129 (2004) MATHEMATICA BOHEMICA No. 3, 313–323

ON THE WARD THEOREM FOR P-ADIC-PATH BASES ASSOCIATED WITH A BOUNDED SEQUENCE

F. Tulone, Palermo

(Received December 18, 2003)

Abstract. In this paper we prove that each differentiation basis associated with a P-adic path system defined by a bounded sequence satisfies the Ward Theorem.

Keywords: P-adic system, differentiation basis, variational measure, Ward Theorem

MSC 2000 : 26A39, 26A42, 26A45, 28A12

1. Introduction

In this paper we prove that each P-adic-path system associated with a bounded sequence P defines a differentiation basis for which the Ward Theorem holds true. As an application of this result, we find a full descriptive characterization for the P-adic-path integral defined by a bounded sequence P.

2. Preliminaries

We introduce some notation. If E ⊂ R, then |E| and |E|_e denote respectively the Lebesgue measure and the outer Lebesgue measure of E. The terms “almost everywhere” (briefly a.e.) and “measurable” are always used in the sense of the Lebesgue measure. Let

(1) P = {p_j }^∞_{j=0}

be a fixed sequence of integers with p_j > 1 for j = 0, 1, . . ..

We set m_0 = 1, m_k =^{k−1} ∏ j=0 p_j for k � 1. We call the closed intervals [ r m_k , r + 1 m_k ] = △^{(k)}_r , r = 0, 1, . . . , m_k − 1

for fixed k = 0, 1, . . . the P-adic intervals (or simply P-intervals) of rank k. In what follows we denote by the symbol △^{(k)} any P-adic interval of rank k.

Let Q_P be the set of all P-adic rational points of [0, 1], i.e. the points of the form r m_k with 0 � r � mk and k = 0, 1, . . .. The complement in [0, 1] is the set of all

P-adic irrational points in [0, 1]. For each P-adic irrational point x ∈ [0, 1] there exists only one P-adic interval △^{(k)}(x) = [a_k(x), b_k (x)] of rank k containing x, so that x ∈ △^{(k)}(x). We call the sequence

{[a_k(x), b_k (x)]}^∞_{k=0}

of nested intervals, the basic sequence convergent to x. With each P-adic rational point x we can associate two decreasing sequences of P-intervals for which x is the common end-point, starting with some k. So, for such a point we have two basic sequences convergent to x: the left one and the right one. Now we can define the Padic paths. If x is a P-adic irrational point we set P^−_x = {a_k(x)} and P^+_x = {b_k(x)}. The set P_x = P^+_x ∪ P^−_x ∪ {x} is the P-adic path leading to x. If x is a P-adic rational point we denote by P^−_x and P^+_x respectively the sequences of left and right end-points of the intervals of the left and right basic sequence. The P-adic-path system is the collection P = {P_x : x ∈ [0, 1]}.

We call P-adic-path intervals of rank k attached to a point x ∈ [0, 1] the intervals [x, b_k(x)] or [a_k(x), x], where b_k(x) ∈ P^+_x and a_k(x) ∈ P^−_x , if x ∈ (0, 1); the interval [x, b_k(x)], if x = 0, and the interval [a_k(x), x], if x = 1. We denote by the symbol I^{(k)}(x) any P-adic path interval of rank k attached to the point x.

Let F : [0, 1] −→ R be a pointwise function. We also can view F as an additive interval-function if we write F (I) = F (b) − F (a) for each subinterval I = [a, b] of [0, 1].

Given a function F : [0, 1] −→ R and a point x ∈ [0, 1], we say that F is P-adic-path continuous at x if lim_{y→x}

y∈P_x

F (y) = F (x).

We say that F is P-adic-path differentiable at x if

lim_{y→x}

y∈P_x

F (y) − F (x)

y − x

= lim_{k→∞}

F (I^{(k)}(x)) |I^{(k)}(x)| exists and is finite. Then we write F^′_P (x) = f(x). We also define the lower and the upper P-adic-path derivative respectively as follows:

F^′_P (x) = lim inf_{ϱ→0} { F (y) − F (x) y − x

: 0 < |y − x| < ϱ, y ∈ P_x }

= lim inf k→∞ { F (I^{(k)}(x)) |I^{(k)}(x)| } , F^′_P (x) = lim sup_{ϱ→0} { F (y) − F (x) y − x

: 0 < |y − x| < ϱ, y ∈ P_x }

= lim sup k→∞ { F (I^{(k)}(x)) |I^{(k)}(x)| } .

