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Abstract. We study the Stokes problems in a bounded planar domain 2 with a friction
type boundary condition that switches between a slip and no-slip stage. Our main goal is
to determine under which conditions concerning smoothness of €2, solutions to the Stokes
system with the slip boundary conditions depend continuously on variations of 2. Having
this result at our disposal, we easily prove the existence of a solution to optimal shape
design problems for a large class of cost functionals. In order to release the impermeability
condition, whose numerical treatment could be troublesome, we use a penalty approach.
We introduce a family of shape optimization problems with the penalized state relations.
Finally we establish convergence properties between solutions to the original and modified
shape optimization problems when the penalty parameter tends to zero.
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1. INTRODUCTION

An important part of mathematical modeling of fluid flow is the proper choice
of boundary conditions. Solid impermeable walls are traditionally described by the
no-slip condition, i.e.

u =20,

where u denotes the velocity field. In some applications, however, one can observe
a tangential velocity along the surface. In this case it is more realistic to use some
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kind of the slip condition. Navier [12] proposed the condition
Ur = —Ao,, A\>0,

saying that the tangential velocity w, should be proportional to the shear stress o .
Relations of this type are often used especially in non-Newtonian fluid mechanics,
see e.g. [11, 3].

In this paper we introduce a system with a friction-type condition, which switches
between a slip and no-slip stage depending on the magnitude of the shear stress.
Due to its non-smoothness, the weak formulation of the considered problem leads to
a variational inequality. To demonstrate the difficulties arising from this fact and
still to keep ideas clear, we consider the Stokes problem in a planar domain Q.

Problems involving friction-type boundary conditions have been analyzed e.g. in
[5, 6, 13]. The main goal of this paper is to study under which conditions concern-
ing smoothness of (2, solutions to the Stokes problem with threshold slip depend
continuously on variations of . This is the basic property enabling us to prove
the existence of optimal shapes for a large class of optimal shape design problems.
In order to release the impermeability condition, whose numerical treatment could
be troublesome, we use a penalty approach. We introduce a family of shape opti-
mization problems with the penalized states and establish mutual relation between
solutions to the original and the modified optimization problems when the penalty
parameter tends to zero.

The paper is organized as follows: In the next section we present the fluid flow
model and define a class of shape optimization problems. The domain dependence
of solutions to the state problem is analyzed in Section 3. In Section 4 we define a
family of shape optimization problems governed by the Stokes system with threshold
slip but with a penalized form of the impermeability condition. Discretizations of
these problems together with the convergence analysis are presented in Section 5.

Throughout the paper the following notation will be used: H*(Q), k > 0 integer,
stands for the classical Sobolev space of functions which are together with their
generalized derivatives up to order k square integrable in Q (H°(Q) := L?(Q)) with
the norm denoted by ||-[|, o. For the norm in L>°(Q) we use the notation |||, o-
Finally, ¢ denotes a generic, positive constant. To emphasize that ¢ depends on a
particular parameter p, we shall write ¢ := ¢(p).

2. FORMULATION OF THE PROBLEM

Let us consider the Stokes problem in a bounded domain 2 C R? with the Lipschitz
boundary 0). The slip boundary conditions are prescribed on a part of the boundary



S and the no-slip condition on I' = 9Q \ S:

(2.1a) —-Au+Vp=Ff in Q,
(2.1b) divu =0 in £,
(2.1¢c) u=20 on T,
(2.1d) uy, =0 on S,
(2.1e) lo-l <g on S,
(2.1f) U, Z0=|lo, =g & IN>0:u, = -Xo, on S.

Here w = (u1,us) is the velocity field, p is the pressure and f is the external force.
Further, v, 7 denote the unit outward normal, and tangential vector to OS2, respec-
tively. If a € R? is a vector then a, := a-v, a, := a — a, v is its normal component,
and the tangential part on 0f2, respectively. The Euclidean norm of a is denoted
by |la||. Finally, o, := (§%)_ stands for the shear stress and g > 0 a.e. on S is
a given slip bound. By the classical solution of (2.1) we mean any couple of suffi-
ciently smooth functions (u, p) satisfying the differential equations and the boundary
conditions in (2.1).

To give the weak formulation of (2.1) we shall need the following function spaces:

(2.2) V(Q)={veH () v=00onT, v, =0o0n S},
(2.3) Vaw (Q) = {v € V(Q)] dive =0 a.e. in Q},
(24) L3 = {oe *@) [ a0}

The weak formulation of (2.1) reads as follows:
Find (u,p) € V(Q) x LE(Q) such that

Vv € V(Q) : a(u,v—u)—b(’v—u,p)—l—j(vT) _j(uT)

(P)
Z (fvv - u)O,Q;
Vge L3(QY): b(u,q) =0,

where
(2.5a) a(u,v) = / Vu: Vv := / Vu; - Vo,

Q Q
(2.5b) b(v,q) = / gdivw,

Q

(2.50) i) = /S gllell-



Remark 1. Since we consider a two dimensional case, it holds that ||v,| = |v - T|
on S.

