7
-
(aa)
)
(al
(B
o
1
Y
(||
N
O
Q
=
S
@)
O]
L
Y
=z
—
U
(g
Gt
O
=
(S|
A
<C
)
<

INSTITUTE of MATHEMATICS

Linearized stationary incompressible
flow around rotating and translating
bodies - Leray solution

Paul Deuring
Stanislav Kraémar
Sdrka Necasovd

Preprint No. 15-2013
PRAHA 2013
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and translating bodies — Leray solution
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1 Introduction

We consider the system of equations

—pAu(z) = (U4 wx z) - Vu(z) +w xu(z) + u-Vu(z) + Vr(z) = f(2),
g " " divu(z) = 0, } (1.1)

with z € R3\ ©. This system describes the stationary flow of a viscous incompressible
fluid around a rigid body moving at a constant velocity and rotating at a constant angular
velocity. We refer to [19] for more details on the physical background of (1.1). Here
we only indicate that ® C R3 is an open bounded set describing the rigid body, the
vector U € R3\{0} represents the constant translational velocity of this body, the vector
w € R3\{0} stands for its constant angular velocity, and x denotes the constant kinematic
viscosity of the fluid. The given function f : R3\®D + R? describes a body force, and the
unknowns u : R*\D — R3 and 7 : R3\D ~— R correspond respectively to the velocity and
pressure field of the fluid. We assume that U - w # 0. Then, according to [21], without
loss of generality we may replace (1.1) by the normalized system

Lu)+7(u-V)u+Vr=f, divu=0 in R}\D, (1.2)
where the differential operator L is defined by

L(u)(z) := —Au(z) + 701u(z) — (w X 2) - Vu(z) + w x u(z)

for u € T/Vli’cl(U)?’, ze U, U C R3 open,

with 7 € (0,00) (Reynolds number) and w = p(1,0,0) for some p € R (Taylor number).
The linearized version of (1.1) we are interested in is the following:

L(u) +Vr=f, divu=0 in R*\D, (1.3)

It is well known ([20]) that for data of arbitrary size, both problem (1.2) and (1.3) admit
a “Leray solution” characterized by the relations

ue LS(R3\ D)3, Vu € L2(R3\ D), w € L (R®*\ D). (1.4)

loc
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Galdi, Kyed [21] showed that if the right-hand side f in the nonlinear problem (1.2) has
bounded support, then the velocity part u of such a solution (u, ) decays as follows:

0%u(z)| = O[ (2] - s-(x)) 2] (2] = o0), (1.5)

where a € N3 with|a| := a1 + a2 + a3 < 1 (decay of u and Vu). The term s,(x) in (1.5)
is defined by

sr(x) =1+ 71(|lz] —21) (z € R3).

Its presence in (1.5) may be considered as a mathematical manifestation of the wake
extending downstream behind the rigid body.

In [1] — [4], we considered a different kind of solution, which we called “weak solution”,
and which satisfies the relations

upe € L°(BS§)®, Vupe € L*(BS)°, 7|pg € L*(BS) (1.6)

for some S > 0 with ® C Bg, as well as some additional regularity assumptions, which
require in particular that = € I/Vlif(]Rza\@C) and T D € LP(Br\®) for some p € (1, 00)
T

and for any T € (0,00) with ® C By. Although these additional regularity assumptions
and (1.6) do not imply (1.4) if p < 6/5, it is clear that weak solutions should be considered
as less general than Leray ones, in particular in view of the requirement on 7 in (1.4) and
(1.6), respectively.

The main results in [1] — [4] concern representation formulas, decay behaviour and
asymptotic expansions for weak solutions of the linear problem (1.3), and a representation
formula for weak solutions of the nonlinear system (1.2). In particular, the relation in
(1.5) is established in the linear case for a right-hand side f which decays sufficiently fast,
but need not have bounded support. In the work at hand, we revisit the theory in [1] —
[4], showing that it remains valid when the condition 7|pg € L*(B) in (1.6) is dropped.
Again due to our additional regularity assumptions, this does not mean that the theory
in [1] — [4] is generalized to the Leray case. But this improved theory implies by some
additional arguments that the relation in (1.5) extends to Leray solutions of the linear
problem (1.3), even if the right-hand side f in (1.3) does not have bounded support, but
decays sufficiently fast (Corollary 3.16).