3. The Ward Theorem for a P-adic-path system

We recall that a differentiation basis B satisfies the Ward Theorem whenever each function is B-differentiable almost everywhere on the set of all points at which at least one of its extreme B-derivatives is finite.

In this section we will show that the Ward Theorem holds true for each differentiation basis associated with a P-adic-path system defined by a bounded sequence.

We need the following lemma:

Lemma 3.1. Let G: [0, 1] −→ R be a function and E a subset of [0, 1] with |E|_e > 0. If the sequence (1) is bounded by p = sup{p_j }, and for some positive number a > 0 the inequality

(2) 0 < G^′_P (x) < a

holds at every point x of E, then for each ε > 0 there exists a P-adic interval △^{(k)} for which we have

(3) |△^{(k)}| < ε, |E ∩ △^{(k)}|_e > (1 − ε)|△^{(k)}| and G(△^{(k)}) < a · p|△^{(k)}|.

Proof. By the definition of derivative and by condition (2), for each x ∈ E there exists σ(x) > 0 such that G(I) > 0 for each P-adic-path interval I attached to x with |I| < σ(x).

Let E_n = {x ∈ E : σ(x) >^1_n }. It is clear that E =^∞ ⋃ n=1 E_n and that there exists

n ∈ N such that |E_n|_e > 0. For a fixed ε > 0 we take σ � min{^1_n , ε,^1_p }. So we have

(4) G(I) > 0

whenever I is a P-adic-path interval attached to x ∈ E_n with |I| < σ.

Let x_0 ∈ E_n be a point of density for the set E_n. We can assume that x_0 is a P-adic irrational point.

By virtue of G^′_P (x) < a and by the density we can determine a P-adic-path interval J attached to x_0 such that (5) |J| < σ, |J ∩ E_n|_e > (1 − σ^2)|J| and G(J) < a|J|.

It follows in particular that (6) |E_n ∩ I|_e > (1 − σ)|I| for any interval I ⊂ J such that (7) |I| > σ|J|.

In fact, the inclusion E_n ∩ J ⊂ (E_n ∩ I) ∪ (J \ I) and (5), (7) imply that |E_n ∩ I|_e � |E_n ∩ J|_e − |J| + |I| > (1 − σ^2)|J| − |J| + |I| = |I| − σ^2|J| > |I| − σ|I| = |I|(1 − σ).

Let △^{(k)}_j , j = 1, 2, . . . , m, be P-adic intervals of minimal rank k contained in J and put K = J \

(_m⋃ j=1 △^{(k)}_j ) . We note that K is a P-adic -path interval attached to x_0.

For any P-adic interval △^{(k)}_j ⊂ J we get

(8) |△^{(k)}_j | = 1 m_k = 1 p_k

|△^{(k−1)}| � 1 p_k

|J| � 1 p |J| � σ|J|,

where △^{(k−1)} is the P-adic interval of rank k − 1 with △^{(k−1)} ⊃ J.

By (6) applied to △^{(k)}_j instead of I, we have

(9) |E ∩ △^{(k)}_j |_e � |E_n ∩ △^{(k)}_j |_e > (1 − σ)|△^{(k)}_j | > (1 − ε)|△^{(k)}_j |.

As △^{(k)}_j ⊂ J we note that |△^{(k)}_j | � |J| � σ < ε.

By (9) we deduce in particular that

(10) E_n ∩ △^{(k)}_j ≠ ∅ for each j = 1, . . . , m.

Now we can write J as

(11) J = K ∪

(_m⋃ j=1 △^{(k)}_j )

Because of (10) we can represent △^{(k)}_j = I^{(k)−}_j ∪ I^{(k)+}_j , where I^{(k)−}_j and I^{(k)+}_j are the two P-adic-path intervals of rank k attached to some x_j ∈ △^{(k)}_j ∩ E_n.

By (4) applied to I^{(k)−}_j and I^{(k)+}_j and by the additivity of the interval-function G it follows that

(12) G(△^{(k)}_j ) = G(I^{(k)−}_j ) + G(I^{(k)+}_j ) > 0.

Because x_0 ∈ E_n ∩ K, K ⊂ J, |K| < |J| < σ, we can directly apply inequality (4) to K; so we get

(13) G(K) > 0.