The following existence and uniqueness result is known [5].
Theorem 1. Let f € (L*(Q))?, g € L>(S), g > 0 a.e. on S. Then (P) has a

unique solution (u,p) and

(2.6) Vallg o + (]

oo <e(IFloa+llgles).

where c is a positive constant which does not depend on f and g.

Up to now, the domain €2 was given. From now on we shall consider the specific
family of domains, namely

O ={Qa)] @ € Upa},

where (see Figure 2)

(2.7) Qa) = {(z1,22)| 21 € (0,1), 22 € ((21),7)},
Upg = {a € CH1([0,1])] amin < a < Qmaz in [0, 1],
(2.8) a9 < ¢, j=1,2 ae in (0,1)}.

Here v, pmin, Qmaz, C1, C2 are given positive constants chosen in such a way that

Z/{ad 7é @
The boundary 99(«) is split into S(a) and T'(a) = 9Q(a) \ S(«), where

S(a) = {(z1,22)] 1 € (0,1), 2 = a(z1)}, @ € Uya,

i.e. S(«) is the graph of a. On any 2(«) we shall solve the Stokes system with the
slip boundary conditions on S(«) and the no-slip condition on I'(«v). To emphasize
the fact that the state problem is parametrized by o € U,q we shall use the following
notation: V(a) := V(Q(a)), Vaiv() := Vai, (), L3(a) := L3(2(c)). Similarly,
the bilinear forms a., b, and the non-differentiable term j, denote the ones from
(2.5) with Q, S replaced by Q(«) and S(a), respectively. The weak form of the state
problem on (), @ € Uyq reads as follows:

Find (u(a),p(a)) € V(a) x LE(a) such that

Yo e Via): an(u(e),v—u(a)) —ba(v —ul(a),p(a))
(P(a))
+joc(v7') - ja(u‘r(a)) > (f,'v - u(a))O,Q(a)7

Vg € L3(a): bo(u(a),q) =0.
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FIGURE 1. Geometry of the domain Q(«).

In what follows we shall suppose that f € (L7 _.(R?))? and for simplicity of our
analysis that ¢ is a positive constant.

Finally, let J : A — R be a cost functional, A = {(a,y,q)| @ € Usq, y € V(a), q €
L3(a)} and denote J(a) = J(a, u(a), p(r)), where (u(a), p(c)) is the unique solution
of (P(a)). Next we shall study the following optimal shape design problem:

Find o* € U,q such that

(P)
Vo € Upg : J(a*) < J(a).

To prove that (P) has a solution we shall need the following lower-semicontinuity

property of J:

(2.9)
ap,— a in CH[0,1]), an,a € Uyg

yo—y i (HYQ)P, g,y € (H(Q)? = lminf J(an, ypla,): dala.)

G q in L), gn,q € L)
> J(, Yl daw))

where € is a domain which contains all Q(a), o € Uyg. Here and in what follows

~

Q= (0,1) x (0,) with v from the definition of («). Our first goal will be to prove
the following result.

ot



Theorem 2. Let (2.9) be satisfied. Then (IP) has a solution.

3. STABILITY OF SOLUTIONS WITH RESPECT TO SHAPE VARIATIONS

In this section we shall prove that the solutions of (P(«a)) depend on « € U,q in a
continuous way which is the basic property used to prove the existence of a solution
to (P). To this end we have to introduce convergence of domains belonging to @ and
convergence of functions with variable domains of their definition.

Definition 1. Let Q(a,) € O, n = 1,2,... be given. We say that the sequence
{Q(an)} tends to Q(a) € O (and write Qo) — Q(«)) iff

an — a in C*([0,1]).

Definition 2. Let y,, € V(an,), an € Uga, n=1,2,... be given. We say that the
sequence {y,,} tends weakly toy € V(«), a € Uyq (and write y,, — y) iff

(3.1) TanYn — Tay (weakly) in (H'(2))?

where for any 8 € Ugq, 5 € L(V(B), H} ((Al)) denotes an extension mapping from
Q(B) on Q whose norm can be estimated independently of B € U,q. If weak conver-
gence in (3.1) can be replaced by strong one, we say that {y,,} tends strongly to y
(and write y,, = y).

For functions belonging to H} (av,) := Hi (2(ay,)) or L3(a,) the situation is much
simpler since one can use the zero extension outside of Q(a,).

Definition 3. Let z, € H} (o), o € Ugg, n = 1,2,... We say that the sequence

{zn} tends to z € Hi(a) weakly, strongly (and write z, — z, z, — 2, respectively)
iff

respectively. Here the symbol “°” stands for the zero extension of functions from
their domain of definition on §) (analogously we define convergence of a sequence

{Qn}7 an € L(Q)(an))

Remark 2. Since all domains belonging to O satisfy the so-called uniform cone
property, the existence of the extension mapping wg € L(V(3), H}(2)) from Defini-
tion 2 is guaranteed (see [4]).



