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Abstract. In the paper we obtain that, under some condition, the Rademacher-Dirichlet
series or the Steinhaus-Dirichlet series on the whole plane and on the horizontal zone almost
surely have the same growth.
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1. INTRODUCTION AND MAIN RESULT

Let (2,47, P) be a probability space, where Q = [0,1], &/ is composed of all
Lebesgue measurable sets E on Q and P(F) is the Lebesgue measure of FE. Let
{en(w)} and {yn(w)} (n = 0,1,2,...) (see [1], [2]), which can be considered to
be random variables sequences in (2, o7, P), be respectively the Rademacher and

Steinhaus sequence. vy, (w) = exp{2nif, (w)}, the value of ,,(w) uniformly distributes
on [0,1]. {en(w)} (n=0,1,2,...) satisfies

Plep(w) = 1] = Plep(w) = —1] = %

Consider the random Dirichlet series

+oo
fs,w) = Z aan(w)e_’\"s,
n=0
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where X, (w) = en(w) or v, (w), s = o +1it (0,t € R) denotes the complex variable,
{an};ﬁ% is a sequence of complex numbers, 0 = A\g < A1 < Ao < ... < A\, T +00.
Following Bohr (see [3]), we define the quantities

oc(w) = inf {a €R: Zaan(w)e*)‘"” converges},
0q(w) = inf {0’ € R: Z an X (w)|e ™ converges},

ou(w) = inf {0’ €R: Z an X (w)e ) converges uniformly on [R}.

Paley and Zygmund (see [3], 1932) were the first to study the convergence of
f(s,w). Yu Jiarong (see [4]), 1978) studied the growth of f(s,w) under the conditions
— Inlay| — n
lim ——— =0, and lim — < o0,
n—-4oo /\n n—-4oo n
and obtained that f(s,w) on the right half plane and on any right horizontal zone
a.s. (almost surely) has the same growth. In this paper, we discuss Yu’s topic on the
whole plane. We obtain that, under some condition, f(s,w) on the whole plane and
on any horizontal zone a.s. has the same growth.
Let 0, (w) be the uniformly convergence abscissa of f(s,w). When oy, (w) < 400,
for any o > o, (w) let

M(o,w) = sup{|f(s,w)|: —o0 <t < +o0},
M(o; o, Byw) = sup{|f(s,w)]: —co < a<t< [ < +oo}.

Put

A= m —

where py, is given by [k, k+ 1) N { A} = { s At -5 Angtpr 15 k& € No Our main
result is

Theorem 1. Assume that f(s,w) satisfies
oy(w) =—00 a.s. and A =0.

Then f(s,w) a.s. satisfies

T lnlnM(a,w): T 1n1nM(U;a,ﬁ;w).
g——00 —0 o——00 —0
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2. LEMMAS

To give our lemmas, we define some symbols by the method of Knoop-Kojima
(see [5]). Consider

+oo
= E ane Ans,
n=0

For each k € N, when

(1) [k,k?“‘l)m{/\n} = {Anka/\nk-l-lw"v)‘nk'i‘pk} 7é®7
put
Pk
Ay = sup a “HAngi | A = Qn, 17
0<p<pr tER Z et F ;' |

when [k, k + 1) N {\,} = 0, put In Ay, = In A} = —occ. Then we have the formulas
(see [5], [6]) for the abscissas oy, 0, in terms of Ay, A},

_ Tm lnzk. _ Tm In A},
o= S T = T S

When o, < 400, for any ¢ > o, put

M, (o) = sup{

E aje —X;j (o+it)

:neN, te [R}; m(o) = max{Aze " : k € N}.
Consider f(s,w). Put

o= iAnyti |
Ap(w) = sup E Any4j X Ang+i |,
0<p<pk, tER

Z aj 7)\j(o—+it) .

M, (0,w sup{ n €N, —oo<t<+oo}.

