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ON SOME PROBLEMS CONNECTED WITH DIAGONAL MAP
IN SOME SPACES OF ANALYTIC FUNCTIONS
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Abstract. For any holomorphic function f on the unit polydisk D" we consider its re-
striction to the diagonal, i.e., the function in the unit disc D C C defined by Diag f(z) =
f(z,...,2), and prove that the diagonal map Diag maps the space Qp,q,s(D™) of the polydisk
onto the space Q%  ,,(D) of the unit disk.
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1. INTRODUCTION

Let D denote the unit disk in the complex plane C, T' = 0D its boundary. Let D"
be the unit polydisk in C™ and 7™ its Shilov boundary. Let dms(z) = n~lrdrdf

n
denote the normalized area measure on I, dmo,(2) = [[ dma(z;), where z; € D for
j=1

each j € {1,...,n}, dm, being the normalized surface measure on 7". When n = 1,
we use dm(§) to denote the normalized Lebesgue measure on 7. Let H(D") be the
space of all holomorphic functions on D™. The integral mean of f is defined as

ML) = [ 1GOP dmal€), Maclfir) = max|FGOLr € (0.1), f € HO),

Here 7§ = (r1&1, ..., ™én)-
Let X C H(D) and FF € X. If Y = Y(D") is a subspace of H(D") and

X =DiagY ={f(z,...,2); feY,Y Cc HD")}
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then in some cases, that is, for some X and Y (for example, for the Bergman spaces),
the relation

(1) I1Fllx = inf o (F)lly
holds, where p(z1,...,2,) is an arbitrary extension of the function F' from the di-
agonal (z,...,z) onto the unit polydisk. The notation A =< B means that there is a

positive constant C' such that A/C < B < CA.
With any holomorphic function f on the unit polydisk D™ we associate the function

Diag f(2) = f(z,...,2).

This operator is called the diagonal mapping. In [9] Rudin suggested the study of this
mapping. Recently, the diagonal mapping has been investigated by many authors,
see, for example, [1], [8], [11] and the related references therein.

For example, it is well known ([11]) that for the weighted Bergman space ¥ =
P(D"), i.e

ﬂﬁ(@")—{feH(D”): | s ﬁ1—|z| dm2<zj><oo},

where p € (0,00), a = (a1,...,00), o > —1, j = 1,...,n, its diagonal is the

n
weighted Bergman space on the unit disk X = 42% ol +2n— »(D), where |a| = Zl a; and
]:

0 <p<oo.

As we can see from the above discussion, the problem of describing the diagonal
of a space Y (D™) which is a subspace of H(D") is equivalent (in some sense) to the
problem of finding equivalent quasinorms || - ||x on X = DiagY. In Section 3 we
give some new results in this direction.

The so called BMOA type spaces have been investigated recently by many authors,
see, for example, [2] and [6]. Hence, the problem of describing the diagonal of
the multidimensional BMOA type spaces appears naturally. In this paper we give
complete solutions of this problem with some restrictions on parameters.

Throughout this paper, absolute constants will be denoted by C, which need not
be the same from line to line.

2. AUXILIARY RESULTS

In order to prove the main results of the paper we need some known auxiliary
results which are incorporated in the following lemmas.
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Lemma A. Suppose 0 < p < oo and a > —1. Then

[ 1P e dma ) = (If(O)I” + [1rera - dm2<z>)

for all f € H(D).

For the proof of Lemma A and its generalizations, see, for example, [12], [13], [15],
[17], [18] and the references therein.

The following inequality can be found, for example, in [11].

Lemma B. Suppose 0 < p <1 and a > 1/p — 2. Then

(2) (/[D [f(2)](1 —1z]) dm2(2)> < C’/[D |f(z)P(1 — |Z|)<yp+ P2 dimy (2)

for all f € H(D).

The next lemma is folklore.

Lemma C. Suppose that f € &P(D), p > 0 and o > —1. Then there is a
constant C' = C(p, «) such that

c
1f(2)] < O_Wmﬂfﬂdﬁ

By a slight modification of the main result in [16], or of the proof of Theorem 7
in [14] the following result can be proved.