The following auxiliary result is a direct consequence of the Arzela-Ascoli and
Lebesgue theorem.

Lemma 1. It holds:

(i) the system O is compact with respect to convergence from Definition 1;
(ii) if Qan) = Qa), an, @ € Uyq then

Xn — x In LY(Q) Vg € [1, c0),

where xn, x are the characteristic functions of Q(«,) and Q(«), respectively.

First we show that the constant ¢ in (2.6) can be chosen to be independent of
a € Uyq.

Lemma 2. There exists a constant ¢ > 0 such that
(3:2) Irats(@)l 6 + [P (@)]y 5 < ¢
holds for any a € Uyg.
Proof. Using test functions v € Vgiy (@), o € Uyq, problem (P(a)) takes the form:
(3.3) aa(u(a),v —u(a@)) + ja(vr) = ja(ur (@) = (f,v — u(a))o.a@): v € Vaiv(a).
Inserting v = 0 and v = 2u(«) into (3.3) we obtain:
(34) [w(@)[} o) < aalu(a), w(@)) + jo(ur (@) = (f, w(@))o,0)
< [ fllog lImanll, g

where for simplicity of notation m,u := mau(a). The seminorm on the left of (3.4)
can be estimated from below by the Friedrichs inequality with a constant ¢ > 0 which
does not depend on « € U4 [8]. Thus

2
cllu(@)l} o) < [u(@)f o) < Iflloa lImaul, g -

From this and the fact that also the norm of 7, can be estimated uniformly with re-
spect to o € Uyg, the boundedness of || Tou(a)||; g follows. To prove the boundedness
of the pressure we proceed as follows: Using that

aa(u(a), u(a)) = ba(u(@),p(a)) + ja(ur (@) = (f, w(a))o.()

we obtain from the inequality in (P(«)):

(3:5)  ba(v,p(a)) < aa(u(a),v) + ja(vr) = (£, v)0.0w@) < clvll g@ > v € Vi),



where ¢ > 0 does not depend on a € U,q making use of the boundedness of ||moul|, 5
and the uniform boundedness of the trace mapping Tr, € L(H'(2(a)), L?(Q(a)))
with respect to a € Uyq [8]. From (3.5) it follows that

ba (v, p()) <e

(3.6) sup
veV(a) ”le,Q(a)

From [7] we know that there is a mapping B, € L(L3(«),(H}(a))?) such that

div Bog = q a.e. in Q(a) whose norm is bounded independently of a € U4 (see also
[2], Section 4)'. The choice v := B,p(a) in (3.6) yields:

2
ba ) ba Ba ) pla i C
sup (v,p(@)) > (Bap(2), p()) = It )HO’Q( ) > C||p(a)||0£2(a)’
vevia) Wlia@ — 1Bap(@lli gy 1Bap(9)lly g 7

where the constant ¢ > 0 is independent of a € U,q. This concludes the proof. [
We shall also need the following auxiliary result.

Lemma 3. Let o, € Uyq be such that o, — a in C1([0,1]) and let v € V(«)
be given. Then there exists a sequence {vy}, vy € (Hl(ﬁ))2 and a function v €
(H'(2))? such that v|g() = v and

(3.7) v — o in (H'(Q))?, k — .
In addition, for any k € N there exists ny, € N such that
(3.8) Vklo(an,) € Vian,).

Proof. Let v* := v (z1), v := v*(x1) denote the unit outward normal vector to
S(a) and S(ay,), respectively. By the same symbols we shall denote their natural
extensions defined in Q, i.e. v (z) := v*(z1) and v (z) := V" (z1), = = (z1,7) €
Q. We set
o(x) =v(z) - v*(x), YP):=vr(z), z€(a).

Then ¢ € H}(Q(a)), ¥ € (H(Q()))? and 1 = 0 on I'(«). Using the density argu-
ments, one can find sequences {¢x}, o € C§°(2()) and {3, }, ¥, € (C(Q(a)))?,
dist(supp ¥, I'(«)) > 0 V& € N such that

Ok — @ in Hy(Q(a)),
Y, — P, k— o0, in (H'(Q(a))?

11n fact, the norm of B depends only on ||0‘H1,oo,[0,1]= i.e. it is uniformly bounded for o € {8 €
Co’l([()» 1])' 0 <8 < amax, ‘Bll <Ciin [0, 1]}



and also

o = ¢° in H;(Q),
7Toz’gbk - 71—041»07 in (Hl(ﬁ))z
Moreover we may assume that dist(supp mathy,I') > 0 Vk € N where I' := 9 \
[0,1] x {0}. The sequence {vy} satisfying (3.7)—(3.8) will be constructed as follows.
Suppose for the moment that there exists a filter of indices {ny}, ¥ — oo such that

for any k € N it holds that S(a,, )Nsupp ¢ = 0 and in addition there exist functions
N,, € (C%1(Q))? such that N, l69(a, ) = V" and

(3.9) N,, —v®in (HY(Q))?, k — oo.

