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Unification and propositional logics




©: a background equational theory (or a variety of algebras)

Basic ©-unification problem:
Given a set of equations I' = {t; ~ s1,...,t, = s, }, IS there a
substitution o (a ©-unifier of I') s.t.

o(t1) =g 0(s1),...,0(tn) =g o(sy)?

What is the structure of ©-unifiers?




Preorder of unifiers

Substitutions o, = are equivalent, written o =g 7, If
o(x) =g 7(x) for every z

o IS more general than 7, written 7 <g o, if vo o0 =¢ 7 for
some v

<g Is a preorder on the set Ug(I") of unifiers of I'
Complete set of unifiers: a cofinal subset C C Ug(T")
(every r € Ug(T') Is less general than some o € C)
Minimal c. s. of u.: no proper subset of C' is complete

Equivalently: C consists of pairwise incomparable maximal
unifiers
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Classification of unification problems

If I' has a minimal complete set of unifiers C, it is of
s type 1 (unitary) if |C| = 1 (most general unifier (mgu))
s type w (finitary) if C is finite, |C| > 1

s type ~o (infinitary) if C is infinite

Otherwise (= the set of all maximal unifiers is not cofinal):
s type 0 (nullary)

Unification type of © is the maximal (=worst) type among
unifiable ©-unification problems I', where

l<w<oo<(
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Propositional logic L:

Language: formulas built from atoms (variables) {x,, : n € w}
using a fixed set of connectives of finite arity

Conseqguence relation: a relation I" -, ¢ between sets of
formulas and formulas such that

s oFp

s ' oimpliesT, Ay,

s DAFppandVy e AT Iimply T'f ¢

s ' oimplies o(T") 1, o(p) for every substitution o




A logic L is finitely algebraizable wrt a class K of algebras if
there is a finite set E(x,y) of formulas and a finite set 7'(x) of
equations such that

o 'Fr e TT) Er T(p)

s AFgtrse FE(A)Fp Et,s)
s v E(T(x))

s vryaFg T(E(z,y))

Example (modal logic, ...):
T(x) ={x~ 1}, E(z,y) ={z <y}




If L Is a logic algebraizable wrt a (quasi)variety K, we can
express K-unification in terms of L:

An L-unifier of a formula ¢ Is o such that -, o(y)
Then we have:

s L-unifier of o = K-unifier of T'(y)

s K-unifier of t =~ s = L-unifier of E(t, s)

s o= 7iff by E(o(z),7(x)) for every x
= express accordingly <, Ur(I'), unification types, ...




More generally, unification theory makes sense for
equivalential logics L:

Set of formulas E(z,y) S.t.
o |_L E(l’, l’)
s E(x,y),¢(x) 1 o(y) for each ¢ (may have other variables)

Then define:
s L-unifierof I'is o s.t. 1, o(I)
s o= 7Ifftp E(o(x),7(x)) for each z
o this induces (U (T"), <) as before




Elementary unification vs. unification with free constants:

Distinguish two kinds of atoms:
s variables {z, : n € w}
» constants (parameters) {p, : n € w}

Substitutions only modify variables, we require o(p,,) = pn

Adapt accordingly the other notions:
s L-unifier

® =1, Ly




Directed unification




Common situation (modal logics, .. .):
» we prove unification is at most finitary
s we wish to distinguish type 1 from type w

Directed (aka filtering) unification:
(Ur(T"), <) Is a directed preorder for each I

Voo,01 € Ur(I') do € Ur(T') (09 <p 0 & 01 <, 0)




Observe:
s I'has mgu = Uy (I") Is directed
» I' has > 2 maximal unifiers = Uy (I") Is not directed

Corollary: If L does not have type 0, then
» directed unification = type 1
» nondirected unification = type w or oo




Transitive modal logics

Theorem [Ghilardi & Sacchetti '04]:
A normal modal logic L O K4 has directed unification
Iff L extends

K4.2 .= K4 + &y — HOp
(We write By = o A Op, O = —H-p = oV Op.)