It will not be necessary to rework the theory in [1] — [4] from beginning to end. Instead,
we will only show that the representation formula established in [2, Theorem 4.6] for the
velocity part of a solution to (1.3) remains valid without the assumption imposed in (1.6)
on the pressure w. Since we used this assumption only in the proof of that formula, we
may thus drop it everywhere in [1] — [4].

We remark that our linear theory extends to pairs of functions (u, ) that do not nec-
essarily solve (1.3) because the divergence of u need not vanish. In this respect, however,
there is a feature of the theory in [1] — [4] we cannot reproduce here. In fact, we will always
assume div u to have bounded support, whereas in [2] — [4], we obtained some results under
the assumption that div u decays sufficiently fast, but need not have bounded support (see
[2, Theorem 5.3], [4, Theorem 6] for example).

The argument of the work at hand is based on a uniqueness result proved by Galdi,
Kyed [21, Lemma 4.1] for the linear problem (1.3) in the whole space R, and on an



existence result for the same problem in R? established by Farwig [7] and also, more
recently, by ourselves in [5]. These references enter into the proof of Theorem 2.1 below,
which provides a regularity result for the pressure part of solutions to the linear problem
(1.3).

Readers interested in further results on flows around rotating bodies are referred to
[5], [7] — [17], and [22] — [44]. We mention in particular that in [5], we prove (1.5) also
for the nonlinear case, presenting a second access to that result besides the one previously
provided by Galdi and Kyed [21].

2 Notation, definitions and auxiliary results

The open bounded set ® C R? introduced in Section 1 will be kept fixed throughout. We
assume its boundary 99 to be of class C2, and we denote its outward unit normal by

n™®). The numbers 7 and o and the vector w also introduced in Section 1 will be kept
fixed, too. Define the matrix € R3*3 by

0 —Wws3 w2 0 0 0
Q.= ws 0 —wp =po| O 0 -1 |,
—Ww2 Wi 0 01 0

so that w x z = Q -z for z € R3.

We recall that the function s, was defined in Section 1, as was the notation || for the
length of a multi-index o € Nj. If A C R3, we write A¢ for the complement R3\ A of A.
The open ball centered at # € R? and with radius > 0 is denoted by B,(z). If z = 0,
we will write B, instead of B,(0). Put e; := (1,0,0). Let x x y denote the usual vector
product of z,y € R3. For T € (0,00), set D := Br\® ("truncated exterior domain”). By
the symbol €, we denote constants only depending on ©, 7 or w. We write €(7v1, ..., Yn)
for constants that additionally depend on parameters 71, ..., 7, € R, for some n € N. Put

X, ={(v,p)lo € L5 (R, V'v € L+ (R?)°
d1v € LIR3)3, V20 € LYR®)?,p € L4 (R%), Vp € LI(R%)),
where (V');; := 0jvj, (i =2,3,7 =1,2,3). The key auxiliary result of this article is

Theorem 2.1. Let g € (1,2), p € (1,00), S > 0, f € LY(Bs")* 4+ L3>?(Bs)?, u e
LS(Bs“)* n VVI?)’CP(Bisc)?’, T E I/Vlif(Bisc) with L(u) + Vr = f, divu = 0.

Then there is ¢ € R with w+ ¢pe € L3/G~9(BS¢) + L3(Bsg).

Proof We use the approach from the proof of [21, Theorem 4.4]. By the cut-off procedure
from that proof, and since VVlicq (R3) C ¥ *(R3), we see there are functions F' € L4(R3)3 +

loc

L32(R3)3, U e LS(R?)3 N W2P(R3)?, T € W,oP(R?) such that

loc
LWU)+VIIl=F, divU=0, U(z)=u(z)+ plz| 3z for z € BSg, s, = 7B,

with some constant § € R. Note that the argument from that proof strongly simplifies in
the present situation because we consider the linear problem (1.3) instead of the nonlinear



one (1.2). By the assumptions on F, there is F(1) € LI(R3)3, F(?) ¢ L3/2(R3)3 such that
F = F1) + F®_ But according to [7] or [5, Theorem 1.2], there are pairs of functions
(W, nW) e X, (UP,TIP) € X35 such that