Chuji Tanaka (see [7]) studied the relation between m(c) and M, (o). Now we
improve his results.
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Lemma 1. If f(s) is uniformly convergent on the whole plane, then

m _ 2lolm(o —
(I) T(‘U‘) < My(o) € % for any € > 0,
eO' — €
an Tm Inln M, (o) I e Inln m(a).
o——00 —0 o——00 —0

Proof. Takep €N, such that ny +p < ngy1, where ny, is defined by (1). Using
Abel’s transformation, we arrive at

ng+p ng+p

§ aje—lt)\j —_ E aje—(a-i-lt)kj ea)\j
J=nk J=nk

nk+p—1

Z ( zj: aqe—(a—i-it)k,]) (ea)\j _ eakj-%—l)

J=nk g=nk

nk+p

q=nk

Noting that

J
Z aqe— (o+it)Aq

ni—1

J
Zaqe—(a—i-lt)/\q _ Z aqe—(a-i-lt))\q
q=0 q=0

q=nx
j nkfl
< Z aqe_(“""tM“ + Z aqe_("""t)kq < 2M (o),
q=0 q=0
we obtain
Ay <2M,(0)]|e s — e mitr| 4 e 4221, ()
< AM ,(0)elFtseno)o — 4e|“|Mu(U)ek".

By the definition of m(0),

(2) T9) T (o).

Suppose ng + p < ngy1. Abel’s transformation yields

ng+p ng+p
Z ajef(aJrit))\j _ Z ajefit)\]efo')\j
J=nk Jj=ng
ng+p—1 J
_ Z ( Z aqe—it/\q>(e—a)\j _ e—a/\j_H)
J=nk q=ng
ng+p
q=nk
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When o > 0,

netp ni+p—1
E aje*(aJrit))\j <Zk § (efa)\J —efg)‘j“) _f_Akefcr)\nkﬂ,
Jj=nk Jj=ng
<A —0An, < A —ok
X Age X Age .
When o <0,
ng+p ng+p—1
E aje*(aJrlt))\j < A E (efo')\]ﬁ»l _ efa)\J) + Akeig)\"’““’ < 2Akefcr(k+1).
Jj=nk j=ng

Then for any o € R we have

ng+p
J=nk
Therefore for any € > 0
ng+p
Z ajef(aJrlt))\j
j=0

By the definition of M, (c),

3)

aje—(a-i-it))\j < zzkehﬂe—ka.
k
< 2el9l ZAje*(U*E)]e*JE
7=0

2ellm(o — €)

+oo
< 2el9lm(o — ¢) ZO eI = [
]:

. 2el?lm(o — ¢)

u ~
1—e¢

Combining (2) and (3), we prove (I).

Note that

In* In* m(o) < IntInt ie_‘”‘m(a) +IntInT4el’l + 2, and Tim Inm(o) = +ooc.

Hence

o——0Q

— Inlnm(o) — InTIn"Tm(0) — In*In* le7l7lm(o)

lim ———= lim —= < lim

o——00 —0 o——00 —0 o——00 —0
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Similarly,

In" In* 2elolm(o=e) /(1 — ¢~*)

im
o——00 —0
— InTIntm(o— — InTInt2elol/(1—e¢
<limnnm(a 5)+limnne/( e %)
0——00 —0 o——00 —0
B e In* ln+m(a).
o——00 —0

Thus (II) is proved.

Lemma 2. Suppose that M, < e~ °° + xo holds for any ¢ < 0. and any x € R,
x > 0, where c is a positive real number, o. is a given real number, M, is a real
number depending on x. Then there exists x. € R, x. > 0 such that for any = > x,

M, <min{e “ +z20: 0 € R} = z
c

(Ince — Inx).

Proof. Let ¢(o0) =€ + 20 (—00 < ¢ < 4+00). Then there exists o, =
(Inc — Inz)/c such that min{y(0): o € R} =9(0,) = zc ! (Ince — Inx). Note that
0, is a monotonic decreasing function of z, and 0, — —00 < x — 400. Then there
exists x. € R such that o, < o.. Hence, for any x > ., we have 0, < o.. Therefore
M, < (0z) =xc (Ince —Inz), x > z..

Lemma 3. If f(s) is uniformly convergent on the whole plane, then

—00, 0= 0,
— InlnM,(0) — Indy 1
4 1 —w - 1 ! _ - )
(4) pim 0w lim = = 0 < o< +o0;
0, 0 = +o00.

