes is defined. The cross-ratio in the Hjelmslev
plane H(R) is independent of the choice of a coordinate system on a line.
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1. INTRODUCTION

A special local ring is a finite commutative local ring R the ideal I of divisors of
zero of which is principal. Suppose that R is not a field and that the characteristic
of R is odd. Denote the factor ring R/I by the symbol R. Further denote the set of
all regular elements of R by the symbol R*, thus R* = R — I.

Definition 1.1. A projective Hjelmslev plane (we will denote it by H(R)) over
R is an incidence structure H(R) = (B;P;T) defined in the following way:

— the elements of B—the points of H(R) are classes of ordered triples (Az1; Aza; A\x3)
where A € R*, x1,x2,xz3 € R and at least one x; is regular;
— the elements of P—the lines of H(R) are classes of ordered triples (aay; aas; aas)
where a € R*, a1, a2,a3 € R and at least one a; is regular.

A point X = [z1;x2; 23] is incident to the line a = [a;; as; a3] if and only if

(1.1) ai1x1 + asxs + azxrs = 0.

Remark 1.1. The canonical homomorphism ®: R — R/I = R induces a

homomorphism of H(R) onto the projective plane n(R).
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We will call the points X,Y € H(R) neighbouring if X = Y where ®(X) = X,
®(Y) = Y. Similarly we will call points X,Y € H(R) substantially different if
X # Y. Two lines are neighbouring if there are points A;, Ay € B, A; # A, such
that A1Za,b and AsZa,b. Let X be a subset of the R-modul M and let j: X — M
be an insertion of the subset X into M. Then M (R) is called the free modul over
X if for an arbitrary function f: X — A into the R-modul A there is exactly one
linear mapping ¢: M(R) — A such that toj = f.

Remark 1.2. The analytic model of the Hjelmslev plane, introduced by defi-
nition 1.1 is really a free modul over R with a factorization defined in the following
way: triples (x1;x2;23) and (af;z5;x5) are identical if there is A € R* such that
xt = Ax; for i = 1,2,3 and we do not consider the zero triple.

2. THE CONSTRUCTION AND PROOF OF THEOREM

Definition 2.1. A coordinate system in H(R) is an ordered quadruple of points
E\, Es, E3, E, such that the points E;, Eo, E3, E4 generate a coordinate system in
n(R).

If a point X = [z1;xa; x3] is given by the vector z = (x1; zo; x3), we write X = (z).

Lemma 2.1. Let M(R) be a free modul over R and let ej,es,e3 be a basis
of M(R). Then the points Ey = (e1), F2 = (ea), E3 = (e3), E4 = (e1 + e2 + €3)
generate the coordinate system in the Hjelmslev plane H(R) corresponding to the
modul M(R).

Proof. It is necessary to prove that the points E;, Es, E3, E4 generate a co-
ordinate system in n(R). Obviously &;,&;,&3 form a basis of a vector space over R
and thus the vectors €;,€s, €3 are linearly independent. It follows that the points
E; = (é1), B2 = (€2), E3 = (e3) and E4 = (€1 +€2+¢3) are not on a unique line. [

Conversely, we have

Lemma 2.2. Let Ey, Ey, E3, E4 be a coordinate system in H(R). Then there is a
basis of the modul M (R) such that (e;) = E1, (e2) = Ea, (e3) = E3, (e1 +ex+e3) =
Ey.

Proof. Let E1 = <b1>, EQ = <b2>, E3 = <b3> and E4 = <b4> Because {bl,bg,b3}
is a basis of M (R) the vector by can be expressed in the form

by = B1b1 + B2bs + Bsbs.
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If we denote e; = B1b1, es = (B2ba, e3 = (B3b3 then ey, e, e3 are the vectors from the
statement of the lemma.

Let Ey, Ey, E3, Ey and Ej, EY, E}, E} be coordinate systems in H(R). If e1, ez, e3
and e}, e}, e5 are the corresponding bases of the modul M (R) then there is a regular
matrix A = [a;;] such that

62: E aij€j, i=1,2,3.
J

Let Xg = [x1; x2; 23], X = [2}; x5; 24]. Then

p— !/ I— ! .. . = ! .. P . .
T = E zi€; = E x5 E azje; = E ( E xia”)ej = E zje;.
i j i j

i J

Comparing the two identities, we get
(21) Tj = ZI;CL,’]’.

The relation (2.1) can be written also in the form
(2.2) Xp=XgA, Xp=XgAl

Let an invertible matrix A and a coordinate system Ej, Fs, E3, E4 be given, then
points Ei, B}, ES, E} generate a coordinate system and the corresponding vectors of
the point X € H(R) satisfy

Xp = XLA.

Let the special local ring R be given. We introduce a set Q2 by
(2.3) QNR=0, |9 =]|I.
Thus there is a bijective mapping w such that
(2.4) w: I =0 wiiosw=w(), i€l
where w; are “inverse” elements of elements i € I, thus w; ~ 1/i. Q is the set of

“infinities“ corresponding to singular elements. Define an extension of the canonical
homomorphism ® to the set RU €2, let us put

(2.5) B(Q) = oo.
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Let A, B, E be three substantially different points generating a coordinate system
on a line. Then every point X of this line can be expressed uniquely (the single-
valuedness guarantees the point E) in the form

(2.6) X =sA+tB

and hence the point X = [s;t] is determined by the pair (s;?).
On the line with the coordinate system A, B, E let us have points Py, Py, P3, Py
where P; = s; A + t; B thus Pi[si; ti]. [

Definition 2.2.  The cross-ratio of an ordered quadruple of points P;, P, Ps, P4
on a line in H(R), of which at least three are substantially different is an element
(P Py, P3P;) € RUQ which is defined by relations

S1 tl S92 t2
S3 t3 S4 t4
2. PP, PsPy) =
(2.7) (PLP2, P3Py) 5 ol 151 &
S3 t3 S4 t4
if points P; P, and P, P; are substantially different,
(28) (P1P2,P3P4) :w(PlPQ,P3P4)

if points Py, Py and P», P3 are neighbouring. Suppose that points P;, P; and Pa, Py
are substantially different.

Remark. If Ris a field, I = {0} then Definition 2.2 is the same as the
definition of the cross-ratio in a projective plane.

Theorem 2.3. The cross-ratio introduced by relations 2.7 and 2.8 is independent
of the choice of a coordinate system on the line.

Proof. Let aline p € H(R) be given and on this line let us have coordinate
systems A, B, E and A’, B’ E'. Let P, P, P3, P, be points on the given line p whose
the cross-ratio we want to investigate. There is obviously a linear transformation
which maps the points A, B to the points A’, B’ on p. We want to verify that the
cross-ratio is independent of the choice of the coordinate points on the line. Thus

(PiPy, P3Py) ap = (Py P2, P3Py) -
We have

A/ = alA + agB
B'=bA+bB
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and thus
P =sA'+t.B

and after a substitution we get
P, = (S;al + t;bl)A + (5;(12 + t;bQ)B =s;A+tB, 1=1,2,3,4.

By direct calculation we obtain (P Pa, P3Py) ap = (P, P, P3Py) s- g which was to be
proved. O
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