Using (11) as a representation of J we have

(14) G(J) = G(K) + m∑ j=1 G(△^{(k)}_j ),

each of the terms of the sum on the right hand side being positive.

Then for any j = 1, . . . , m we get by (13), (14), (5), (8)

(15) G(△^{(k)}_j ) < G(J) < a|J| < a · p|△^{(k)}_j |.

So we can take any △^{(k)}_j as △^{(k)} in the claim of the lemma and this completes the proof. □

Lemma 3.2. Let G: [0, 1] −→ R be a function, E ⊂ [0, 1], △^{(h)} a P-adic interval of rank h, ε > 0 and b arbitrary fixed numbers. Suppose that (i) |E ∩ △^{(h)}|_e > (1 − ε)|△^{(h)}|, (ii) G(I) > 0 for each P-adic interval I such that I ⊂ △^{(h)} and I ∩ E ≠ ∅, (iii) G^′_P (x) > b for each x ∈ E.

Then G(△^{(h)}) > b p (1 − pε)|△^{(h)}|

where p = sup{p_i} of the sequence P.

Proof. Since the proof is very similar to that of Lemma 11.8 in [7] where it was formulated for the ordinary interval basis, we omit it. We only observe that in our case, instead of the result 11.9 of [7] it needs to use the following lemma.

Lemma 3.3. Let G, E and △^{(h)} be as in Lemma 3.2. Given any η > 0, we can associate with any point x ∈ E a P-adic interval △^{(k)}(x) ⊂ △^{(h)} of rank k such that

(16) x ∈ △^{(k)}(x), G(△^{(k)}(x)) > b p |△^{(k)}(x)|, |△^{(k)}(x)| < η.

Proof. Let x be a fixed point of E. By (iii) it follows that there exists at least one P-adic-path interval J attached to x such that

(17) G(J) > b|J| and |J| < η p . Let k + 1 be the minimal rank greater than h (i.e. k + 1 > h), such that △^{(k+1)} ⊂ J. Then we take △^{(k)}(x) = △^{(k)} ⊃ △^{(k+1)}. By the construction it follows that x ∈ △^{(k)}. Since k � h we have △^{(k)} ⊂ △^{(h)}. Also |△^{(k)}| = p_k|△^{(k+1)}| � p|J| < p^η_p = η. We define J^′ = △^{(k)} − J and get

x ∈ J^′, J^′ ⊂ △^{(h)} and x ∈ J^′ ∩ E.

Applying (ii) we have

(18) G(J^′) > 0.

Then by the additivity of G and by (18) we get

G(△^{(k)}) = G(J^′) + G(J) � G(J) > b|J| � b|△^{(k+1)}| = b|△^{(k)}| p_k � b p |△^{(k)}|,

and this completes the proof.

Theorem 3.1. Let the sequence P be bounded. Any function F : [0, 1] → R is P-adic-path derivable at almost all points x at which F^′_P (x) < +∞ or F^′_P (x) > −∞.

Proof. First we define D = {x ∈ [0, 1]: F^′_P (x) > −∞} and a subset A of D, A = {x ∈ D : F^′_P (x) > F^′_P (x)}.

If we suppose that |A|_e > 0, then we can determine a number a > 0 and a set B ⊂ A, |B|_e > 0 such that F^′_P (x) ≠ ∞ and (19) F^′_P (x) − F^′_P (x) > a at each point x ∈ B. Given a positive number ε, we set (20) B_q = {x ∈ B : qε < F^′_P (x) � (q + 1)ε}.

Let q_0 be an integer for which |B_{q0} |_e > 0. We can determine a number σ > 0 and a set E ⊂ B_{q0} , |E|_e > 0 such that F (I) > q_0 ε|I| for each P-adic-path interval I attached to x ∈ E such that |I| < σ (so E ∩ I ≠ ∅).

Now we define an additive interval-function G by G(I) = F (I) − q_0 ε|I| for any interval I ⊂ [0, 1]. Thus the function G fulfils (21) 0 < G^′_P (x) < 2ε and by (19) and (20) (22) G^′_P (x) = F^′_P (x) − q_0 ε > F^′_P (x) + a − q_0 ε > a at any point x ∈ E. Moreover, (23) G(I) > 0 for any P-adic-path interval I attached to x ∈ E such that |I| < σ.

We note that, splitting eventually the P-adic interval, we can state that (23) is still true for a P-adic interval I^′ such that |I^′| < σ and I^′ ∩ E ≠ ∅.

