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Everything should be made as simple as possible, but not one bit simpler.

&8 Albert Einstein [1879-1955]

1 Introduction

This lecture series is a brief introduction to the mathematics of complete fluid systems. By complete
we mean the systems that are energetically closed; the total energy of the fluid is a constant of motion.
We stay on the platform of classical continuum mechanics - a fluid in motion will be described by
means of phenomenological quantities - fields - that are continous in space and time and obey the
basic principles of classical physics.

We introduce a mathematical theory of complete fluid systems in the framework of weak solu-
tions. The main advantage of this approach is the fact that the associated mathematical problems



are solvable without any artificial (smallness and smoothness) restrictions imposed on the data and
on arbitrary lapses of time, including infinite time intervals. We refer to the monographs by La-
dyzhenskaya [?], Lions [?], [5], Sohr [?], Temam [?], [?], and to [4], [?], for more details concerning
the application of the concept of weak solutions in fluid mechanics.

1.1 Balance laws

The time evolution of systems in continuum mechanics is determined by the physical principles
expressed mathematically as balance laws. A balance law includes three basic quantities:

e a density d of a balanced quantity;
e a flur vector field F';

® ( source s;

where all quantities depend on the time ¢ and the spatial variable z € Q C R*. Here, the symbol Q
denotes the physical space - a domain in the Euclidean space R? occupied by the fluid.
A general form of a balance law reads

Such a description is associated to the Fulerian reference system, where the values of all physical
quantities are related to a fixed point x in the physical space, in contrast with the Lagrangean
description based on individual particle trajectories, see Truesdell and Rajagopal [?].



1.1.1 Balance law - differential form

The following argument is classical. Assuming that all quantities in (1.1) are smooth (differentiable)
we may apply the Gauss-Green theorem to deduce that

/Bd(tz,x) dx—/Bd(tl,x) dz = —/:/BdivwF(t, x) dx dt—i—/tltz/Bs(t, x)dz dt,

furthermore, letting t, — t; = ¢,

/B@td(t, x) dr = —/Bdlva(t,x) dz + /Bs(t,az)dx,

yielding, finally,

1.1.2 Balance law - weak form

There are two ways how to view the so-called weak formulation of the balance law (1.1). First,
we multiply equation (1.2) by a smooth (differentiable) test function ¢ = @(t,z), with a compact
support. Integrating by parts, we obtain

It seems a bit strange that the “weak” form was obtained from the “strong” differentiable form.
Another possibility how to see (1.3) is to go back to (1.1) that can be viewed as

to
— lim /t1 /Bd(t, x)Oppe(t, ) da dt

e—0



/Bd(tQ, )dx—/ d(t, z) /t/ (t,2)-n dS, dt+/ /s(t,x)dx dt

lim// (t,x) - Ve (t, x) dxdt—i—hm// (t,x)p(t, z) do dt,

e—0

where p. € C2°((t1,t2) X B) is a suitable family of smooth functions,

0<¢p.<1, 9. /Tase—0.

1.2 Systems of balance laws - constitutive relations

The mathematical formulation of problems in continuum fluid mechanics consists of a system of
balance laws for quantities dy, . .., dy, fluxes Fy, ..., Fx, and sources s1,..., sy. Clearly, as we would
always have more unknowns than equations, the system must be closed by determining the fluxes
and sources in terms of the unknowns di, ..., dy. These relations characterize material properties of
a specific fluid and are termed constitutive relations.

2 Field equations of continuum fluid mechanics

The basic equations of continuum fluid mechanics correspond to the physical principles of balance of
mass, momentum, and energy.

2.1 Fluid description - thermostatics

The problem of time in physics and chemistry is closely related to the formulation of the second
law of thermodynamics.

I. Prigogine [1917-2003], Nobel Lecture, 8 December 1977

Consider, for a moment, a fluid at rest. We suppose that the state of the fluid is completely
determined by two fields: the mass density o and the temperature ¥. The (internal) energy density



e = e(p,¥) and the pressure p = p(o,?) are uniquely determined by ¢ and ¥. In accordance with
Second law of thermodynamics, there is another thermodynamic variable s = s(p,9) called (specific)
entropy, see Callen [?]. The internal energy e, the pressure p, and the entropy s are interrelated
through

Relation (2.1) should be viewed as the stipulation that

% De(9,9) + p(o,9)D <%)] is a perfect differential.

Note that the entropy s is determined modulo an additive constant. The latter can be fixed by

means of Third law of thermodynamics that requires the entropy to approach zero for ¥ — 0, see
Belgiorno [?], [?].

2.2 Transport - bulk velocity

The observable (macroscopic) motion of the fluid is described by means of the welocity field u =
u(t,z). The streamlines are obtained by solving a system of ordinary differential equations:

dX
= =t X(t 1), X(0) = x.

The velocity describes mass transport, the quantity ou is the mass flux, and the physical principle
of mass conservation reads



2.3 Balance of linear momentum

Similarly to the preceding part, we obtain the balance of linear momentum in the (differential) form
i(ou) + div,(ou ® u) = div, T + of,

where T is the so-called Cauchy stress, and f is a (given) external force acting on the fluid.
Fluids are characterized among other materials by

Accordingly, the balance of momentum in an isotropic fluid can be written as



We have noticed that, unlike in the mass conservation, the momentum flux consists of two com-
ponents: the convective one representes by the tensor pu ® u that corresponds, similarly to (2.2) to
the mass transport, and the diffusive one S — plI. As we shall se below, the energy is transported in
a similar way.

2.4 Balance of energy

Determining a suitable form of the balance of energy is one of the cornerstones of the theory. Our
approach leans on a formulation based on Second law of thermodynamics, specifically, on the entropy
production equation formulated below.

2.4.1 Kinetic energy balance

Taking the scalar product of the momentum balance equation (2.5) with u we obtain

Oy (%g|u|2> +div, (%g|u|2u> +div, (p(g, ﬁ)u) —div, (Su) = —S: V,u+p(o,v)div,u+of -u. (2.7)



Note that, in accordance with the equation of continuity (2.2), we have
Oi(ou) + div,(ou @ u) = (8tg + divx(gu))u + o0su + ou - V,u.
The quantity
;g|u|2 is called kinetic energy,

whereas equation (2.7) represent the kinetic energy balance. Obviously, equation (2.7) contains a
source term
=S : V,u+ p(o,9)div,u + of - u.
In many cases, the external force f is a gradient of a scalar potential, specifically,
f=V,F, F=F().
Accordingly, making use of the continuity equation (2.2), we get

of -1 = gV, F - u = div,(oFu) — Fdiv,(ou) = 9,(oF) + div, (oFu);

whence (2.7) reads

Oy (;g|u|2 — QF) + div, <(;g|u|2 — gF) u) + div, (p(g, ﬁ)u) — div, (Su) (2.8)

= —S: Vyu + p(e, ¥)div,u.

The presence of the source term on the right-hand side of (2.8) indicates that the kinetic energy
is not conserved, in particular, the total energy balance should also take into account the changes of
the internal energy. Note, however, that if the fluid is inviscid (idealization), we would have

S=0.

If, in addition, the fluid is barotropic, meaning the pressure p = p(p) depends solely on the density,
we have, making once more use of the continuity equation,

p(o)div,u = =0, (0P(0)) — div.(eP(0)),

P(p) = /fpij) dz.

