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Relative entropy (energy)

Dynamical system

d
Eu(t) = A(t,u(t)), u(t) € X, u(0) = up

<

Relative entropy

U:t— U(t) € Y a “trajectory” in the phase space Y C X

S{u(t)‘U(t)}, E:XXY >R

\
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E{u |U} is a "distance” between u, and U, meaning E(u, U) > 0
and E{u|U}=0onlyifu=U

Lyapunov function

| A\

& {u(t)][]} is a Lyapunov function provided U is a equilibrium,
meaning 5
A(t,U) =0 for all ¢.

t— & {u(t)‘ U} is non-increasing

| \

Stability

5{u(7)(U(7)} §E{U(s)‘U(s)}+c(T)/sT5{u(t)’U(t)} dt

if U is a solution of the same system (ranging in a “better” space)
Y

v




Applications

Stability of equilibria

Any solution ranging in X stabilizes to an equilibrium belonging to
Y (to be proved!)

| \

Weak-strong uniqueness

Solutions ranging in the “better” space Y are unique among
solutions in X

| A

Singular limits

Stability and convergence of a family of solutions u. corresponding
to A to a solution U = u of the limit problem with generator A

A\
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Mathematical model

Viscous, compressible, and heat conducting fluid in motion

@ mass density o = o(t, x)
@ absolute temperature ¥ = 9(t, x)

e velocity field u = u(t, x)

v

Thermodynamic functions
@ pressure p = p(o, V)
e internal energy e = e(p,v)

@ entropy s = s(p,v)

@ viscous stress S = S(¢, Vxu)
o heat flux q = q(¥¢, V«9)
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Navier-Stokes-Fourier system

EQUATION OF CONTINUITY:

Oro + divk(ou) =0, u-nlspa =0
MOMENTUM BALANCE:
Ot(ou) + div(ou @ u) + Vyp(o,9) = divyS + oV F
ulgpg =0, or [Sn] x n|spo =0
ENTROPY PRODUCTION:

Be(0s(0,9)) + divx(os(o, 9)u) + divy (g) — 0, q-nlpg =0

TOTAL ENERCY CONSERVATION:

d

1 2
= - ) — oF | dx =0
-~ Q<2QM + oe(0,9) — 0 ) X
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Constitutive relations

GIBBS’ RELATION:

1
UDs(o,9) = De(e,9) + p(o; 19)05

NEWTON’S RHEOLOGICAL LAW:

2
=u <qu + Vf(u — 3divXu]I> + ndiv,ul
FOURIER’S LAW:
q=—rVyd
ENTROPY PRODUCTION RATE:

o= (2)1 (S:qu— q'z)ﬁ)

v
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Equilibrium (static) solutions

Equilibrium solutions minimize the entropy production:

u=0, Y =9 > 0 a positive constant

| A

Static problem

VXP(§7 19) = @vxF

Total mass and energy are constants of motion:

/@dx:Mo, /ge(g,ﬁ)—gF dx = E
Q Q
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Total dissipation balance

=3 (%muﬁ + Hyle.0) - T8 (g g) - Hﬁ(éﬁ)) ax

—i—/ﬁadx:O
Q V.

Ballistic free energy

Hg(o,9) = Q(e(g, ) — Is(e, 19))
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Thermodynamic stability

Positive compressibility

p(o,9)
PR 0

Positive specific heat at constant volume

de(o, 1)
o5 >0

Coercivity of the ballistic free energy

® o Hy(0,7) convex

\

o ¥ — Hy(0, V) attains its global minimum (zero) at ¥ =

\
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Relative entropy

S(Q,ﬁ,u ‘ r,e,u)
:/Q(%Q|U—U|2+H(g,19)—

8H@(r, @)
0

o= ) = Bl e)) s

[m]

=



Dissipative solutions

Relative entropy inequality

[ (o;0.u]r.8, U)Izo
+/T/Q% (8(19, Viu) : Viu — a0, VX:;) : Vxﬁ) dx dt
0

S/ R(0,9,u,r,©,U) dt
0

for any r > 0, © > 0, U satisfying relevant boundary conditions

V.
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Remainder

(R(¢,,u,r,0,U)]|

:/Q(g(atUJru-vxu) (U= u) +5(0, V) : V,U) dx

+
5~

[(p(r, 0) — p(g,ﬁ))divU + %(U —u) - Vyp(r, @)} dx
_/Q (e(ste ) ~ 5(r,©)) 20 + o(s(2,9) ~ 5(r,0) Ju- V@

N q(ﬁ,ﬁv V) o @>

+/ - Q(8tp(r,9) + u-vxp(r,e)) dx
Q r
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Calculations

1 1 1
/Q|u—U\2 dx—/g\ulz—gu-U—i—glU\z dx
2 2 2

/ Holo.9) dx = / (0e(o, 9) — ©os(o,9)) dx
Q

Q

aH@(r7 @)

—r) dx
. oo (0—r)
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Applications

Unconditional stability of the equilibrium solutions

Any (weak) solution of the Navier-Stokes-Fourier system stabilizes
to an equilibrium (static) solution for t — oo

Weak-strong uniqueness

Weak and strong solutions emanating from the same initial data
coincide as long as the latter exists. Strong solutions are unique in
the class of weak solutions

Singular limit in the incompressible, inviscid regime

Solutions of the Navier-Stokes-Fourier system converge in the limit
of low Mach and high Reynolds and Péclet number to the
Euler-Boussinesq system.
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Scaled Navier-Stokes-Fourier system