LWy +vI® = p) - divu® =0 for x € {1, 2}.
This means in particular that U1 € W/Ii’g(R?’)?’ﬂqu/(z’q) (R?)3, IV € WH(R3), U ¢

loc

LS(R3)3 (hence U — U® € LS(R3)3), and U® e W2Y/2(R3)3, I e WL3/2(R3).

loc

We may thus apply [21, Lemma 4.1] with s = min{p,q,3/2}, 1 = 2¢/(2 —q), ¢2 =
6, f =FD (v,p1) = U TW), (v3,p0) = (U - U T - T?). It follows that
UMD =u—-u®, 1M =TT-11? 4-¢ for some ¢ € R. Hence IT4c € L3/B~9(R3)+ L3(R?),
so that m + ¢pe € L*/379(Bs) + L¥(Bsg).

We will further use the ensuing estimate, which was proved in [6].

Lemma 2.2. Let 8 € (1,00). Then [y5 s, (2)7P do, < &(B) r for r € (0,00).

3 Linear case

We begin by introducing the fundamental solutions used in what follows. We set

z|

2
K(x,t) = (4nt) "2 5, 2 € R?, t € (0, 00),
Nj(z) = zjmpla| 2, © € R\ {0},
2
Ajk(m,t) = K(l’,t) (5] — N]k(.’E) — 1F1 <1, 5/2, uﬁ> (5jk‘/3 — Njk(.f))),
z € R?\ {0}, t € (0,00), j,k € {1,2,3},
Ty, 2, ) 1<jp<s == (Aps(y — Tteg — e . 2,t))1<r,5<3 - e
y,z €R3, t € (0,00) withy — 7te —e .20,
Eyj(z) := (4m)tajlz|™3, 1<5 <3, 2 € R\{0}.
According to [1, Theorem 3.1], we have

Lemma 3.1. [;° [Dji(y, z,t)|dt < oo fory,z € R® withy # 2,1 <j, k <3.

Thus we may define
oo
0

for 4,z € R3 with y # 2, 1 < j, k < 3.

The matrix-valued function 3 constitutes the velocity part of the fundamental solution
introduced by Guenther, Thomann [28] for system (1.3). In the ensuing three theorems,
we note those properties of 3 we will use explicitly. Of course, many more will enter
implicitly into our reasoning, via the previous articles we will cite.

Theorem 3.2 ([2, Lemma 2.15]). 3, € CY(R® x R*\ {(z,2) : @ € R?}) for 1 < j, k < 3.

Theorem 3.3. Let S € (0,00). Then |3(y,z)| < €(5) (|z]sT(z))71 for y € Bg, z €
B



Proof This theorem is a special case of [2, Theorem 2.19].
Theorem 3.4. Zi:l 023k (y, 2) =0 for 1 < j <3, y,z € R3 with y # z.

Proof [2, Lemma 2.15], [28, Theorem 1.3].

The next four lemmas serve to introduce the potential functions needed later on.

Lemma 3.5. Let p € (1,00), ¢ € (1,2), f € L} (R3)3 with fiBs € LY(BE)3 for some
S € (0,00). Then, for j,k € {1, 2, 3}, we have

[, 13t @ dy < o0 for a. e,y B, (3.1)

We may thus define R(f) : R? — R3 by

3
R;(f)(y) = / > 3y, 2) ful2) dz

R? k=1

for y € R3 such that (3.1) holds; else we set R;(f)(y) =0 (1 <j <3).
If p > 3/2, the relation in (3.1) holds without the restriction “a.e.”.

Proof Lemma 3.5 holds by [2, Lemma 3.1, 3.2].

Lemma 3.6. Let p € (1,00), ¢ € (1,3), g € L} (R®) with 9B € L1(BS) for some
S € (0,00). Then, for j € {1, 2, 3},

/RS |Eyi(y — 2)| |9(2)| dy < 00 for a. e. y € R®. (3.2)
Thus we may define S(g) : R3 — R3 by
S;(9)(y) == /R3 Ey(y — 2) 9(2) dz

fory € R® such that (3.2) holds, and &;(g)(y) := 0 else (1 < j < 3).
If p > 3, the relation in (3.2) holds for any y € R® (without the restriction “a. e.”).