In such a case, equation (2.8) would reduce to a conservation law

Oy (;QllllQ + oP(0) — QF) + div, ((;Q|u|2 + oP(0) — gF) u) + div, (p(g, ﬁ)u) =0 (2.9)

for the energy

where

1
§QI11|2 + 0P(0) — oF

of an inviscid barotropic fluid.
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2.4.2 Internal energy balance

In accordance with First law of thermodynamics, the total energy of the system is conserved. Thus
the internal energy balance must contain the source term appearing in (2.8) as a “sink” on the
right-hand side. Specifically, the internal energy balance equation reads

O (0e(p,9)) + div, (0e(0,9)u) + div,q =S : V,u — p(p, ¥)div,u. (2.10)

In addition to the convective transport term peu, the internal energy can be transported without
mass transfer by diffusion, represented by the extra internal energy flux q.
Summing up (2.8), (2.10) we obtain the total energy balance equation

1 1
) (2@!11!2 + ge(o, V) — .QF> + div, ((2@!11!2 + ge(o, V) — QF> U> (2.11)
+div, (p(g, ﬁ)u) — div, (Su) + div,q = 0.

2.4.3 Entropy production

Using again the continuity equation (2.2), we can rewrite the internal energy equation (2.11) in the
form

oDe(p,7) - l gjg ] + ou - De(p, V) - [ g‘rg ] +div,q =S : V,u— p(p,J)div,u. (2.12)

Since e, p are related to the entropy s by Gibbs’equation (2.1), we get

vl’ 77‘9
= 0UDs(o,7) - l a:f; ] + odu - Ds(0,7) - [ vmg ] + p(gg ) (Oro+u-V,0)
) Va
= 09Ds(0,7) - [ a:g ] + ovu - Ds(o,7) - [ v g ] — p(o,¥)div,u;

whence (2.12) reads as
at@ V:EQ : _ .
09Ds(p,0) - l 9,9 ] + odu - Ds(p, V) - [ V.0 ] +div,q =S : V,u.
In other words, we have deduced

11



Although the internal energy balance (2.10), the total energy conservation (2.11), and the entropy
production equation (2.13) are, in fact, equivalent in the framework of regular solutions, it may not
be the case for weak solutions. As we shall see, it is the entropy that provides the most relevant
piece of information in the weak formulation.

2.5 Constitutive equations for the viscous stress and the internal energy
flux

In accordance with Second law of thermodynamics, the entropy production rate o in (2.15) must be
a non-negative quantity for any admissible physical process. This fact imposes certain restrictions
on the specific form of S and q. Here, we suppose that S is a linear function of the velocity gradient
V. u while i is a linear function of V1. Specifically, we impose

together with



Note that the entropy production rate o takes the form

’ K(ﬂ)IVzﬂP)

; (2.18)

7=\ 2

1 2
(H ‘un +Via— gdiku + nldiv,ul? + 5

whence, in particular, the shear viscosity coefficient p, the bulk viscosity coefficient n as well as
the heat conductivity coefficient x must be non-negative. In this lecture, we always assume strict
positivity of p and k.

We remark that the specific form of (2.16) is dictated by the principle of material frame indif-
ference, see Chorin and Marsden [?]. Other examples of more complicated so-called non-Newtonian
viscous stress tensors may be found in Mélek and Rajagopal [?].

2.6 Boundary conditions

In this series of lectures, we always assume that the physical space containing the fluid is a bounded
domain Q C R3. Accordingly, some kind of boundary behavior of certain fields must be specified.
Our principal assumption is that the total energy of the fluid is conserved. A short inspection of
equation (2.11) reveals that a suitable condition could be impermeability of the boundary:

u-njgg =0, (2.19)

together with

13



In the presence of wviscosity, the impermeability hypothesis (2.19) is not sufficient to determine
uniquely the behavior of the fluid. Alternatively, we may take the most common

The reader may consult Mélek and Rajagopal [?], Priezjev and Troian [?] for a thorough discussion
concerning the physical relevance of the slip - no-slip boundary conditions.

14



3 Weak formulation

The system of equations (2.2), (2.5), (2.13), with the constitutive relations for S and q given by (2.16),
(2.17), will be called Navier-Stokes-Fourier system. Our goal in the present section is to introduce
a suitable weak formulation of the problem that takes into account the satisfaction of the boundary
conditions (2.20 - 2.22). In order to have, at least formally, a well-posed problem, we introduce the
initial conditions that characterize the original state of the fluid system at the time ¢t = 0:

0(0,-) = 00, 0u(0,-) = goug, 0s(0,v) = 005(00, V). (3.1)
In order to comply with the basic physical principles, we suppose that

00 >0, 9> 0in Q. (3.2)

3.1 Weak continuity

Weak solutions are usually quantities that are only (locally) integrable with respect to the space and
time variables, satisfying some differential equations in the sense of generalized derivatives. Consider,
for instance, the weak formulation of a general conservation law (1.3). Here, it is enough that d, F,
and s be integrable functions in the space-time cylinder (0,7) x €,

de L'(0,T) x Q), Fe L'((0,T) x Q; R*), s € L'((0,T) x Q).

Take the quantity ¢(t,x) = ¥ (t)¢(z) as a test function in (1.3) to obtain

/OT (/Q d(t, )¢ da:) o dt = — /OT (/Q (F - V¢ — s¢) d:r:) W dt. (3.3)

As relation (3.3) holds for any smooth ¢ = 1(t), we deduce that the function of time:
t— / d(t,-)¢ dx is absolutely continuous
Q

for any ¢ € C'2°(Q2). In other words, we are able to identify the instantaneous values of the averages
Jo d¢ dz provided ¢ is differentiable and compactly supported.
In addition, suppose that d enjoys some extra integrability, say

ess sup ||d(t,-)||zr(q) < c for a certain p > 1,
te(0,T)

in other words,

d € L®(0,T; LP()).

15



Since the smooth functions ¢ € C°(2) are dense in the dual space L¥' (), 1/p +1/p' = 1, we get
t / d(t,-)¢ dz is absolutely continuous for any ¢ € L (Q) ~ [LP(Q)]",
Q

in other words, the density d, viewed as a function of the time ¢ with values in the Banach space
LP(), is continuous with respect to the weak topology in LP(Q):

d € Cyear ([0, T]; LP(Q2)).

3.2 Equation of continuity - weak formulation

Suppose that o > v and that

0€ L>(0,T;L(Q)), ouec L*(0,T; L°(Q; R*)) for certain 3,7 > 1.

It is worth-noting that (3.4) holds in the whole physical space (0,7") x R? provided g was extended
to be zero outside ).

3.3 Momentum equation - weak formulation

In order to formulate a weak analogue of the momentum equation, we need the stress tensor to be
al least integrable. As the latter is given by Newton’s law (2.16), we need the spatial gradient of u
to be at least integrable. Accordingly, we suppose that

u e L0, T; WhH(Q; R?)) for a certain ¢ > 1.

As the Sobolev functions in W4 possess well-defined traces, the no-slip boundary condition (2.21)
may be incorporated in the function space, requiring

u e LU0, T; Wy (Q; R*)) for a certain ¢ > 1. (3.5)

16



In (3.6), we tacitly assume that all quantities are at least integrable in the set (0,7") x €. If the
no-slip condition (2.21) is replaced by the complete slip (2.22), we have to replace (3.5) by

uc L0, T; WH(Q; R?)), u-n|pq =0, (3.7)
and to extend the class of admissible test functions to

0 € C([0,T] x % R?), p-nlgg = 0.