Lemma D. Assume that p > 2 and o > —1. Then

(3) |f(0)|p+/ [FEPT2LF (2)P(L = [2])2 dma(2) = / |f(2)[P(1 = [2])* dma(z).
D D
The following inequality was proved in [3].
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Lemma E. Assume that 2 < s <p+2 and f € HP(D). Then

/le’(Z)ISIf(Z)I”*S(l = |21~ dma(2) < CIIf e

for some positive constant C' independent of f.

Before we formulate the next lemma we introduce the following definitions and no-
tation. The Hardy spaces, denoted by H?(D)(0 < p < 00), consist of all holomorphic
functions on the unit disk such that

sup / £ dm(C) < oo

osr<1JT
Let « > 1, € T. Define

Ta(Q) = {z €D: [1 -T2 < a(l - |2])}.

o0

Assume that f € H(D) with the Taylor expansion f(z) = Y ax2*. Then 2f(z)
k=0
is defined as

o0
Zk—i—l apz"

Lemma F ([4]). Assume that p,t € (0,00). Then f € HP(D) if and only if

P/2
= ( / |@tf<z)|2<1—|z|>2tQdm2<z>> am(¢) < oo,
T \/Ta(¢)

moreover,

= £l
The following lemma was proved in [6], see also [11].

Lemma G. Suppose that s > -1, r,v >0, v —s<2<r—sandr+uv—s>2.

Then
[ Aslrdn©) c
o = a1 = Cul S =2l (1= Py

z,w € D.
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3. SOME INEQUALITIES FOR BERGMAN SPACES AND MIXED NORM SPACES
In this section we present one-dimensional results of type (1).

Theorem 1. The following statements hold true.
(a) Assume that 7 € (—a —1,a(2/p — 1)), p > 2 and o > max{1,p/2}. Then, for
every f € H(D),

() (f |f<z>|p<1—|z|>aQdm2<z>>2/p

C<|f(0)|2+1£r€1fs/n|f'(z)|2(1—|z|)“+7dm72(z)>

for some positive constant C' independent of f, where S is the set of all non-
negative measurable functions on D such that

|wlls = supw(z)(1 — |2)*@/P=D=7 < 1,
zeD

(b) Assume that a > 1 and 2 < p. Then, for every f € H(D),

a+T1 de

() FOF + inf /|f 2(1 - J2)) C/If P(L— |2)*2 dims (2),

where S1 is the set of all nonnegative measurable functions on D such that

lwlls, = sup(w(z)(1 = [2))*@P=D"T)VED < C(a, p).
zeD

Proof. (a) Without loss of generality we may assume that f(0) = 0. By
inequality (2) we have

©  ([irei-lpe 2dm2) < [I1P@- )2 am(s

when p <1, @ > 1/p and f € H(D).
Employing inequality (6) with p — 2/p, Lemma A and the definition of || - || s, we

([uera—thrzam) " < [ 1R - 2
<C [ 1R )2/ dma(2)
<Cluls / FPA - ),

w(z)

have

from which the inequality in (4) follows.
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(b) Set
w(z) = [FEFP = =)
We have
w(z)(1 — 2P = = (1 p()|0 - |2l

Since f € ¥ ,(D), in view of Lemma C it follows that w € Sj.
Putting so defined w(z) into the expression

- [1r@Pra- |z|>“+f—d7jjif)
D

and using Lemma D, we obtain
= [UEIHF R = =) dmae) <€ [ 11EP0 = ) dma(o).

Hence

in "(2)|? —z"'”dmz(z )P( 2)* 2 dma(z
at [1rera- 2 <o [ 1epa - 2 ane)

which completes the proof of the theorem.

Theorem 2. Assume that s > 0 and p < 2. Then

CHEAT 216 F ) am()
= (nt, [12scra - |z|>“d;’j%§)>p/2,

where Ss is the set of all nonnegative measurable functions on D such that

I = H 1— 22| 2f(2)>* <1,
vi= | s w2
where ( € T'.
Proof. Assume that ¢ > 2 and let
I:Hsupwz 1—12DT%2f(2)|7° .
2= [ s w@ A1 iy
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Then, by Holder’s inequality with exponents ¢/p and ¢/(¢ — p), we obtain

/T </F © 2f(2)|1(1 — |2])9? dmg(z))p/q dm(¢)

<o [ (L wa-tpiosee)”

€04 (C)
([ Jesera- |z|>82d$§§)z))p/q am()
<t ([ igsera ) dm@))”/q
< Ié"’”( /D |2(2)](1 = |2])*2 /T xa. Q) dm(od%;))” '