Define v, by:

(3.10) vk = AN n, + (Tati)rn, = G0N + TaWy, — (Tathy - Ny ) Ny
From this and the definition of ny it immediately follows that vj, € (H(€))2, v, = 0

on I'(av,,) and vg - vk [5(q, ) = ‘Pg|5(ank) = 0. Hence vi|a(a,,) € V(an,). Passing
to the limit with & — oo in (3.10) we obtain:

v = OV + Totp — (Tatp - v = o in (H'(Q))2

It is easy to see that v satisfies v|g o) = v.
It remains to prove (3.9). Since a,, — «a in C1([0, 1]), it holds:

(3.11) v = 1% in O(Q)
and from the definition of O it follows that
(3.12) HVUBHOO g < Oy for every B € Uya.

Let & € C*([0,00)) be functions satisfying 0 < & < 1 in [0, 00), §k|[0,ﬁ] =1 and
kl[1/k,00) = 0 for every k € N. For k,n € N we set

Ny i(x) = &(|lze — a(z)]) (v —v*) + 1%
It is readily seen that IN,, j € (00’1(6))2 Vk,n € N and

(3.13) | N — Va”O,ﬁ < [lpo — Va”o,ﬁ as n — 0o



uniformly with respect to k € N.
Let k € N be fixed. Then from the definition of & it follows that there exists an
index ng := ng(k) € N such that N}, x|aq, = v*" for any n > ng. Furthermore:

B.14) V(N =)o < o V(& (w2 — alz) DI v = v 4

IV =)o f1ws—aten)|<1 /5
S V1+C Il 0,00) 07 = vl g + 2C2/.
From this we see (still keeping k € N fixed) that there exists an index ny :=ny (k) € N

such that ||[V(N,x —v%)|lq = O(1/k) for any n > n;. Setting Ny, := Ny, &,
where nj = max{ng,n1} we obtain (3.9) making use of (3.13). O

The main result of this section is the following stability result.

Theorem 3. Let a,, a € Uyq be such that a,, — « in C([0,1]) and denote
(U, ) = (w(an),plan)) € V(ay) x L3(ay,) the unique solution of (P(ay,)). Sup-
pose that there exists an element (w,p) € (Hg(Q2))? x L3(2) such that

(3.15a) T, Up — U in (H'(Q))?,
(3.15b) P2 —p in L3().

Then (u(a), p(a)) := (|o(a); Placa)) solves (P(a)).

Proof. First we show that (@|o(a), Pla(a)) € Vaiv(a) x L3(a). The fact that u(a) :=
@|ga) = 0 on I'(a) and p() := plo@) € L§(Q(a)) is readily seen. It remains to
prove that divu(a) = 0 in Q(«) and u(a) - v* = 0 on S(«). This is equivalent to
verify that

(3.16) /Q( )u(a) V=0 Vo H (Qa)), ¢=0o0nTI(a).

Let ¢ from (3.16) be given and denote by ¢ € H () its extension such that ¢ = 0
on 90\ [0,1] x {0}. Since u,, € V(o) ¥n € N, it holds:

(317) / Uy, - VSZ) =0« / XnTa, Un * V‘)b = 07
Q(O‘n) ﬁ

where X, is the characteristic function of Q(«,,). Letting n — oo in (3.17) we obtain:
/an%un~Vg5—>/xﬁ~V95:/ u(a)- Ve =0,
Q Q Q(a)

10



where x is the characteristic function of Q(«a), making use of Lemma 1 (ii) and
(3.15a). Hence u(a) € Vgiy(a). Now we show that the pair (u(a), p(or)) satisfies the
inequality in (P(a)).

Let v € V() be given and construct the sequence {vy,}, vy, € (H'())? satisfying
(3.7) and (3.8). Since vi[o(a,,) € V(an,) for an appropriate ny € N, it can be
used as a test function in (P(an,)) (to simplify notation we shall write a,, = aa,,,
by, = ba,, s Jng = Jan, )

(3.18)

ank (unkavk_unk)_bnk (vk_unk;pnk)+jnk ('ka)_jnk (unkr) Z (fa/vk_unk)o,ﬂ(ank)'

Letting k — oo in (3.18) and using Lemma 1 (ii), (3.7), (3.15) we obtain (for details
we refer to [8]):

(3.19a) lim sup @y, (Un,,, Vg — Un, ) < aq(u(a),v — u(a)),
k—oco

(319b) klggo b'n«k (vk - unkvpmc) = ba(v - u(a)vp(a))v

(3.19¢) klingo(f, v — u"k)o,ﬂ(ank) =(f,v— u(a))oﬂ(a).