3.4 Entropy production

We have reached the crucial moment of the mathematical theory. In the weak formulation of the
entropy production equation (2.14), we replace equality (2.15) by the inequality

q-Vm19>

>
7= 0

(S :Veu — (3.8)

e

To this end, we must have ¥ > 0 a.a. in (0,7") x .




Of course, replacing (2.15) by (3.8) means a crude simplification and considerable extension of
the class of possible solutions. In order to compensate for this lack of information, the resulting
system must be supplemented by an extra condition formulated in the following section.

3.5 Total energy balance

To conclude, we recall that the weak formulation of the Navier-Stokes-Fourier system consists of
e MASS CONSERVATION. Equation of continuity in the sense of generalized derivatives.

e NEWTON’S SECOND LAW. Momentum equation + boundary conditions satisfied in the weak
sense.

e ENTROPY PRODUCTION. Entropy inequality with a non-negative production rate.

e TOTAL ENERGY BALANCE. Conservation of the total energy in time.

4 Weak vs. strong solutions

18



Our concept of weak solutions to the Navier-Stokes-Fourier system apparently extends that of the
strong solutions, in the sense that, evidently, strong solutions satisfying all equations in the classical
sense, including the entropy equation (2.13), (2.15) are also weak solutions in the sense specified in
Section 3.

4.1 Vacuum problem

One of the major open problems of the theory is the possibility for o to become zero in a finite time.
Although weak solutions can be constructed with o > 0, we are not able to show that, in fact,

o(t,-) > 0 as long as gy > 0.
Suppose that solutions are smooth. We can rewrite the equation of continuity (2.2) in the form
o+ u-V,0 = —odiv,u,

or, equivalently,
O¢log(o) + u -V, log(o) = —div,u.
Thus, defining the characteristic field

dX

— =u(t, X(t

o~ u( X))
we obtain q

3 los(e(t, X(t)) = —divsu(t, X(t));
whence
exp(—Lt) 1r€1§2 00(z) < o(t,z) < exp(Lt)sup go(z) for all t > 0, (4.1)
£ €N
where
L= sup |divyu(t, z)|

(t,2)€(0,T)xQ

Unfortunately, uniform bounds on div,u are beyond reach of the present theory so (4.1) remains
valid only in the class of strong solutions.

19



4.2 Weak-strong compatibility

A more delicate task is to show that a weak solution that is sufficiently regular, represents a strong
solution. In particular, the entropy inequality (3.9) can be replaced by (2.13), (2.15). In order to
see this, we first observe that the kinetic energy balance (2.8) holds as soon as the weak solution is
smooth, in particular,

d J . . ,
&/ﬂ <§g|u| - gF) dz = /Q ( —S: V.u+p(o, 19)d1vzu) dz. (4.2)
The next step is to take Jp, ¢ >0, ¢ € C=((0,T) x ), as a test function in (3.9) to obtain:
i : <[ i -q- . .
/0 /QS V.,up dz dt _/0 /9(19[@(@3(@, V) + div,(os(o, ﬁ)u)]gp q ngo) dz dt (4.3)
On the other hand, Gibbs’ equation (2.1) yields
9[0(es(0,9)) + div,(os(e, 9)u)| = o[9dys(0,9) + P - V..s(0,9)]

= 0[dre(0.9) +uVae(0.9)] + plo. 0)divu,

where we have also used the equation of continuity (2.2), together with the fact that the (regular)
density remains bounded below away from zero provided we have chosen gy > 0, see (4.1).
We infer that (4.3) gives rise to

%/QQG(Q, V) dz > /Q (S : Veu — p(p, ﬁ)divxu) dx. (4.4)

Thus the total energy balance imposed through (3.10) is compatible with (4.2), (4.4) only if the sign
> is replaced by = in (4.4), meaning relation (3.9) holds with equality sign.

As a matter of fact, one can establish the principle of weak-strong uniqueness for the class of
weak solutions in the sense specified above. A weak solution coincide with a classical one emanating
from the same initial data as long as the latter exists. In other words, the strong solutions are unique
within the class of weak solutions, see [?].

20



4.3 Exercises
4.3.1 Maxwell’s equation

Suppose that p = p(o,7), e = e(p,¥), and s = s(p, ) satisfy Gibbs’ relation (2.1). Show Maxwell’s
equation

de(o,9) 1 Ip(o, )
b0 & <p(g,19>_79 0 ) o

4.3.2 Entropy vs. pressure
Using Gibbs’ equation (2.1) and Maxwell’s equation (4.5) show that

9s(0,9) _ _ 1 9plo.9)

do  o0* O
4.3.3 Monoatomic gas state equation

A general monoatomic gas is characterized by the relation

(o) = Soclo.9). (1.6

Suppose, in addition to (4.6), that p and e satisfy Gibbs’ equation (2.1). Show that p takes the
form

p(0,70) = 2P (193@/2> for a certain function P.

5 A priori bounds

A priori bounds are constraints imposed on the solution set by the data and the differential identities
satisfied. As is well known in the standard theory of elliptic equations, a priori bounds determine
the function spaces framework in which the solutions are looked for, see Lions [?]. Evolutionary
equations arising in continuum fluid mechanics are known to possess only very poor a priori bounds,
which makes the rigorous analysis rather delicate. To begin, we point out that a priori bounds are
purely formal, derived under the hypothesis of smoothness of all quantities in question. In particular,
the spatial domain € is bounded and belongs to the class C?*, o, ¥, u possess all the necessary
derivatives and o, ¥ are strictly positive.
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5.1 Total mass conservation

The simplest bound follows directly by integrating the equation of continuity (2.2) over the spatial
domain 2. Supposing that the velocity field u obeys the impermeability condition

u-n|ag=0

we immediately obtain
d
— t,-)dz =0
P /Q oft,-) dz =0,

in other words
/Qg(t, ) de = /Q 0o dz, for any ¢ € [0, 7. (5.1)

The physical meaning of (5.1) is obvious - the total mass of the fluid contained in the physical domain
() is a constant of motion. Note that the same conclusion holds even in the class of the weak solutions
satisfying (3.4), where it is enough to take ¢ = 1.

Since the density is non-negative we get

5.2 Energy estimates
The total energy balance (3.10) yields immediately

provided, say,

F e L>(Q).

Of course, we have tacitly assumed that e > 0. Similarly to the preceding part, the energy estimates
remain valid even in the class of weak solutions in the sense specified in Section 4.
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5.3 Dissipation and entropy estimates

Our next step is to exploit the entropy balance equation (2.13). Integrating by parts and making
use of the boundary conditions we deduce that

/Qgs(g,ﬂ)(f, ) de = (Z)/ngs(go,ﬁo) dx+/0T/Q$ [s  V,u— q"TW dz dt. (5.5)

5.3.1 Thermodynamic stability

In accordance with Second law of thermodynamics, we can control the total entropy production rate
provided we have an upper bound on the total entropy of the system. Since we already know that
the total internal energy is bounded, we may attempt to obtain upper bound on ps(p,?) in terms of
oe(o,v). To this end, we introduce

Condition (5.6) asserts that compressibility of the fluid is always positive while dge is the specific
heat at constant volume, see Bechtel, Rooney, and Forest [?].