<conn( [ iasea -y )

where we have used the fact that the linear measure of the set A, = {¢: z € To(¢)}
behaves as 1 — |z|. For ¢ = 2 we obtain one direction of (8). O

Now we prove the reverse inequality. Let

w(z) = %,p (A=) 2 2F P2 )PP)
1/ Ve

Then

L= Fsu(%w(Z)(l — 12> 12 F )P zwran ()

(2=p)/p
= ([ sw 1@/ an©) <1
T Ta(¢)
For so defined w(z), by Lemma E we have

[1zsera- oy drz(2)
D

= |I£ 117 /I%” WPIF ()P0 = [2]) dma(2) < Cllf 0.

Employing Lemma F with ¢ = 1, the result follows. Theorem 2 is proved.
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4. ON THE DIAGONAL MAP OF BMOA-TYPE SPACES

Let Qp,q.5s = Qp.q,s(D™) be the subspace of all f € H(D") such that

. ()] ,}1“ — Jz)?
fggmj];[l(l — Jwj) / -

" H |1—wkzk|2p
k=1

1715, ..

dmap(2) < o0,

where 0 < p,q < oo and s > —1. This is the so called BMOA-type space, see, for
example, [2], [6].

Let Q¢,q.5,,(D™) be the space of all f € H(D") such that

£ L= )

q
k=1

n
[T [T = [w[Crzk|??
k=1

1912, = sw (1= fu)t [
t,q,s,p weDn n

dman(2) < o0,

where w = |w|((1,...,¢n), 0 <p,g < oo and s > —1.
Let further Q7 ., = Q% ; (D) be the subspace of all f € H(D) such that

. S = [zt
IFl5s = sup ||(1—|wj|)”/ n
Pen weDn 5 D

dma(z) < oo,
[T 11 — wgz|?r

k=1

where 0 < p,qg < co and s > —1.

Finally, let @Z,ts,n be the space consisting of all f € H(D) such that

Iy = s [ (1= [ (= |22 f ()]

L —
p,t,s,n UJE[D" H |1 . |w|<kz|2p
k=1

dms(z) < o0,

where wy, = |w|(k, k € {1,...,n}.
An interesting question is:

Question. When does the equality

Diag Qp,q,s(Dn) = Q! (D)

— Wp.s,n

hold, and for which p, ¢, s?

Case ¢ < 1. In this subsection we consider the case ¢ < 1. An answer to the
above question for this case is given by the following theorem.
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Theorem 2. Suppose that s > max{2p —2,—1}, ¢ <1 and p > 0. Then

Diag QPJLS([Dn) = A?),s,n(ﬂj})'

Proof. Fix w € D". By using dyadic decomposition of the polydisk for fixed
w € D", the following inequality can be obtained for all 0 < p,q < co and s > —1,
as in [11]:

17 T~ ) L pysbance
9) /n m L dman (2 /|f (1 = [2)"" dma(2).

|1 — Wz

n
Multiplying (9) by [] (1 —]|w,|)?, then taking the supremum over D™ we obtain that

(10) le(Hll@yq. = CliDiag fligs . .

for every analytic extension go(f) of the function f on the polydisk (f =f(z,...,2) =
Diag f).
The main problem is how to prove the reverse statement. As in [11] set

(= Ju)*f(w)

(1 — @z;)(@+D)/n

mo(w), a>-1, neN,

(1) F()(z) = Clan) / .
D
1
i=1

where f € H(D), «is sufficiently large, for example, (a + 2)g/n > max{2p, s+2}, and
C(a,n) is the well known Bergman projection constant. Obviously Diag F/(f)(z) =
f(2), by virtue of the reproducing property of the Bergman projection.

Now we prove the reverse inequality of (10), that is, ||[F'(f)|q,.,. < CHf”@Z,s,n
(for some p, q, s).