» sophisticated argument involving algebra, category
theory, and topological frames

» specific to transitive modal logics
s given only for elementary unification (no free constants)

It turns out this has a simple syntactic proof (next slide .. .)
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= Let ¢ be a unifier of 8z v -2z more general than z/T,
v/L. Puta=o(x), fixo; S.t. b o1(a), nop(a). Define

T(x;) = (y A 01(:1:]-)) \V (—ly A ao(azj))

for each variable z; in o. We have

I_L |Z|y — /\B(T(ZB]') — al(xj)) — 7'(04)
J
l_L E|—|T(Ck) — E|—|E|y

and similarly, -; B7(a) — B-E-y. Since F; Ba V B-a, We
obtain F; OG-y v OOy,



< Let 09, 01 be unifiers of ¢. Define
o(zj) = (BQy Aog(z;)) V (2BSY A o1(x5)).

Clearly, oy <, o viay/T,and o1 <; o viay/L. Also,

- OOy — /\ D(a(xj) s ao(xj)) — ()

- O-EOy — /\ B(a(a:j) — 01(33]-)) — ()

Since Fgy o DOy VvV B0y, we obtain Fr a(p).




Comments

s L has directed unification <
there is a unifier of @2 v -2 more general than /T, /L
(IOW, Ja s.t. 1, Ba VvV B-a, and o« and -« are unifiable)

s L has directed elementary unification
< L has directed unification with constants

s The proof applies to larger classes of logics:

Example: Let L be an n-transitive multimodal logic
(O := 010 A -+ - A Oy satisfies -, 0S¢ — O Fly), TFAE:

(1) L has directed unification
(2) Ja s.t. Fp OS"a vV OS"—q, and o« and -« are unifiable

(3) Fr OOy — OSNOSy
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Generalization

By disentangling the roles of various subformulas used in
the proof, we can make it work for logics L satisfying a
handful of more abstract properties.

Assumption O: L Is equivalential wrt a set E(x,y) of formulas

Example: E(z,y) =x <y

Assumption 1: There is a finite set D(x,y) of formulas that
behaves as a deductive disjunction:

F,QOFLX
F7D(¢7w) l_LX g
Fawl_LX

Example: D(xz,y) = Otz v Oy
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Assumption 2: There are unifiable formulas Cy(xz) and C (z),
and a switch formula S(z, yo, y1):

Ce(z) Fr, E(S(2,90,Y1), Ve)

(Actually, the unifiablility of Cy, C; follows from assumption 3)
Example Ci(x) =z, Co(x) = —z, S(@,y0,y1) = (@ Ay1) V (~x Ayo)
Assumption 3: There is a formula B(x) such that

FFpe = kL Ci(B() (i, ok Ci(B(x))
Doobp L = Tk Co(B(yp))

Here: A +; L shorthand for Vi) A =, ¢ (I.e., A IS Inconsistent)

Example: B(x) = 0"z
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General characterization

Theorem [J.]:
For a logic L satisfying assumptions 0, 1, 2, 3 above, TFAE:

(1) L has directed unification
(2) Ja s.t. 1 D(Cy(a), Ci(a)), and Cy(ar), Cq () are unifiable
(3) Fr D(Co(B(Co(x))), Co(B(C1(x))))

Comments:
» Assumptions 0, 1, 2 suffice for (1) < (2)
s Also applies to unification with constants

s If E. D, S, Cy C; without free constants:
L has directed elementary unification <
L has directed unification with constants
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Corollary:

Let L D FL, | {—,A,V,0,1} (possibly with larger language)
be equivalential wrt E(z,y) = (x — y) A (y — ), and have the
deduction-detachment theorem in the form

CobFpy Iff T'Ep Ap — 4
for some formula A(x). TFAE:
(1) L has directed unification
(2) da s.t. F;, Aa VvV A-a, and a, -« are unifiable
(3) b7 A-Az V A-A-x

Proof: Take D(z,y) = Ax VvV Ay, Ci(x) = x, Cy(x) = —x,
S(@,yo,y1) = (L Az — yi) AL A~z — yo), B(z) = Az
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Examples:

» n-transitive multimodal logics: Az = O%"¢
(we’ve seen that already)

s n-contractive (= 2" — 2" *1) simple axiomatic
extensions of FLey:
. take Ax = 2"
. L has directed unification < ;, (=2")" v (=(=z)")"
s n=1. L O IPC has directed unification & L D KC




Thank you for attention!
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