5.3.2 Ballistic free energy

Let us introduce a thermodynamic potential
Ho(o,9) = oe(p,9) — Ops(p, ), with © > 0 a constant, (5.8)

termed ballistic free energy, see Ericksen [7].
It follows from the hypotheses (5.6), (5.7) that

o+ Hg(p,0) is strictly convex; (5.9)
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U +— Hg(0,7) is decreasing for ¥ < © and increasing for ¥ > ©. (5.10)

5.3.3 Total dissipation balance

Combining the total energy conservation (3.10) with (5.5) we deduce

where the constant ¢ > 0 has been chosen so that

| (et.) —2) d =0,

Consequently, making use of the coercivity properties of the ballistic free energy Hg established
in Section 5.3.2, we deduce from (5.11) the following a priori bounds:




5.3.4 Korn inequality

Our next goal is to use (5.13) in order to derive bounds on V,u and V.9, respectively. We start
with V.0 seeing that, in accordance with Fourier’s law (2.17),

/ / IV T ar ar < c(data).

Consequently, assuming

E(1+9%) < k(9) < R(1+9?) (5.14)

for certain positive constants k, & we deduce that

Similar estimates on the velocity gradient are more delicate. By virtue of Newton’s law (2.16),
we get

2
S:V,u=pu (qu + Viu — gdivxull) - Vu
2

’

= @ ‘Vzu +Via-— gdikul[

whence, assuming, say,

p(L+0) < p(9) < p(l +9), (5.16)
we deduce from (5.13) that

T 2 2
/ /Q ‘ku + Viu— Sdiveul dedt < e (5.17)
0

Suppose, for a moment, that u vanishes on 9€2, meaning u satisfies the no-slip boundary condition
(2.21). By simple computation, we get

2

2 4
V,u+ Viu-— Sdiveul] = V.ul? + |[Viu> +2V,u- Via — §|divxu|2,

where, by means of a simple by parts integration,

/ V,u-Viude :/ divpuf® dz.
Q Q
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Thus the bound (5.13) yields

T
/ /Q|Vgcu|2 dz < ¢(data). (5.18)
0

Finally, since we have assumed that u|sq = 0, we may combine (5.18) with Poincaré’s inequality
to conclude that

We note that
[ (1 +19.0) do = fallfm),

where W2 stands for the standard Sobolev space of functions having first (spatial) partial derivatives
square integrable.

5.4 More hypotheses imposed on constitutive equations

The bounds derived in the preceding part are the best (known) a priori bounds available under the
general conditions imposed on the initial data and the existence time T' > 0. Still, they are not strong
enough, in general, to render all terms appearing in the weak formulation at least equi-integrable in
order to ensure their stability. Besides the general hypothesis of thermodynamic stability (5.6), (5.7),
more restrictions will be imposed on the constitutive relations in order to obtain better estimates to
make the problem mathematically tractable.

5.4.1 General pressure law

A general pressure law of a monoatomic gas reads
2
ple,¥9) = Foe(e,9), (5.20)
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see Eliezer, Ghatak, Hora [3].
It is straightforward to check that (5.20) is compatible with the general Gibbs’ relation (2.1) if
the pressure takes the form

0
ple.o) =P (5 (5.21)
for a certain function P : [0,00) — R. Now, the hypothesis (5.6) can be interpreted as

P =C'0,00), P(0)=0, P'(Z) >0 for any Z > 0. (5.22)

Going back to (5.20), the specific internal energy reads

3 [0 0
Now, the second condition of thermodynamic stability (5.7) translates to
5p(Z) - P'(2)2
4 ()Z (2) > 0 for any Z > 0, (5.24)
in particular, the function
P(Z) . . :
Z 7573 1S non-increasing, (5.25)
and we set P(2)
Jim 2 = po > 0. (5.26)

Under the present circumstances, the entropy is determined, up to an additive constant, by the
Gibbs equation (2.1), specifically,

s(0,0) =5 (Q}fﬂ) , (5.27)
where
S'(Z) = —;’ :P(2) gzp (2)2 _,, (5.28)

In accordance with Third law of thermodynamic, we may fix S by postulating

lim S(Z) = 0. (5.29)

Z—00
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5.4.2 Effect of thermal radiation

The pressure p can be augmented by a component pr = pg(¥) resulting from thermal radiation,
namely,

PR = §194, CL>0,

with a the Stefan-Boltzmann constant. Consequently, we end up with the following specific form of
the constitutive equations:

5.5 Exercises
5.5.1 Thermodynamic stability for monaotomic gases

Show the the hypothesis of thermodynamic stability (5.7) implies relations (5.24), (5.25).

5.6 Energy estimates revisited

From now on, we shall assume that the pressure p, the internal energy e, and the entropy s are given
through (5.30 - 5.32). Thus we get, as a consequence of (5.26), the following bounds
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5.7 Pressure estimates

The a priori bounds should be at least so strong for all the expressions appearing in the weak
formulation to make sense (to be at least integrable in the space-time cylinder (0,7) x Q. As a
matter of fact, slightly more is needed, namely the equi-integrability property in order to perform the
limits with respect to the weak topology of the Lebesgue space L'. Note that the estimates (5.33),
(5.34) guarantee only that

p(e,9), ge(o,9) € L=(0,T; L(9)).

Better estimates can be obtained by “computing” the pressure by means of the continuity equation
(2.5):
Ap(p,9) = div,div,S — div,div,(ou ® u) — div,0;(ou),

where, for the sake of simplicity, we have take f = 0. Then, very formally indeed,
p(0,9) = div,A™div,s — div, A 'div,(ou ® u) — A div,9;(ou).

Let us remark that both pu ® u and S are already known to be bounded in the Lebesgue space
L9((0,T) x Q for a certain ¢ > 1. Indeed, by virtue of the Sobolev imbedding relation

W2(Q) — L°(Q), (5.35)
combined with the uniform bounds established in (5.3), (5.19), and (5.32), we have

lou @ || La(o;rexa) = ||/ ov/0u @ Ul La(o;raxay < loll o3y llv/0ullL2o;re) [[allnr2(oime),

with
1 3 N 1 N 1 . 30
— = —+ -+ =, meanin = — ;
N 10 T T MeAHE T T o9 7
whence
ou®u € L2(0,T; L3 (Q; R>3)). (5.36)
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Similarly, by virtue of (5.19) , (5.34), and hypothesis (5.16)

4

ISl age,rex3) < cl|d| L2 | VaullL2.rsxs), ¢ = 3’
whence

s € L*(0,T; L*3(Q; R>?)). (5.37)

Seeing that the operator div,A~!div, is of zero-th order, the estimates (5.35), (5.36) would guarantee
boundedness of the pressure provided we could handle the time derivative A~*div,0;(ou).