The frictional term can be written as
1
i (08) = [ orr 0 an, [y/1+ 0, [P
’ 1
= g/o Uk © Ay, — (Vi © Q- O ) 2 [T+ |, 2 day.
From (8] we know that

v}, 0y, — voain (L?((0,1)))?, k — oo.

Therefore

Jni (Vkr) = ja(vr), kK — 00,
using that v*+ = v*, «a;, = o (uniformly) in [0,1] (similarly for j,, (tn,-))-
From this and (3.19) we see that (u(«),p(a)) satisfies the inequality in (P(«)), i.e.
(u(a), p(a)) solves (P(c)). O

Remark 3. It is easy to show that (3.15a) implies that
(3.20) Xn Ve, U — XV in (L*(Q))?,

where X, x are the characteristic functions of Q(«,) and Q(«), respectively. To
prove (3.20) it is sufficient to show that

HXTLVﬂ'anunHo,ﬁ — HXV'&HOE, n — 0.

11



Indeed:

X VT, Ul g = e, (W, ) = bar, (W, D) = v, (W) + (1 U )o,2(c0r)
— ba(u(a)’p(a)) - ja(ur(a)) + (fa u(a))O,Q(a)
= aq(w(a), u(@)) = [[xValj 5 -

From (3.20) it easily follows that
un — u(a) in (Hj,(a)))?

(see [8]).

Proof of Theorem 2. Let {(wn,pn)}, where (w,, pn) solves (P(ay,)), be a minimizing
sequence in (P). Since {(mq, wn,p?)} is bounded in (H(Q))2 x Lg(ﬁ) as follows
from Lemma 2, one can find its subsequence (denoted by the same symbol) such
that (3.15) holds true. The existence of a solution to (IP) is then an easy consequence
of (2.9) and Theorem 3. O

4. SHAPE OPTIMIZATION WITH THE PENALIZED STATE PROBLEM

The aim of this section will be to analyze a new shape optimization problem for
the Stokes system with threshold slip but with a penalization of the impermeability
condition (2.1d). In addition to notation introduced in the previous sections we
denote:

V(a) ={v € (H'(2(a)))?| v=10on I'(a)},
de(a) {ve V ()| ba(v,q) =0Vq € LE(a)}, a € Unqg

and define the penalty term
1
co(u,v) = / (woa -vY)(voa-v¥)dx,
0

where woa - v := u(zy,a(z1)) - v*(x1), 1 € (0,1). This bilinear form will be used
to approximate the boundary condition uw - v* =0 on S(«).

12



Let a € Uyq be fixed and € > 0 be a penalty parameter. The penalized form of
(P(a)) reads as follows:

Find (u,p.) € V(a) x LE(a) such that
Yv € f/(a) i Aa(Ue, v —ug) — by (U — ue, pe)
(P(Q)E) +ja(’v'r) - ja(usr) + %ca(um'v - us)

2 (.fa v - uE)O,Q(a)7

Vg e L3(a): by(ue,q)=0.

Using the same technique as in [5] one can show that (P(«).) has a unique solution

(ue,pe) for any e > 0. Moreover,

(4.1a) U = U in (H'(Q(a)))?,
(4.1b) De =D in L3(a), € — 0+

and (u,p) is the unique solution of (P(«a)).
Now we introduce the following family of shape optimization problems with the
state problem (P(a).). For any ¢ > 0 fixed, we define:

Find of € Uyq such that

(Pe)
Voo € Uyg : 35(0‘:) < :‘s(a)a

where J. () := J(a, us (@), pe(@)) with (ue (@), p-(«)) being the solution of (P(«).).
Using a similar approach as in Section 3 (see also [8]) one can prove the following
result.

Theorem 4. Let (2.9) be satisfied. Then (P.) has a solution for any € > 0.

In the subsequent part of this section we shall analyze the mutual relation between
solutions of (P) and (P.) for ¢ — 0+. We start with the following result.

Lemma 4. There exists a constant c := c(||f||, ) > 0 independent of o € Uyq
and € > 0 such that the solution (uc(«),pe(a)) of (P(«)e) is bounded:

(4.2) [Tauc(a)lly g + éca(us(a)vus(a)) +{[p2(@)]gq <

13



Proof. The boundedness of the first two terms in (4.2) follows easily from the fact
that u.(a) € Vaiv(a) and satisfies:

) 1 .
(43) aa(”a“s) +]a(ue7—) + gca(ua u’s) < CLE(UE,’U) +]a(v7—)

1 -
+ gCa(Us, v) — (f,v — u)o,0(a) Vv € Vaiv()

making use of the definitions of (P(a).) and Vg, (). Inserting v = 0 into the right
hand side of (4.3) we obtain the claim. To show the boundedness of {p.(a)} we
proceed as follows: From the inequality in (P(«).) we see that

ba(v,p:()) < aa(u(a),v) - (f,v) Vv € (Hy(2(a)))*.