Proof. We prove the necessity of the right hand side condition of (4). Consider
the case 0 < g, < co. Using Lemma 1(II), for Ve > 0 we have, when —o is large
enough,

(o) < exp{e(@uFe)oY,

Then for each k € N,
In4, <e (eute)o 4 kg
Note that
k k

min{e” @+ L ko: 0 € R} = — In .
oute  e(oute)
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By Lemma 2, when k is sufficiently large,

Ase — 0, .
m lnAk < _i.
k—+oo klnk Ou

Suppose k@ (In Ax)/kInk < —1/p,. Then there exists o/, € (0, 04), ¢ > 0 such
that for each k € N and for any ¢ < 0,

= klnk
Akefko' < exp{ — Ill — ko + C}.
u
Note that
kl k kl k . ,
max{— 1/1 —ko: k€ N} < max{— 1,1 —ko: k>0, ke [R} — e Cuo—In(e)-1
u "

Then

m(o) < exp{e 2uo~(@)=1 4 o}

Applying Lemma 1(II), we conclude

o Inln M, (o) <d. < on,
g——00 —0
which contradicts the left-hand side of (4). Thus the necessity of the right-hand
side of (4) is proved. By the above proof, we can easily prove the sufficiency of the
right-hand side of (4).
Using the conclusion of the case 0 < g, < 00, we can easily prove the case g, = 0,
04 = +00. Thus the lemma is proved.

Lemma 4. If f(s) is uniformly convergent on the whole plane and A = 0, then

—o00, ©=0;
(5) Tim M:Q@ lim

o0 —0 n—+too Ay In A\,

Inla,|

1
~ 0 <o < +o0;
0, o = +o0.
Proof. For any ¢ > 0, when —o is large enough,
M (o) < exp{e= (e},
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Taking into account Hadamard’s theorem (see [8]), a,e™*"7 < M(0),
lan| < exp{e™(@*9)7 L\ 0}, VneN.

Note that

A A
min{e” (¢t 4 N 0: 0 e R} = ——"""In -
ot+e elo+e)

By Lemma 2, when )\, is sufficiently large,

An An
|an] <exp{— In }
o+e elo+e)

Let ¢ — 0, then
—  Inj|ay| 1

1im < .
n—-+0oo )\n In )\n 1Y

Assume that @ (Inan])/AnIn A, < —1/p. Then there exists 0 < ¢’ < o such
that for sufficiently large n € N

|an| < exp {—%)\n 1n/\n}.

By the definition of Ay, for sufficiently large k,

i Nk +Pk /\j k
A < Z eXp{—?ln)\j} < eXp{—?lnk—i—ln(pk + 1)}

Jj=ng

Note that A = 0. Then _
—_— hlAk < 1 1

m S — .
k—+oo kInk Q/ Y

By Lemma 3,

o Inln M(o) <0
o——00 —0

Note M (o) < M(c). Then

o Inln M (o) <o

o——00 —0

which contradicts the left-hand side of (5). Thus the necessity of the right-hand
side of (5) is proved. By the above proof, we can easily prove the sufficiency of the
right-hand side of (5). Thus we have proved the case 0 < ¢ < +0o0.

By the case 0 < p < +00, we can easily prove the case p = 0, p = +00. Thus the
lemma is proved.
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Lemma 5. If f(s,w) satisfies o, (w) = —oo a.s. and A =0, then

—00, ©=0;
— Inln M(o,w) —  Injay| 1
lim ————~=pas. & lim ——=¢ ——, 0<p<+o0;
o——00 —0 n—-+oo A\, In A, 0
0, 0 = +o0.

Proof. Note that |a,X,(w)| = |a,| a.s. Then

= 1n|aan(w)|: o In |ay,|
B WS D W U W m Wl

By Lemma 4, the lemma is proved.

Lemma P.Z (see [2]). For every E C Q satisfying P(E) > 0, there exists a
positive integer N = N(FE) such that

2

N’ 1 N’

2

[E > cnen(w)| dw > SP(E) > el
n=N n=N
N’ 2 1 N’

2

/| 3 cnmle| > 5PE) 3 fel

where {c, },'>] is an arbitrary sequence of complex numbers.