From (11) and (2) (see also [10]) we have

n

. FGEI IO~ )
[Ta-twb [ = e
j=1 /

|1 — @z
1

s

k

— Ja)ea2a2 T (1 — |5))* dma(2)

n
<cIla-twly [ / A A (2
j=1 " |1 —wrzE|? T] 1 — zp2lalet2)/n
k=1
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where in the last inequality we have used Lemma G with v = 2p and r = n=(a+2)q,
that is, the inequality

gLt el dmant?) (- )"

[
o [ = menf [ a0 [ 1—mps
F=1 k=1 k=1

N

where t; = (s + 2)n — (a + 2)q. Note that by the choice of o we have

2 2
2p—5<2<&q—57 s>—1 and ﬂq—|—2p—5>27
n n

so that Lemma G can be applied. Using this and the fact that t; + aqg+ 2¢ — 2 =
ns + 2n — 2, the reverse inequality and consequently the theorem follow.

Note that we have proved above that

12 q 1— )| [z 4 §
(12) I71,,., = sup 110~ sl [ s |H|1_wm|2,, man(2)

1- np(1 — |y|)nst2n—2 q
sy [ QIO D
e [T |1~ ]Gzl
k=1
= 1£l15. ,
p,np,s,n
where wy, = |w|(k, k € {1,...,n}.
This is true since
I£115,.,. = ||f(Z,...,z)Hquw
- (1 — ns+2n—2
= suug)n H 1— |wg|)? |f (2, n,Z)| ( Iz|) dma(2)
we D H |1 _ |wl|(:lz|2p
=1
> |If1I%, .
p,np,s,n
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As in the proof of the previous theorem, we also have

13 - [ IR |qH|1_w'f;l|2,, dma (2

<c [ [uer

Wy = |w|<ka ke {17 s 7n}'
Further, similarly to the above we have that for every ¢ > 0 the following inequality
holds

(1= [w])"(1 = |z)*a 2972 dmy(2)

(1= Tal)®

T

- - dmap (2),
H |]. - ézk|(a+2)q/”|1 - @kzk|2p
=1

(14 sup (1= [ul)' [ IF(s |qH|1_ s dma(2)

weDn |w|(:lzl|2p

|Z|)€n+2n 2

H 11— |w|Cez|?
=1

Csup (1—|w)) /|f |q dmo(2).

By changing the order of integration and using Lemma G, we obtain the inequality

(19 S LTI | e EE
— |z])sm 2n—2
(1 — Juw])! /le(Z)l" Sl ) i NP

n

[T 11— Jw|Crz]??
k=1

Hence, we obtain the following theorem:
Theorem 3. Assume that s > max{2p —2,—1}, ¢<1,p >0 andt>0. Then

Diag Qy,4,p,s(D") = Z,t,s,n(D)~

Indeed, one direction follows from (13) and the reverse is a consequence of (14)
and (15).

From Theorem 3 we now easily obtain the following corollary:
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Corollary 1. Assume that s > max{2p —2,—1}, ¢ < 1 and p > 0. Then
(1= |20~ dmy )
n
H 1 = [wl|Ckz]??
1 — |z ns+2n— Qdm
< sup H (1 — |w])? /|f |q |n|) 2(2)

web™ |1 _wk2|2p
=1

Ding Gupg.ep(D") = sup (1— [w])™ / )

weD™

= Diag Qp,q,s(D").
Case ¢ > 1. Here we consider the case ¢ > 1. We use some methods from
paper [8].
Theorem 4. Suppose that p < 1/2, g > 1 and s > —1. Then

Dlag QP q,s ([Dn) p s n('D)

Proof. As we have already mentioned our aim is to prove the inequality

s

[E(F) ()]

p fTo- ey |

n
weD™ H |1_wkzk|2p

<supH1—|w| /'fz) 1_"2')”5”"2‘1’””,

~J
|1 — WRZ|?P

1(1 — |z&])* dman(2)

(¢=1)

webn o

where F'(f)(z) is defined by (11) and « is large enough.
As in [8], when ¢ > 1, then using Jensen’s inequality, we have

1
(16) My(@a(f)7) < / (1— 0)*M,(Mi (0, G), ) do

where

G(Z):G: f(Z) 5 T:(le"an)v

7= |zl e =2l €1,

(17) (Paf) = = :
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and
(1—[zx])*/9

G:=G

1

—= ﬁ::]:

|1 - wkzk|2p/‘1
k=1

Now let us write G as the product G= G1G5, where

n n
G = H (1 — Wyzk) 2p/ql_[ |1 — zz;|~(a+D)/m)/ H — |zx])/1
J=1 j=1 k=1
and
n
Gy = H 11— sz|—((a+2)/n)/q/.
j=1
By Holder’s inequality and [8, Lemma 4.2], it follows that
(18) [Mi(0, G)] S [My(0, G1)][My (0, Go)]
<M H 1 Jelje )~

where (0j1) =0, j#k, (§;1) =1, =k, 1 <k <n, z= 0 and z; = T,pk.
We have

(19) M7, My o, Gl))

//T 2)|2dm(§) (ﬁ 1 ) ,ﬁl_'z’“' .