Thus (see also Lemma 2)

ba y ME
Clpellooe < sup  selaPe) o
T vemi@an)? 191 0g)
v#0

making use of the boundedness of {[|uc()|; ()} Since also ¢ does not depend on
a € Uyq and € > 0, we arrive at (4.2). O

The key role in our analysis plays the following stability type result.

Lemma 5. Let a,, — « in C1([0,1]), o, o € Upq and {(u,,p,)} be the sequence
of solutions to (P(aw)e, ), €n — 0+. Then there exist: a subsequence of {(un,pn)}
(denoted by the same symbol) and a pair (@, p) € (HE(Q))2 x L2(Q) such that

(4.4a) T, U — @ in (H'(©))?,
)7

(4.4b) Pl —p in L2(Q), n — oo.

In addition, the pair (t|o(a),Pla(a)) is a solution of (P(a)).

Proof. The existence of a subsequence satisfying (4.4) follows from Lemma 4. Clearly,
Uloa) € Vaiv(c). Next we show that u := U|q(q) satisfies (2.1d) on S(a). From (4.2)
we see that

(4.5) 0 < cn(tn,uy,) <epec— 0asn— oo,

where for brevity ¢, := c,,,. On the other hand

(4.6) Cn (U, Uy) = co(u,u) as n — 0.
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Indeed:

(A7) [tn 0 an v —woa v 1) < [(n 0 0n —uoa) v

0,(0,1)

Qn

+uoa@* —v%)|g 1) = 0, n— oco.

Convergence of the first term on the right of (4.7) is shown in [8], Lemma 2.21. From
(4.5) and (4.6) it follows that w - v® =0 on S(«), hence u € Vgiy ().

It remains to show that u solves (P(«)). Let © € V() be given. Then accordingly
to Lemma 3 there exists a sequence {v;}, vy € (H*(Q))? satisfying (3.7) and (3.8).
Since vk|q(a,, ) can be used as a test function in (P(an,)e,, ) we obtain:

ank (unkavk - unk) - bnk ('Uk - unkypnk) + jnk (va) - jnk (unk) Z (.fa vk)O,Q(ank)'

Here we used the fact that
1 1
—Cnp,y, (unk;vk - unk) = ——Cp, (unk7unk) S 0.
ngk 5nk

The rest of the proof is identical with the one of Theorem 3. |

To establish a relation between solutions of (P) and (P.), ¢ — 04 we shall also
need the continuity of J in the following sense:

(4.8)
an— a in CY[0,1]), an,a € Uag

yo=y in (HYQ)?, g,y € (HH(@)? 5 = lim J(an Yuloga,): dalogan)

n=q in L*(Q), gn,q € L§(Q)
Theorem 5. Let (2.9) and (4.8) be satisfied. Then from any sequence {a}

of solutions to (P.), € — 0+ one can choose a subsequence (denoted by the same
symbol) and find a triplet (a*,u*,p*) € Usq x (Ha(2))? x L3(S2) such that

(4.9a) al - a* in C*([0,1]),
(4.9b) Tz e (af) = u' in (H'(Q))?,
(4.9¢) p2(af) = p* in L3(Q), e » 0 +.

Moreover, o* is a solution of (P) and (u*[q(a+),P*|a(ax)) solves (P(a*)). Besides
that, any accumulation point of {(af, u.(a2),p-(ak))} in the sense of (4.9) has this
property.
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Proof. The existence of a subsequence {a} satisfying (4.9a) follows from the Arzela-
Ascoli theorem. Further, (4.9b), (4.9c) and the fact that (w*[q(ax), P*|a(ax)) soOlves
(P(a*)) are proven in Lemma 5. Let & € U,q be given and (u(@),p(&)) be the
unique solution of (P(&)). From (4.1) we know that

uc (@) = u(@) in (H'(2(a)))?,
pe(a) = p(a) in L2(Q(a)), e — 0+
and also
QO su(@) in 1Q))2
(4.10) Woz“;(a) — mau(a) (H (Q))7, }
pl(a) = p’(@)  in L3(Q), e = 0+

The definition of (P.) yields:
J(aZ, uc(al), pe(al)) < J(&, uc(a), pe(a)).
Letting ¢ tend to zero on the filter of indices for which (4.9) holds, we obtain:
J(&, g0y, P o)) < J(@,u(@),p(@)) Va € Uag
making use of (2.9), (4.8) and (4.10). O

5. APPROXIMATION OF (PP;)

In this section, a finite dimensional approximation of (P.) will be proposed and
analyzed. Next we shall assume that € > 0 is fixed. We introduce a finite element
discretization of (P(a).) and a discretization of the set U,q. We will show that the
discrete shape optimization problem has a solution. Finally we will study convergence
properties of such solutions if the discretization parameter h — 0+.