In order to make these arguments rigorous, we proceed in a slightly different way. Specifically,
we multiply the momentum equation by the expression

V. A [1gb(0)],

where 1 denotes the characterictic function of thw domain Q and ¢ € C°(2). The obvious ad-
vantage of such a choice is the fact that the function vanishes on 0¢2 and one can perform by parts
integration by means of the Gauss-Green theorem. The operator V,A~! may be viewed as an inverse
div;1 and can be rigorously defined as a Fourier multiplier

i

O, A :.7:__1)1,[
AT (g

Fxf[v]] ) ] - 172737

where F denotes the Fourier transform in the spatial variable x.
The following properties of V,div, ' are standard (see, for instance, [4, Chapter 5]):

Taking the scalar product of the momentum equation with pV,A71[b(0)], where b(0) = 0 and o
was extended to be zero outside §2; or equivalently, using this quantity as a test function in (3.6),
and performing obvious by-parts integration, we obtain

/()T/ngp(g, ?b(o) dz dt (5.40)

—— [ [ ple Ve Vurr o)) do at = [ [ pou-av.A7 (o)) do dt
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* /0/9 [(eu@u+8): Vo (VA7 [b(0)]) — poV.F - VoA b(o)]| da dt

- /Q [pouV AT b(0)](7, ) — poouy VoA [b(eo)| da

Our goal is to take
b(p) = min{p, 0*} with a > 0,

where o > 0 is chosen so small that all terms on the right-hand side of (5.40) may be bounded in
terms of the previously established energy estimates. To this end, however, we have to compute

OV AT b(0)].

5.7.1 Renormalized equation of continuity

Multiplying equation (2.2) on '(p) we obtain

The renormalized equation was introduced by DiPerna and Lions [2]. It can be derived from the
equation of continuity as long as all quantities are sufficiently smooth. In the framework of weak
solutions, equation (5.41) can be taken as a kind of supplementary condition to be satisfied by the
weak solutions. We point out that, since u vanishes on 052, equation (5.41) holds (a.a.) in the whole
physical space provided o, u were extended to be zero outside 2. In particular, we may compute

OV AT [b(0)] = — VA [diva(b(e)w)] + VoA [(b(o) — V(0)0)div,u] . (5.42)

Going back to (5.40) we observe that all terms on the right-hand side will be bounded in terms
of the energy estimates (5.19), (5.32), (5.34) as soon as we take b(p) = min{p, 0*}, with a > 0
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sufficiently small. Indeed, given ¢ > 1, we can find a > 0 such that, in view of (5.38), (5.39),

VAT b(o)] € L*°(0, T; WH(Q; R?)), with Wh4(Q) c C(Q) for ¢ > 3. (5.43)
Similarly, for a = a(q) > 0 small enough, we have
V. A7 div,(b(o)u)] € L*(0,T; LY(Q; R*)) for any ¢ < 6, (5.44)

where we have used the embedding relation
W2(Q) — L%(Q).

Finally, by the same token
V. A [(V(0)o — blo))diveu] € L*(0,T; L(2; B)) for any ¢ < 6. (5.45)

Thus we conclude that all integrals on the right-hand side of (5.40) can be bounded in terms of
the available estimates; whence we conclude that

In accordance with the hypotheses (5.22), (5.25), we have
p(0,9) > 0™, ¢ > 0;
whence

T
/ / 05 do dt < ¢(K) for any compact K C . (5.47)
0o Jk

Finally, by the same token
p(e,9) < e(1+0" + o),
where

¥ = 939, with 9® bounded in L>(0,T; L*3(Q)), ¥ bounded in L*(0,T; L5()).

Therefore we conclude that

As a matter of fact, the pressure estimates can be extended “up to the boundary” by means of
the methods developed in [?] and by Kukucka [?].
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5.8 Boundedness of entropy
We stengthen (5.24) to

wlot

P(Z)-P(2)Z
Z

meaning that the specific heat at constant volume is positive and uniformly bounded. Assuming the
entropy complies with Third law of thermodynamics (5.29) we obtain

0< < cforal Z >0, (5.49)

0 < o0s(0,9) < os(o,1) < ollog(o)| for 0 < ¥ <1,

and
0s(0,9) < o(log(o) + [log(¥)] ") for any g, > 0. (5.50)

Consequently, the uniform bounds established in the previous section are strong enough in order
to ensure integrability of all terms appearing in the entropy balance (3.9). Indeed the entropy diffusive
flux reads )

K
—= V.,
9

where (1) satisfies (5.14) and the desired bounds follow from (5.15).

6 Weak sequential stability

The problem of weak sequential stability may be stated as follows:
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Although showing weak sequential stability does not provide an explicit proof of ezistence of the
weak solutions, its verification represents one of the prominent steps towards a rigorous ezistence
theory for a given system of equations, see Lions [?].

6.1 Preliminary observations

In view of the uniform bounds established in the previous section, specifically (5.15), (5.19), (5.32),
and (5.34), we may assume that

0- — o weakly-(*) in L™(0,T; L**(Q2)), (6.1)
u. — u weakly in L*(0,T; W, *(Q; R%)) (6.2)
Y. — 1 weakly-(*) in L*°(0,T; L*(Q2)) and weakly in L*(0,T; W?(Q)), (6.3)

passing to suitable subsequences as the case may be.
Moreover, since g, satisfies the equation of continuity (2.3), convergence in (6.1) may be strength-
ened to
0- — 0 1n Cyear ([0, T]; L¥3(Q)). (6.4)

Let us recall that (6.4) simply means
tr—>/ (L, ) dry — t|—>/ t, Yo dryin C[0,T
{ - (t,-)p x} { 0 olt, ) x} in C'10,T]

for any ¢ € L/2(Q).
Finally, combining (5.3), (5.33) we deduce that

o-u. — g weakly-(*) in L=(0,T; L*(; R%)). (6.5)

Here and hereafter, we use the symbol b(v) to denote a limit of a composition of a (nonlinear) function
b with a weakly (in L') converging sequence v. — v. As is well know, in general,

b(v) # b(v)

unless an extra piece of information on oscillations of v, is available.

6.2 Weak continuity of the convective terms

Our next goal is to establish convergence of the convective terms, specifically, to show that

ou = pu, pu®u = pu® u, and ps(g,J)u = ps(p, V¥)u.
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This can be done by means of several rather similar arguments.
Suppose we want to show that
ou = ou.

This can be observed in several ways. Seeing that
Wy (Q) < L) compactly for 1 < ¢ < 6,

we deduce that 6
LP(Q) —— W~ 12(Q) compactly whenever p > £ (6.6)

In particular, relation (6.4) yields
g-u: — gu in C([0,T]; W™1(Q2))),
which, combined with (6.2), gives rise to the desired conclusion
ou = ou.

Relation
ouR®Xu=opguu

can be shown in a similar way.

6.2.1 Compactness via Div-Curl lemma

Div-Curl lemma, developed by Murat and Tartar [6], [8], represents an efficient tool for handling
compactness in non-linear problems, where the classical Rellich-Kondraschev argument is not appli-
cable.
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We apply Div-Curl lemma in order to show compactness of all convective terms. Let us start
with g.u.. In order to comply with the hypotheses, we introduce cut-off functions:

Ty(z) € C*(R), Tr(z) = —Tr(—2), Tk(z) concave in (0,00), Tx(z) = z whenever |z| < k,

(6.7)
Ty, strictly increasing in R, lim, ., Tx(2) = k + 1.

We use Div-Curl lemma in the (four-dimensional) space-time cylinder (0,7") x € setting

Ve = [Qaa Qeue]: We = [Tk[ug],O,O,O], .7 = 1a273-

Consequently, ‘
0:-Ti[u?] — oTi[ui] weakly in L*((0,T) x Q).