EQUATION OF CONTINUITY

Oro + divk(ou) =0

BALANCE OF MOMENTUM

1
Or(ou) + divi(ou ® u) +| 5 Vxp(e.9)| = (&2 |div,s

ENTROPY PRODUCTION

0¢(os(0,9)) + divk(os(o, ¥ —|—d1vX <M>
(S :V,u — q(19, VX;:) ‘ Vxﬁ>

Sl
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Target system

INCOMPRESSIBILITY

divy,v =0

EULER SYSTEM

Ov+v-Vyw+ Ve I1=0

TEMPERATURE TRANSPORT

8tT—|—v-VXT:0

BASIC ASSUMPTION
The incompressible Euler system possesses a strong solution v on a
time interval (0, Tiax) for the initial data vo = H[ug].
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Prepared data

0(0,-) = @—FSQ&L&), Q&s) — Qt()l) in L2(Q) and weakly-(*) in L°°(Q)
9(0,-) = 9 + 0, 95 — 0§ in L3(Q2) and weakly-(*) in L*(Q)

u(0, ) = o — ug in L2(Q; R3), vo € WX2(Q; R3), k > g
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NAVIER’S COMPLETE SLIP CONDITION

u- nlag =0, [Sn] X rl|aQ =0

u]
‘ ]
U

DA



Convergence

1
b>0,0<a<?0

ess sup || 0s(t,") = 0 ll24153(0) < €€
te(0,T)

Vozue — /o vin | L ((0, TT; Lo (2 R%))
and weakly-(*) in L>(0, T; L?(Q; R®))

Ve — 0
€

— Tin [L2(0, T]; LY (4 R3)), 1< g<2]|,

loc

and weakly-(*) in L>°(0, T; L*(Q))
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Uniform bounds

The uniform bounds independent of ¢ are obtained by means of
the choice
r=p, =9, U=0

in the relative entropy inequality:

0e — O
ess sup <c,
te(0,T) € [2415/3(Q)
’ Je — 0
ess sup <c,
te(0,T) € 12(Q)

€ss  sup H\/EUeHL2(Q;R3) =c
te(0,T)
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Linearization

€0 (Q‘EE_ Q) —i—diVx(Qaue) =0

[ 0c = |-
e0¢(0euc) + Vx <8gp(@n9) 211 9yp(a, 9)| = >:sf1

.- . . _[e-2
O: (@aﬁs(w) +50,5(8,7) 2 - 5 )

=9 _. _—|o—0
(?3195(@,19) - +9895(g,19)g Q)u€]:5f2

+divy

€

v
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Stability

Another application of the relative entropy inequality

Take

r.=0+4+¢R., ©. =9+¢cT., U.=v+V,d,

as test functions in the relative entropy inequality

Acoustic equation

edi(aR: + B7:) + wAP. =0
e0tVx®: + Vyi(aR. 4+ 57:) =0

Transport equation

at((s,]; - ﬁRs) +U; - VX((S?; - BR&:) + (67; - ﬂRE)diVXUE =0
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Lighthill's acoustic equation

Wave equation

| \

Neumann boundary condition

€8tZ+A¢ = 0, 5at¢+ Z = 0,

Vx® - njpq =0,

nitial conditions

| A

®(0-) = ®o, Z(0,-) = 2o,

\
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Solution formula

Acoustic potential

Time derivative
2(t,) = y o (iv "Bt ) [iv-Bl®o] + 2]
+5 00 (<iv=Bn) [-iv=Aoo] + 2]




Strichartz estimates for the flat Laplacean

* . p
/_oo e (+iv=a¢) [h]HLq(R3) dt < (11220
1 1 3
=—=—+—, g<™®
2 p q

Local energy decay

[ Iese (siv=zse)

2
Hes 2(R3) S C(X)||h||Ha,2(R3)

a<Z, xeCe(RY

N W

Eduard Feireis| Relative entropies and singular limits



Limiting absorption principle

Limiting absorption principle

The cut-off resolvent operator
(14 |x2)"2o[-Ay —p£i0] Lo (1 + [x[2)7/2, 6 >0, s> 1

can be extended as a bounded linear operator on L?(Q) for § — 0
and p belonging to compact subintervals of (0, c0).




Kato's theorem

Theorem

Let A be a closed densely defined linear operator and H a
self-adjoint densely defined linear operator in a Hilbert space X.
For A ¢ R, let Ry[\] = (H — M\Id)~! denote the resolvent of H.
Suppose that

r= sup | Ao Ru[A] 0 A*[v]|lx < oo.
MR, veD(A*), |lvlx=1

Then

T (@)
sup —/ |Aexp(—itH)[w]||% dt < 2.

weX, ||w|x=1 —0
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Frequency localized local decay estimates

Decay estimates

| xe-ames (xiv=aw) t[, , d < clalkg

Scaled estimates

T t 2
| [xet-anee (xiv=ans) ], , dt< Dl

G € C2°(0,00), x € C°(Q)
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Admissible domains

Limiting absorption principle

The operator Ay satisfies the limiting absorption principle in Q.

Strichartz estimates on “larger” domain

There is a domain such that DN {|x| > R} = QN {|x| > R} and
A satisfies the Strichartz estimates in D.

Local decay on “larger" domain

The operator Ay satisfies the local energy decay estimates in D.

Frequency localized Strichartz estimates

/:: HG(—AN)exp (ﬂ:i\/—ANt) [h]leq(Q) < c(G)lIlxq

1 1 3 o
E_EJFE, g < oo, Ge CX0,00)

A S a————