5.1. Formulation of the discrete problem. We start with the approximation
of the admissible set U,q. Since for finite element methods it is convenient to use
polygonal domains, we will consider piecewise linear approximations of U,q. On
the other hand, as U,; contains C''!-functions, this approximation of I,q becomes
external and some technical difficulties arise especially in the convergence analysis.

Let d € N be given and set h := 1/d. By d, we denote the equidistant partition
of [0,1]:

0p: O=ag<a1 <...<aq=1,
where
aj Zjh, ij,l,...,d.
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The set of discrete admissible shapes U", consists of continuous, piecewise linear
functions on 0y, which satisfy constraints analogous to those ones imposed in (2.8):

Uly = {an € C([0,1))| anja,_y,a0) € Pr(laic1,ai]) Vi=1,....d,
Amin < ap(a;) < Qs Vi=0,...,d,
lan(a;) — an(ai—1)| < Cr1h Vi=1,....d,
lan (aiv1) — 200, (a;) + an(ai_1)| < Coh?, Yi=1,...,d—1}.

The positive constants Gmin, Qmaz, C1 and Cy are the same as in (2.8). We denote
the set of discrete admissible shapes by

On = {Q(an)| an €U}

The symbol T () will denote a triangulation of Q(ay,) with the norm h. We will
consider the system {7 (an)| o, € UM} which consists of topologically equivalent
triangulations, i.e.:

(T1) the number of nodes as well as the neighbours of each triangle in 7y, (cy,) are
the same for all oy, € U3

(T2) the position of the nodes in T, () depends continuously on ay;

(T3) the triangulations T, («y,) are compatible with the decomposition of 9Q(ay,)
into S(ayp) and T'(ay,) for any oy, € UM,

In order to establish convergence results we will also need:

T4) the system {7, ()| an € UM} is uniformly regular with respect to h > 0
ad
and ap, € Z/lgd, i.e. there exists a constant 6y > 0 such that

On () > 0o Yh > 0 Yoy, €U,

where 6}, (ay,) denotes the minimal interior angle of all triangles from 7, ().

In order to give a finite element discretization of the state problem, we define the
spaces of piecewise polynomial functions:

Vi(an) := {wn € (C(@(an)?| var € (Po(T))? VT € Tr(an), vn =0 on I(ay)},

Li(on) == {an € C@on))| anr € Pi(T) VT € Talan), /Q( =0}
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Let e >0, h>0and ap € Z/l(fd be given. The discrete penalized state problem reads

as follows:
Find (uhg’phg) = (uhs(ah),phg(ah)) S ‘N/h(ah) X Lh(ah) s.t.
Yvy, € Vh(ah) :
Aoy, (Whe, Vi — Uhe) — bay, (Vh — Uhe, Phe)
(Pha(ah))

+ian (Vnr) = Jay, (Wher) + %Cah (Uhe, Vi — Wpe)

> (fvvh - uhE)O,Q(ah)7

Yan € Lip(ap) @ ba, (Uhe,qn) = 0.

Since the pair Vj,(ay) and Ly (ay,) satisfies the Babuska-Brezzi condition (see (5.2)
below), problem (Ppe(c,)) has a unique solution.

Lemma 6. There exists a constant ¢ := c(||f||, ) > 0 independent of € > 0,
h >0 and ay, € U", such that the solution (upe,ppe) of (Phe(au)) is bounded:

1
(5.1) ||7Tahuh6||1,§ + gcah (Uhe, Une) + ||p?16||0,§ <ec

Proof. The boundedness of the first two terms in (5.1) can be shown exactly as in the
proof of Lemma 4. The pressure estimate will be proven provided that the discrete
inf-sup condition

ba )
(5.2) inf sup »(0,%)

>c
€L (@m0} ye i (10} 19110, (o) 17

- Y

l,Q(ah,)

holds with a constant ¢ > 0 independent of A > 0 and aj € U",. Indeed, in [1],
Chapter V1.6, it is shown that (5.2) holds with a constant ¢ := ¢(¢), where ¢ is
the constant in the inf-sup condition for the spaces L2(ay) and V(ay). As we have
pointed out before, ¢ does not depend on «y,, and so ¢ does not. O

Analogously to the continuous setting, the discrete shape optimization problem is
defined as the minimization of J. on L[Z}d, where

Jne(an) == J(an, wne(an), pre(an)),

with (wpe(an), pre(an)) being the solution of (Ppe(ap)). Thus, for each e > 0 and
h > 0, the discrete shape optimization problem reads:

Find of, € Ugd such that
(]P)he)
Vap €U, 1 Jne(ag.) < Ine(an).
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Adapting the approach from the previous section to the discrete case, one can
easily show that the graph

Ghe == { (an, wne(on), pre(an)); an € ULy,

(whe(an), pre(ou)) is the solution of (Ppe(an))}

is compact for any € > 0 and h > 0 so that the following result is straightforward.