On the other hand, we have

lul = Talul] | 7() < 2 ul|* dz

{lul|>k}
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_ j|6—q|,,716
=2 {Jul|>k} ez dz < fa—6

||ug||§6(9) whenever 1 < g < 6.
Consequently,

. : 1 \Ve .
[l = Te[ulll|72 (0.7, 10(0y) < (m) [ull 20,7200, 1 < g <6,

and we may write
o-ul = 0. Ty[ul] + o. (ug - Tk[ug]) — 0T [w?] + x, = ou weakly in L"((0,T) x Q) for a certain r > 1,
where

Xkl 27 ((0,1)x0) — 0 as k — oo,

and, by the same token .
0T [uI] — 0w || r(0,r)x) — 0 as k — oo.

Thus we may infer that
ou = ou.

6.2.2 Compactness of the remaining convective terms

The Div-Curl lemma argument can be successively applied to
Ve = [Qaug7 Qusug - S~,j +p§-,j]7 .] = ]-7 27 3; We = [Tk[uZ]v 07 07 0]7
and

k(D) V0,

9 ]a We = [Tk['ﬁeLovoaO]v

Ve = [0:5(0, V<), 0-5(0c, Y2 )u. —

to conclude that

The convergence stated in (6.9) deserves some comments. Here, we have

r195-: 1198
DIVt’w Qas(ga’ﬁ5)7 058(957198)115 - % = Og¢,

£
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with, in accordance with the total dissipation balance (5.11),
{o.}e~0 bounded in L'((0,T) x Q).

However, since
WoP((0,T) x Q) < compactly C([0,T] x Q) for p > 4,

we have 4
LY(0,T) x ) —— W H((0,T) x ), s < 3

6.3 Poinwise (a.a.) convergence of the temperature field

Our goal is to show that
Y. — Y a.a. in (0,7) x Q.

The pointwise convergence of the temperature is necessary in order to pass to the the limit in the
non-linear terms. As a matter of fact, we show a stronger statement, specifically,

In order to show (6.10), we use monotonicity of the entropy s(p,?) with respect to ¢, together
with compactness of {0). }.~¢ in the space variable. To begin, we claim that it is enough to show that

/OT/Q (QES(QE7 195) - QES(Q57 79)) (195 — 19) dr dt — 0 (611)

as € — 0. Indeed, since the entropy is given by (5.32), we have

/OT/Q (Qas(ga,’l?a) - QES(Qg,ﬁ)) (196 — 19) dz dt

T T
-/ /Q<@sS (ﬁ) — 0.5 (%)) (6. — 0.) da dt+4§a/0 [ (92 =0%) (9 = 0) dw e

4a T 4
> ¥, — )" dx dt.
=3 /0 /Q( ) de
We proceed by several steps.
Step 1:
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The argument based on Div-Curl Lemma can be applied in a similar way as in the preceding
section to obtain:

0s(0,0)0 = ps(0, )V,
in other words,

T
/o /Qggs(gs, Ve) (195 — 19) de dt - 0ase— 0. (6.12)

Thus it remains to show that

T
/ / 0:5(0e,0) (195 — 19) dr dt - 0ase — 0. (6.13)
0o Ja

Step 2:

Since b(o.) satisfy the renormalized equation (5.41), we can apply once more the Div-Curl lemma
argument in order to show that

b(0)Y = b(p)? for any bounded and smooth (Lipschitz) b,

in particular, (6.13) would follow should s depend only on p. As a matter of fact, the same argument
yield a slightly better result, namely,

b(0)g(¥) = b(p) g(V) for any b, g bounded and Lipschitz. (6.14)
Step 3:

In view of (6.14), the desired conclusion (6.13 follows from the following result - fundamental
theorem of the theory of Young measures, see Ball [1], Pedregal [7].
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Taking

o+ 0s(0,9(t,x)) as a Caratheodory function of the argument o

we deduce from (6.14) the desired conclusion

es(0,9(t, )V = gs(o, (¢, x))V

yielding (6.13). Thus we have shown (6.11).

6.4 Pointwise (a.a.) convergence of the densities

Our goal is to show that
0: — o a.a. in (0,7) x Q. (6.15)
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We start by introducing a linear (zero-th) order operator
Rij = 05, A710,,,
or, in terms of Fourier mutlipliers,

&i&;
€17

Riilv] = Feea l §— ¢ [v]] :

6.4.1 Weak continuity of the effective viscous pressure

We start with a celebrated result of Lions [5] on the “weak continuity” of the quantity

oo, ) — (5u(0) +0(0) ) divi

termed effective viscous pressure, see Lions [5].

We introduce
¢e = OV A [Ty(0:)], 0- =0 outside Q, ¢ € C°(1),

where Ty, are the cut-off functions defined through (6.7), to be used as test functions in the momentum
equation (3.6). Similarly to (5.40), we obtain

/T:Q/QW(QE,&E)Tk(gE) dz dt—/:/ﬂcbsa : R[Tk(0:)] do dt (6.16)

= [7 [ Pl 99,6 VoA Tul] it [T [ oo 09,87 (o)) de
+ [7 [ dleaue @u)  RITL(e)] dr at
+/: /Q {(qua Qu. + Sg) Va0 - V:EA_I[Tk<Qa)]) — $0.V,F - VmA_l[Tk(QE)H de dt

- [ [0 9,87 Tile)](72.1) — b0 VoA Telo))(m, )] do

where we have set
S. = u(d.) (vzug +Viu, - ;divxueﬂ> + (0. divewr.
We remark that, in accordance with (6.10),
5. — § = u(0) (qu 4+ Via— ;divxull> + p(9)divoul weakly in L7((0, T) x : B
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for a certain r > 1.
Now, we can let £ — 0 in (3.6) and take

¥ = ¢va_1 [m]

as a test function in the resulting integral identity to obtain

//¢p dxdt—/ /¢s R[Tr(0)] de dt

=- / /vaxqb VoA (o)) da dt + /:/qugu OV, AT de dt
- /: /Q ¢ou@u) : R[Ti(0)] dx dt

* /: /Q [(ou@u+s) V.0 V,A Ti(0)]) — 90V F - VAT Ti(0)]] du dt

_/Q [¢qumA_1[m] (T27 ) - Qb@uva_l[m] (7_17 )} dz.