3. PROOFS OF MAIN RESULT

Proof of Theorem 1. By Lemma 5, there exists ¢ > 0 such that

— Inln M
(6) o= lim Inln M(o, w) a.s.

o——00 —0

Case I: p=0. The theorem holds obviously.
Case II: 0 < g < co. Evidently,
T Inln M (o; o, B5w)

1im <o as.
o——00 —0

Assume that lim —o~!Inln M(0;a, B;w) < o a.s. Then there exists £ C { satis-

o——00

fying P(F) > 0 and 0 < ¢’ < g and «yp, By, ap < By such that

= lnlnM(U;oco,ﬁow)<Qr7 weE.

o——00 —0
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Then, when —o is large enough, ag < t < [y, we have

< eXp{efgl"}, we€E,

+00 )
5 anXo)e M H0)
n=0

where N = N(FE) is determined by Lemma P.Z for E. By Lemma P.Z, when —o is
large enough,

2

N/
Z anXp(w)e @+ dy N> N, weE.
n=N

1 o
FPE) Y e < [
n=N E

Since

N’ “+o0
Z an X (w)e netHi] < Z lanle "7 < 400, —oc0<0 <0, w€E,
n=N n=0

we have

> 2
|an|2672)\"0 < /
2z PE) Jy

“+o0 2
Z an X (w)e 2 @HD] 4y < 8exp{2e 97},
n=N

Therefore, when —o is large enough, n > N, then
lanle 7 < 3exp{e ¢}

Note that
An

e(o')’

/ An
min{e ¢ + \po: 0 € R} = —?ln

By Lemma 2, when n is sufficiently large,

|an|<3exp{—2—7ln An }

e(¢')
Then
Tim M g _l < ——.
n—+oo A\, In A, o 0
By Lemma 5,
— InlnM(o,w)
lim ———= < p as,

0——00 —0

which contradicts (6).
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Case III: p = +00. We must have

o Inln M(o; e, B;w)

o——00 —0

= +00 a.s.

Otherwise, assume that lim —o 'lnln M(o;,B;w) < +oo a.s. Then by the

o——00

proof of cases I and II,

— Inln M(o,w)
lim ——————= < +00 as.
o——00 —0
which contradicts the given condition lim —o~'Inln M (o,w) = 400 a.s. O
g——00

4. COROLLARY AND EXAMPLE

Corollary 1. Consider f(s,w) as in the introduction. If

T h’l a —_ lnn
lim M =—o0 and lim — =D < o0,
n—-+o0o )\n n—-+o0o n

then f(s,w) a.s. (almost surely) satisfies

— InlnM — InlnM(o; ;
7) . nln (a,w): Il (U,a,ﬁ,w).

o——00 —0 0——00 —0

Proof. Note that lim A !ln|a,X,(w)| = @ A, lnla,| a.s. Then, by
n—-1+00

n—-+00

G. Valiron’s formula (see [6], [9]),

— Inla — Inla — Inn
Jim % < oe(w) L ou(w) < oq(w) < Jm % + lim ST as,
which gives o, (w) = —00 a.s.
By virtue of @ A llnn = D < 400, for any € > 0, when n € N is large enough,
n—-+0oo
n < etn(D¥e)

Hence, when k is large enough,

i+ 1< npyy < enren (PFE) L o(k+2)(De)
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Therefore

_ J— 2)(D
0< Tm 1n(pk+1)< - (k+2)(D +e¢)

kotoo  klnk S keitoo klnk =0

Thus A = 0. By Theorem 1, (7) holds.

Now we give an example to show that A = 0 is less restricting than

— Inn
lim — < +o0.
n—-+o0o /\n

Example 1. Consider f(s,w). For any ¢ € N, put [Ini] = max{z: z € N,
k=1 ‘
z < Ini}. For any k € N, take np, = 1+ > ([Ind])%, pr = (Ink])* — 1, 0 < p < pg,
i=1

Aptp = k + p/Dky Onptp = ([lnk])’zk._Prove that o,(w) = —o0 a.s., A = 0,
lim A 'lnn = +oo.
n—-+00

Proof. By the definition of A (w),

—itA\p i
Ak(w) sup E Unyt5 X "k+J ) K+
0<p<pk,tER

< Z |anrs] = (k)" (k)™ = (In k)™, as.

Then by the formulas for o, (w) in terms of A (w) in Section 2,

_ K _ 1\—k
mm nAkw) g Wdek) s ek D7
k——+o0 k k——+o0 k k——+o0 k

By the definition of A,

=— In(pp +1) o In([In k])* < Tm In(ln k)* _

A= T - < 0
hodoo  kInk  hodse  kInk S hoise klnk
but
— lnn — In(pr +1) — In([lnk])* — In(Ink —1)*
Tm —2 > Tm —PET_ ERA S b AR
ntse N, © motee k41 keee k41 7 ketee k41 oo
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