Theorem 6. Let h,e > 0 be fixed and Jj. be lower semicontinuous on Ugd. Then
(Ppe) has a solution.

5.2. Convergence analysis. In this section we will analyze the mutual relation
between solutions to (Pp.) and (P.) as h — 0+ keeping ¢ > 0 fixed, aiming to show
that the discrete optimal shapes converge in some sense to an optimal shape of the
continuous setting.

We start by recalling some auxiliary results concerning the relationship between
Z/I;Ld, h — 0+ and U,q which can be proven using the same arguments as in [9, 10].

Lemma 7. For any « € U,q there exists a sequence {an}, ap € L[fd such that
ap — « in C([0,1]), h — 0+.

Lemma 8. Let {a}, a, € UM, be such that oy, — o in C([0,1]), h — 0+. Then
« € Uyq and there exists a subsequence {ay, } C {an} satisfying:
(5.3) o) — o in L%°(0,1), Ay —04.

In order to pass to the limit in the variational inequality we also need the following
result.

Lemma 9. Let {an}, ay, € U", be such that oy, — a in C([0,1]), h — 0+ and
v € V(a) be given. Then there exist: a sequence {v,}, v, € (H*(€))? and a function
v € (H'(Q))? such that Vhlo(an) € Vi(an), V|g(a) = v and

(5.4) vp — o in (H'(Q)% h—0+.

Proof. Let ¢ > 0 be arbitrary and set v := m,v € (Hé(ﬁ))2 By the density argument
one can find ¢ € (C5°(Q))? such that

(5.5) lp =2l 5 <

N

Q(an) and Ty,(ap) be a triangulation of ©(ay,) such that the nodes

Let ©(ay) = 0\
d T (an) on S(ay) coincide and moreover the family {7y (o)}, b — 0

of Tp(a) an
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satisfies (T1), (T2) and (T4). By r), we denote the piecewise quadratic Lagrange
interpolation operator in ) with the triangulation Tn(an) U Th(ap). From (T4) it
follows that there exists a constant ¢ > 0 independent of h > 0 and ay, € U", such
that

(5.6) Irne =l g < chllpllyq Vo € (H Q).

We set vy, := 7,9. Then clearly vp|g(a,) € V() for every h > 0. Moreover, from
(5.6) we see that there exists hg := ho(e) > 0 such that for any h < hg it holds:
€
lvn =&l a8 <35
which together with (5.5) completes the proof. O

The following lemma establishes convergence properties of solutions to (Ppe(ay))
as h — 0+.

Lemma 10. Let {ay}, oy, € UM, h — 0+ be an arbitrary sequence. Then there
exist: its subsequence (denoted by the same symbol), a function a € Uyq and a pair

(w,p) € (HE())2 x L2(Q) such that
ap — a in C([0,1)),
T Une(an) — @ in (H'(Q))?,

phg(ah)o — P in LQ(Q)7 h—0+.

Moreover, (@|q(a); Pla(a)) is the solution to (P(a).).

Proof. The existence of convergent subsequences follows from Lemma 6, the Arzela-
Ascoli theorem and Lemma 8. From Lemma 9 we know that for any v € f/(a) one
can find a sequence {vn}, vnlo(a,) € Vi(ay) satisfying (5.4). The limit passage
for h — 0+ in (Pre(ap)) can be done as in the proof of Theorem 3 making use of
(5.3). O

To establish convergence of solutions to (Ppc) as h — 0+ we shall need the conti-
nuity of J in the following sense:

(5.7)
ap— a in C([0,1]), ap, €U, € Uyg

Tap,Yn— Y in (Hl(ﬁ))27 Yp € Vh(ah)ay € (H(}(ﬁ))Q = hli}IélJr J(ahayhaqh)

q}OL_\ q in LQ(Q)a qn € Lh(ah)7q € L%(ﬁ)
= J(, Yoy dow))-
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We have the following convergence result.

Theorem 7. Let {a}_}, h — 0+ be a sequence of solutions to (Pp.), h — 0+
and let (5.7) be satisfied. Then there exist: a subsequence of {cj_} (denoted by the
same symbol) and a triplet (af, uf,p?) € Uag x (HL(Q))? x L2(Q) such that

e — af in C([0,1]),
”aﬁsuhe(o‘Ze) —wulin (Hl(ﬁ))27

Phe(fe) = plin L*(Q), b= 0+.

Moreover, o} is a solution of (P.) and (uf|o(as), PE|a(ar)) solves (P-(al)).
The proof is analogous to the one of Theorem 5.
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