At this stage, we use the renormalized equation (5.41) to compute
atvail[Tk(Qs)] = _vail[din(Tk(Qe)ue:)] + VxAil [(Tk(Qs> - TIQ(QE)QE) divzus]

and, similarly,

OV AT T(0)] = =V A divy (Ti(o)ue)] + VoA [(Ti(0) — Ti(0)o) div,ul.
Seeing that, by virtue of (5.38), (5.39),
VA Ti(0:)] — VoA [Ti(o)] in C([0,T] x Q),

we can let ¢ — 0 in (6.16) and compare the resulting expression with (6.17) to conclude

lim/ /gbp 0, 9:)Ty(0:) d dt—hm/ /ng R[Ty(0.)] dz dt

_/ /¢p ) da dt — //¢s R[Ti(0)] dz dt

(6.17)

(6.18)

lim [ [ oo ©u)  RITL (0] de dt —lim [ [ 0.0 VA7 div, (Ti(e.)u.)] do

e—0

~ [ dlenew  REQ) de i+ [ [ dou- V,A7 div.(Ti(gw)] dr.
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Rewriting

/Q (¢(qus X us) . R[Tk(ge)] - (stus : vail[dlvx<Tk<Qs)u5)]) dx

3
= [ 3 (deeuiul : 9,070, [Th(e.)] = becui0n, A0, (Th(o)ud)) da

3,0=1
3 . . o .
= [ 3 (oauind : 0,870, [Ti(o-)) — 0., A7 0 [o0ul] TiooJud), ) o
ij=1
we examine the bilinear form

vowl = 37 (v"Rys[w] — 'Ry [v7]),

,5=1

where we may write

ig—1
_U.V-W.Z,
where . . . . . .
U' = z:(vz —Ri;[v']), W'= Z(wz — Ri;[w’]), div,U = div, W =0,
= j=1
and

3 3
Vi=0,, (Z A—laﬂuﬂ') , 7' =0, (Z A? ﬂ-zﬂ‘) ,i=1,2,3.
7=1

j=1

Thus a direct application of Div-Curl lemma (Lemma 6.1) yields
[ve, w.] — [v,w] weakly in L*(R?)

whenever v, — v weakly in LP(R*7%), w. — w weakly in LI(R* R?),

and
1 1 1
-4+ -=-<1.
p g S
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Seeing that
Ti(0-) = Ti(0) in Cuear ([0, T]; L)) for any 1 < g < 00, oo — w in Cuear([0, T1; L74(02))
we conclude that
Tii(0s(t, ) VoA [dive (0eue) (¢, )] — (eeue) (¢, ) - VoA Vo[ Ti(o:(t, )] (6.19)

T(Q)(t: -)VmA_l[din(gu) (ta )] - (Qu) (ta ) ’ va_lvw[T(Q)(t? )]
weakly in L*(€; R*) for all t € [0, 7], 1 < s < 5/4.

Thus we conclude that the convergence in (6.19) takes place in the space

L0, T; W12(Q; R*)) for any 1 < ¢ < oo;

whence, going back to (6.18) we may infer that

6.4.2 Commutator estimates

Our aim is to show the commutator estimates for the vector field

3 3
Zi = 0n, A0, WY} — v0, AT 0,Y;, i =1,2,3.

i=1 i=
where Y = [V}, Y3, V3] is a vector field in C°(R3; R?) and v € C°(R?). Computing

div,Z = Vv - [Y — V,A " [div, Y]],
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curl Z = {8miz/8mjA_1[diva]}3,

ig=1"

we may use the bound
||sz||Lq(R3;R3X3) <c (”diVxZ”Lq(RB) + ”C'llI'l Z”Lq(RS;RSx:S)) N 1< qg < o0

to deduce that

1 1 1
||va||Lq(R3;R3x3) < C||vml/||Lp(R3;R3)||Y||Lr1(R3;R3), 5 + T_l = 5 S (0, 1).
Moreover, by means of the standard interpolation argument,
3—p 1 1
||Z||Lq(R3;R3) S C||vmV||Lp(R3;R3)||Y||L7‘2(R3;R3), W + E = E e (0, 1), ]. S p < 3

Finally, interpolating (6.21), (6.22) we obtain the following result:

(6.21)

(6.22)

Now, if {Z.}.~0 is a sequence of functions bounded in L'(0,7; D*4(R3)) N L™((0,T) x Q) for

certain aw > 0, ¢, > 1, we may use compactness of the embedding

D(Q) e LI(Q)

Y

and the convergence

Tk(gé‘) - Tk(g) n Cweak([O,T; LP(Q)) for any 1 S p < o0
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to deduce that

Applying Lemma 6.2 to the fields

v=pu),n.), Y= Vou', i=1,23 p=r=2,

and noting that
ou’

j(’)asj

3
3 0,070,

3,j=1

= div,u,

we conclude that relation (6.20) gives rise to

6.4.3 Density oscillations

A suitable tool for describing the density oscillations is the renormalized equation (5.41). In partic-

ular, we get

/ 0:Li(0e)(7, ) dz + /T/ Ti(0:)div,u, do dt = / 00:Lk(00.) dz for any 7 > 0 and for any k > 1,
Q 0 Ja Q

where T(2)
Li(o) = /1 S de

Now, seeing that
QLk(Q) - QLk(Q) in Oweak([ovT]; L5/3(Q))7

we may let ¢ — 0 in (6.24) to deduce that

/Qng(Q)(T, ) dz + /T/S)Tk(g)divmu do dt = /QQ()L]C(Q()) dz for any k > 1.
0

since we have assumed strong (pointwise a.a.) convergence of the initial data.

46

(6.24)

(6.25)



Suppose, for a while, that the limit p, u also satisfies the renormalized equation - a statement far
from obvious. Then we would get, by the same argument,

/ oLi(o)(7,-) dx + /T/ Ty(p)div,u dx dt = / 0oL (0o) dx for any k > 1;
Q 0 Jo Q

whence

| [eLile) = oLuto)] (r.0) do+ [ [ Tile)divou — Ti(e)div,u do dt (6.26)

= /T/ (Tk(g) — Tk(g)) div,u dz dt for any k£ > 1.
0o Jo

Now, we claim that

Ty (0)div,u — Ty (p)div,u > 0

as a direct consequence of (6.23). Indeed, as the pressure p is a non-decreasing function of the density,
we may write

(plo-,0.) = p(T; (Te(0)):9.) ) (Tie-) — Tilo))

- (p<Tk_1(Tk(Qa))967 196) - p(Tk_1<Tk(9)); 198)) (Tk(Qa) - T(Q)),

where, by means of convexity of T} !,

T, (Ti(0)) < 0.

Letting € — 0 and using strong convergence of {9, }.~¢ we deduce the desired conclusion

p(o,9)Tk(0) — p(0, V) Ti(0) > 0.

Thus relation (6.26) gives rise to

[ [o2e0) = oLs(@)] () d < [ [ (Tilo) ~ Te(0)) divyu da dt forany k= 1. (6.27)
0 o Jo
Finally, assume that we can show
/T/ﬂ (Tk(g) - Tk(g)> divyu dz dt — 0 as k — oo. (6.28)
0

Consequently, letting £ — 0o in (6.27) we would obtain that

olog(o)(T,-) = olog(p)(t,) for any 7 > 0. (6.29)

Relation (6.29) implies the desired strong (a.a. pointwise) convergence of the sequence { o }eso.
In order to see that, we need the following result.
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6.4.4 Exercise - convexity and strong convergence

In this section, we have “almost” proved the strong convergence of the densities, however, two
fundamental questions were left open:

e validity of the renormalized equation of continuity for the limit functions o, u;

e relation (6.28).

These issues will be addressed in the following section.

6.4.5 Oscillation defect measure

Let

ols(e) = [ v(lws(z —y) dy

denote the convolution of a function v with a family of regularizing kernels
ws € C(R?), radially symmetric and radially decreasing, supplws] C {|z| < d}, / yws do=1.
R

We start with an auxiliary well known result - the so-called Friedrichs’ lemma (see [?, Lemma
10.12)):

Lemma 6.4 Suppose that
0 € Lit(R?), u e Wi (R%),

loc c
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with i 1 1
—+-=-€(0,1].
a q r

Then
div, ([o]su) — div, ([ou]s) — 0 in L] _(R?)

loc

as 6 — 0.