By Lemma 3.1 there exists a P-adic interval △^{(h)} of rank h such that

(24) |△^{(h)}| < ε < σ, |E ∩ △^{(h)}|_e > (1 − ε)|△^{(h)}| and (25) G(△^{(h)}) < 2εp|△^{(h)}|.

From (24), (22) and (23) and using Lemma 3.2 we get

G(△^{(h)}) > a p (1 − pε)|△^{(h)}|.

Thus^a_p (1 − pε) < 2εp for each ε > 0 and this is impossible. Hence |A|_e = 0, i.e. F^′_P (x) = F^′_P (x) for almost all x for which F^′_P (x) > −∞.

We have only to prove that the set

C = {x ∈ [0, 1]: F^′_P (x) = +∞}

is of measure zero, i.e. |C|_e = 0.

If we suppose |C|_e > 0, then as in the proof of Lemma 3.1 there exists a number η > 0 such that F (I) > 0 whenever I is a P-adic-path interval attached to a point x of C with |I| < η. Splitting, if necessary, the interval we can write the previous statement for a P-adic interval. If we denote by R any P-adic interval of rank h such that |R ∩ C| > (1 −^1_{2p} )|R| and |R| < η, and use a density argument, from Lemma 3.2 we get that F (R) >^b_{2p} |R| for every positive real number b, and this is a contradiction.

4. Application to the P-adic-path integral

In this section, as an application of the Ward Theorem, we find a full descriptive characterization of the P-adic-path integral, in the case the sequence P is bounded. We recall some definitions.

Given a positive function δ : [0, 1] → R we call the collection C_δ of interval-point pairs (I, x) with x ∈ I ⊂ [0, 1] and I = [y, z] where y, z ∈ P_x, y � x � z and 0 < z − y < δ(x) the P-adic-path-full cover of [0, 1] associated to δ. If all (I, x) in the collection C_δ have the point x ∈ E ⊂ [0, 1] then we will write C_δ(E).

A partition of [0, 1] is a family of interval-point pairs {(I_j , x_j )}^n_{j=1} for which x_j ∈ I_j ⊂ [0, 1] and I̊_j ∩ I̊_i = ∅ for i ≠ j and n⋃ j=1 I_j = [0, 1].

Proposition 4.1. Let P = {P_x : x ∈ [0, 1]} be the system of P-adic paths. If C_δ is a P-adic-path-full cover of the interval [0, 1], then C_δ must contain a partition of every subinterval of [0, 1].

(A version of this proposition is in Lemma 1.2.1 and Corollary 1.2.2 of [6].)

Definition 4.1. A function f : [0, 1] → R is said to be P-adic-path integrable (briefly H_P -integrable) on [0, 1] to A, if for every ε > 0 there is a P-adic-path-full cover C_δ of [0, 1] such that for any partition D = {([u, v], x)} from C_δ we have | | | | ∑ f(x)(v − u) − A | | | | < ε.

We denote the number A by the symbol (H_P )

∫_1 0 f = A.

The P-adic-path integral has the following properties (see [4]):

(p_1) If f is P-adic-path integrable on [0, 1], then it is also P-adic-path integrable on each subinterval of [0, 1].

Therefore the indefinite P-adic-path integral F (x) = (H_P )

∫_x 0 f is defined for any x ∈ [0, 1].

(p_2) The P-adic-path indefinite integral F of f is P-adic-path continuous at each x ∈ [0, 1], and it is P-adic path differentiable a.e. with F^′_P (x) = f(x) a.e. on [0, 1].

In order to study the primitives of the P-adic path integral it is useful to introduce the following notion of variational measure (see [1], [2] and [8]).

Given a function F : [0, 1] → R, a set E ⊂ R and a P-adic-path-full cover C_δ(E) on [0, 1], we define the δ-variation of F on E by

Var (C_δ (E), F ) = sup ∑ (I,x)∈π

|F (I)|,

where the “sup” is taken over all π partitions of [0, 1] from C_δ (E).

Then we define P-adic-path variational measure by

V^P_F (E) = inf Var (C_δ (E), F ),

where the “inf” is taken over all P-adic-path-full covers C_δ (E).

We observe that V^P_F is a metric outer measure on [0, 1] (see [8]). So its restriction to Borel sets is a measure.

We recall that a measure μ is said to be absolutely continuous with respect to the Lebesgue measure if |N| = 0 implies μ(N) = 0.