H |1_zz |(a+2)/n NG s L — w2
j=1

. n dm(ex)
§/T|f(z)| <H |1_22k|(a+2)/n|1_wk2k|2p>dm(f)

n
(1= 2l [T = [2&)
k=1

From (16) we obtain

sup H 1 — Jwg|)? / — =1 dmay(2)

weDn H |1 _ wkzk|2p
n N n 1 . q
< sup [0~ fun)? / H (1= |z])® (/ (1—Q)an(T,M1(T,G))dQ)
webr L2y k=1 0

d|z1|... d|z,]
where I = [0,1)".
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Now we calculate the inner integral in the last expression using (18) and (19). We
have

1
[ a- o eannéna
0
1 n
/ (1 - 0)° [ (1 = olz;)~Cet2/n=s/d
j=1

dm(py) v
<( [ H (1 | s ) i) e

:/O (1 0)*S1(0)S3"“(0) do,

where z = p£. Note that S2(01) < S2(02), if 01 < 02 and 1, 02 € (0, 1].

Hence, we can use the following inequality from [8]:

/,7 H kajl(/ol ﬁg(g) dg)kdn ... dm,

j=1

1
< Clasb,6. k) / (1= )R lal=BI+9-1gk () dg
0

n
when b; > a; > O for j =1,...,n,6d >0 and 1 < k < oo, where |a| = ) aj,
j=1

n
|b| = > b, s=—-14 Ka;, j =1,...,n. For sufficiently large o we have
=1

PG, . S s H =ty [ (H 1= 1))

< ([ = orsa@e( TLa - elzy =507 Y ag) afa .. dl,

Jj=1

1
Suﬂg) H 1 — |wg|)? / Sa(0)(1 — g)*1+q(a+1+"(8+1)/q*(a+2)/q +1/4") do
wehn

dm(pr)
1 _
jgﬂg) H foel)” / / 17(2) ( / 11— 20| @FD/m 1 — Wy 2P

m(€)(1 — Q) 1+q(a+1+n(s+1)/q—(a+2)/q +1/q") do.

AN

N
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Hence, finally we must show that under some restrictions on indices we have
(20)

dm(er)
1 — o)~ MHalet+l4n(s+1)/q—(a+2)/qd'+1/q") /
oo - H T a2 1~ P

s+2n—2
~ n ?

H [1 — wyz|?P

k=1
where |z| = ¢ and « is large enough. This is true since it is not difficult to check
that

d 1—|z))t7

e c U wen,

r =P —wef ~ 1 zul

where vy <1,8=qg—7v, ¢€(1+2y,0), ¥y=q—1.
The estimate (21) was proved in [10]. Using (21) we have

. dm(pr) (1 — D"
H 1 5. |(at+2)/n|] il 2p <C
k1 T 11— 2% 1 — Wl H 11 — Zwy|?P
k=1

(a+2)

when p < 1/2, since « is big enough. This completes the proof of the theorem.
A closer inspection of the proofs of Theorems 2—4 shows that the following corollary
holds.

Corollary 2. Suppose that s > max{2p —2,—1},¢< 1 andp >0, or p < 1/2,
> 1 and s > —1. Then

inf ny = e
nf (.00 < Ifllay.,

where o(f)(z1,...,2n) Is an arbitrary extension of f from the diagonal (z,...,z) to
the polydisk D".

Remark. Equivalence relation (8) which provides a completely new characteri-
zation of analytic Hardy classes in the unit disk can be called Fefferman-Stein type
characterization of HP-Hardy classes, since apparently a very similar relationship for
Hardy spaces in R™ was found for the first time in a well-known classical paper of
Fefferman and Stein. The author obtained also Fefferman-Stein type characteriza-
tions of Bloch and Bergman spaces and not only in the unit disk, but also in higher
dimensions: unit ball and polydisk.
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