Let 9. — o be a weakly converging sequence in L'(Q). We define

Suppose that we can show

0sc,[o. — 0](Q) = sup (lim sup ; Tk (0:) — Tr(0)|? dx dt) < oo for Q = (0,7) x 2 and some g > 2.

k>1 e—0
(6.31)
We claim that (6.31) yields the relation (6.28) in the preceding section. Indeed we may write

/OT/Q <T(9) - Tk(@)) div,u dz dt’

1-x
for a certain A > 0;
La((0,T)x)

. S A S
< [divaullzz o)) HT’“(Q) — Tile) LY((0,1)%9) HT’“(Q) — Ti(o)

whence, since

HT(Q) — Ti(0)

LH(OT)x) — 0 as k — oo,

and L
| Ti(0) — Ti(o)

relation (6.31) yields the desired conclusion.
Furthermore, we have the following result:

ooy < TR IT(02) = Tal0) ooy
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Proof:
Extending o., u. to be zero outside 2 we may replace € ~ R3. Since p., u. are renormalized
solutions we get

0 Ti(02) + diva(Tr(o-)ue) + (Ti(ee) e — Tilo:) ) divau = 0

in the weak sense. The limit for € — 0 therefore reads

0Tk (0) + diva(Ti(o)u) + (Ti(e)o — Tile) )diveu = 0 (6.33)

Now, consider a convolution of equation (6.33) with a family {ws}s~o of regularizing kernels in
the a-variable. Consequently, denoting [v]s = ws * v we obtain

0 [Ti(0)] , + diva([Ti(0)] , w) + [(T,;@Q — Tk(g))divzu] = div,([T(0)], 0) — [diva(Ti(o)u)]

(6.34)

0

where, in contrast with (6.33), the equation is satisfied a.a. pointwise. Since
u € L*0,T; Wy*(Q; R®)) and Ti(0) € L*((0,T) x Q),
it is possible to show that

div, ([Tx(e)] , w) — [dive(Ti(o)w)] . — 0 in L*((0,T) x ©) as § — 0.
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Consequently, multiplying (6.34) by o' (Tx(0)) and letting § — 0 we may infer that

b (Tr(0) + dive (b (Ti(e)) u) + (¥ (Te(0)) Tele) — b (Ti(o)) ) div,u (6.35)

— ¥ (Te©) | (Tilo) - Til)o)divan

in the weak sense, where b can be taken such that ¥'(z) = 0 as soon as z > M.
Thus our ultimate goal will be to show that the expression on the right-hand side of (6.35)
vanishes as kK — oo, which yields the desired renormalized equation. To this end, we denote

Qi = {(t,x) € (0,T) x Q| Tp(o) < M}.

We have

Y (Ti0)) | (Ti(e) — Tile)e)div,]

LY((0,T) %)

/ . . . ,
< (Lo W) (s vl ) g 75 ) = T2

where, by interpolation,
1T (o) — Til0e) ell 2, 00

< 174(6:) ~ T2 g0 I17400) = T D0l 5= 0+ E 2
Since the family of densities {p.}.~0 is equi-integrable, we deduce that
1Tk (02) — Ty(02) 0zl 11 0.7y <) — O @s k& — oo uniformly in e.
Thus the proof reduces to showing that the expression
1T (0:) — Tr(02) 0|l oy
is bounded uniformly with respect to £ — oo and € > 0. Seeing that

|TIQ(QE)Q€| S Tk(ge)

we get
1Tk (02) — Ti(02) 0ell oy ny < 21Tk (0 Loy an)

< 2(IT(e:) = Tl agoiryeey + |Tile) - Til@) + |5

< 4osc,lo. — 0]((0,T) x Q) + 2Me(|(0,T) x Q).

Lq(Qk,M))

La((0,T)x)

o1



Q.E.D.

Consequently, the strong (a.a. pointwise) convergence of {o.}.~o will follow from the arguments
presented in this part as soon as we establish (6.30). This goal will be accomplished in the following
section.

6.4.6 Boundedness of the oscillations defect measure

Our goal is to establish (6.30). The basic idea is to use the effective viscous flux identity (6.23). To
begin, observe that the pressure p can be written in the form

p(0,9) = bo®" + pm(0,9), b >0,

where the mapping ¢ — p,,(0,7) is non-decreasing for any fixed . Similarly to Section 6.4.3, we
therefore obtain that

0°3Ty(0) — 0°/3 Ti(p0) < 2 ( (9) + 477(19)) (divxu[Tk(Q)] — divxum) for any £k > 1.  (6.36)

3

Next, as o — 0%/ is convex and p — Ty(0) concave,

T
lim sup /0 /Q o|T(0.) — Te(0)[*? da dt (6.37)

e—0

lim sup /T/ o (62 = ") (Ti(o:) — Tr(0)) dw dt

e—0

/ / 0°/3T.(0) — 0°/3 Tk(g)) dz dt for any ¢ € C°((0,T) x Q).

Comparing (6.36), (6.37) we get

[ ] Gt drdr < (s;gg v 120 <o limsup | Ti(o:) ~ Tk@)HLQ(w,T)Xm) ,
(6.38)

where we have set

Gk(t,.Q?, Z) = ’Tk(Z) - Tk(g(th))‘g/g :
Finally, for

8
2<qg< =
q 3’
we get
T
/0 /Q ITi(0.) — To(o)|” dz dt (6.39)
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= [ [a+00+9)?1Te) - Tu(o)" de a

T T 5
< [[ a0 Mo~ T aware [ [ oy arar, g= 2

Making use of the uniform bound (5.34), we can take

32

=—>2
15

q

and combine (6.38), (6.39) to obtain (6.30). We conclude with

6.5 Exercises
6.5.1 Weak vs. strong convergence

Let Q C RM be a (bounded) domain. Suppose that {g,}°°, is a sequence of non-negative measurable
functions such that
flon) <cforalln=1,...,

where f € C[0,00) is a strictly convex function,

f(r)

r

— 00 as r — OQ.

(1) Show that {0,}>°, contains a subsequence (here not relabeled) such that

0, — o weakly in L'(Q), where o > 0.

(2) If we know, in addition, that

f(on) — f(0) weakly in L'(Q),

then show that
0n — 0 (strongly) in L'(Q).
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6.5.2 Static density distribution
Consider the static (barotropic) problem,
V.0 = oV,Fin R} ~v>1,

where
FeCY(R?), F>0, F(z) — 0 as |z| — o0

is a given potential.
Show that the problem admits a non-trivial solution containing “vacuum”, specifically,

0 € C.(R?) (continuous with compact support), o7 € C*(R?), o0 >0, /3 odx > 0.
R

6.5.3 Energy inequality for a barotropic fluid flow

Consider the barotropic Navier-Stokes system
o + div,(pu) = 0,

Oi(ou) + div,(ou ®@ u) + V,p(p) = Au+ oV, F,
u|GQ = 07

in a smooth bounded domain Q C R3.
Suppose that the corresponging static problem

V.p(0) = 0V, F in Q, /Qg de =M >0

admits a strictly positive solution g in €.
Show that

te [ (3ol + Plo) = P(@)(o—0) ~ P(@)) (1, cdot) d

is a non-increasing function of the time ¢ provided p, u is a smooth solution of the problem such that

/gdx:M.
Q
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