In [4] Theorem 4, using the equivalent definition of “strong Lusin condition” in the place of “variational measure absolutely continuous” the following property is proved:

(p_3) A function F : [0, 1] → R is the indefinite P-adic-path integral of a function f if and only if F generates a variational measure absolutely continuous with respect to the Lebesgue measure and F is P-adic-path differentiable a.e. with F^′_P (x) = f a.e. on [0, 1].

The above property is also called a partial descriptive characterization. This means that we need the hypothesis of P-adic-path differentiability of F a.e.

A descriptive characterization of the H_P -integral is called a full descriptive characterization if no differentiability assumption is supposed a priori.

We need the following results.

Theorem 4.1. Let F be a function P-adic-path continuous on [0, 1] and let E ⊂ [0, 1] be a closed set. If the variational measure V^P_F is σ-finite on all negligible Borel subsets of E then it is σ-finite on E.

The proof follows as in [3] Theorem 4.3, with minor changes. Hence we omit it.

Corollary 4.2. Let F be a function on [0, 1] and let E ⊂ [0, 1] be a closed set. If the variational measure V^P_F is absolutely continuous on E, then it is σ-finite.

Proof. Since the measure V^P_F is absolutely continuous, hence F is P-adic path continuous and we can apply Theorem 4.1.

Proposition 4.2. Let F be a function on [0, 1] and let E ⊂ [0, 1] be a Borel subset of [0, 1]. If the variational measure V^P_F is σ-finite on E, then the extreme P-adic-path derivative is finite almost everywhere on E.

The proof follows as that of [1] p. 6 or [8] p. 850, where it is written for the ordinary extreme derivative.

Proposition 4.3. Let the sequence P be bounded, let F : [0, 1] → R be a function. If the variational measure V^P_F is absolutely continuous on [0, 1], then F is P-adic-path differentiable a.e. on [0, 1].

Proof. Let D_∞ = {x ∈ [0, 1]: F^′_P (x) = +∞} ∪ {x ∈ [0, 1]: F^′_P (x) = −∞}. First we will prove that |D_∞| = 0. The absolute continuity of V^P_F implies the Padic-path continuity of F on [0, 1]. Then the function F is measurable and also the lower and upper P-adic-path derivatives are measurable. Therefore the set D_∞ is measurable. Let K be any closed subset of D_∞. By Corollary 4.2 we have that the variational measure V^P_F is σ-finite on [0, 1]. Then V^P_F is σ-finite on K and by Proposition 4.2, |K| = 0. Since this is true for every closed subset of D_∞, also |D_∞| = 0. Now, by recalling that the sequence P is bounded, as an application of Theorem 3.1 we get the result.

Theorem 4.3. Let the sequence P be bounded. A function F : [0, 1] → R is the indefinite P-adic-path integral of a function f if and only if the variational measure V^P_F is absolutely continuous on [0, 1].

Proof. It follows at once from the property (p_3) and from Proposition 4.3.

References

[1] Bongiorno, B., Di Piazza, L., Skvortsov, A. V.: The essential variation of a function and some convergence theorems. Anal. Math. 22 (1996), 3–12.

[2] Bongiorno, B., Di Piazza, L., Skvortsov, A. V.: On variational measures related to some bases. J. Math. Anal. Appl. 250 (2000), 533–547.

[3] Bongiorno, B., Di Piazza, L., Skvortsov, A. V.: On dyadic integrals and some other integrals associated with local systems. J. Math. Anal. Appl. 271 (2002), 506–524.

[4] Fu, Sh.: Path Integral: An inversion of path derivatives. Real Anal. Exch. 20 (1994–95), 340–346.

[5] Golubov, B., Efimov, A., Skvortsov, A. V.: Walsh Series and Transforms: Theory and Applications. Nauka, Moskva, 1987. (In Russian.)

[6] Koroleva, M.: Generalized integrals in the theory of series with respect to multiplicative systems and Haar type system. Thesis, Moscow State University.

[7] Saks, S.: Theory of Integral. Dover, New York, 1937.

[8] Thomson, B. S.: Some propriety of variational measure. Real Anal. Exch. 24 (1998–99), 845–854.

Author’s address: Francesco Tulone, Department of Mathematics, University of Palermo, Via Archirafi 34, 90123 Palermo, Italy, e-mail: tulone@math.unipa.it.