Proof Lemma 3.6 states some of the assertions of [2, Lemma 3.4].

Lemma 3.7. Let R € (0,00) with ® C Bgr, f € LY(0Dg), 1 < j, k <3, a € N} with
lo| < 1. Then

/ 10931 (4, 2) f(2)|dos < oo, By — 2)f(2)ldo, < 00 for y € Dp.
3@3 8©R

Proof Theorem 3.2, Lebesgue’s theorem.

Lemma 3.8. Let f € L'(0D), 1 < j, k <3, o € N3 with |a| < 1. Then

/6 130 2) ) o < o /8 By = f(@)ldo. <00 for y €D



Proof Theorem 3.2, Lebesgue’s theorem.

In the ensuing lemma, we introduce the function space M, which characterizes the
regularity of the solutions to (1.3) we consider.

Theorem 3.9 (]2, Theorem 4.4]). Let p € (1,00). Define M, as the space of all pairs of
functions (u, ) such that u € Wif(@c)?’, e WD),

loc
U|©T S Wl’p(QT)g, 7T|©T S LP(QT),
g € WVPP(0D)?, divug € WH(Dr),
L(u) + Vg, € LP(Dr)’

for some T € (0,00) with ® C Br. Then ug, € W2P (D)3, D, € WLP(Dr) for any
T € (0,00) with ® C Br.

Next we state a representation formula on ® for solutions of (1.3) belonging to M),

Theorem 3.10 ([2, Theorem 4.5]). Let p € (1,00), (u,m) € My, j € {1,2,3}. Put
F :=L(u) + Vr. Let R € (0,00) with ® C Bg, and let n'®) : 9Br U D — R? denote the
outward unit normal to Dr. Then, for a.e. y € DR,

W) = Ry (Fp,)0) + 8 (divug ) + [ U m o (33

with

3 3
UJ(R) (u, 7)(y, 2) ::Z [Z(Sjk(y, 2)(Oqug(2) — S (2)
k=1 " i=1
() (—res w0 x ) — 053y, 2)ue(2) ) (2)

— Ey(y — z)uk(z)nlgR) (z)] forye ®gr,z € 0Dp.

If p > 3/2, then (3.3) holds for any y € Dr (without the restriction “a.e.”).

Now we arrive at the main result of this work — a representation formula on ®° for
solutions of (1.3). Contrary to a corresponding result in [2, Theorem 4.6], this formula is
valid without the assumption that the pressure belongs to L?(Bg) for some S > 0 with
® C Bg. Still the formula in question is not proved for Leray solutions because these do
not in general belong to M,, for some p € (1,00). But in spite of that, our formula under
its present assumptions will yield decay estimates in the Leray case (Corollary 3.16). We
further remark that we have to assume the support of the divergence of the velocity to be
compact, a condition not present in [2].

Theorem 3.11. Let p € (1,00), (u,7) € Mp. Put F := L(u)+ V7, and suppose there are
numbers q € (1,2), S € (0,00) such that

D Usupp(divu) C Bg,
upy € L(B§)?, Vupe € L*(BS)°, Fpg € LY(Bg)® + L**(Bg)°.



Let j € {1,2,3} and put

3 3
B5(0) = By m)w) = [ S [Z (3.4)

k=1 ti=1
(369> 2) (= Buun (=) + (=) + wg(2) (rer = w x 2))
+ 02351y, 2)un() )0l (2) + Eisy — 2)un(2)n ™ (2) | do
fory € ©°. Then
u;(y) = R;(F)(y) + G;(divu)(y) + B;(y) (3.5)
for a.e. y €. If p > 3/2, (3.5) holds for any y € D°, without the restriction “a.e.”.

Proof By Theorem 2.1, there is ¢ € R, m € L39/G-9(BS.), my € L3(BSg) such that
Mg, = T+ M2 +c. JFrom this fact and our assumptions on w it follows that

/ / () + [Vu(2) 2 + w1 (2)P7C-D 4 |ro(2)[B)dondr < oo.
2S5 JOB,

Thus there is an increasing sequence (R,) in (25, 00) with R,, — oo and
/ (u(2)[® + V()2 + |71 ()P 3D 1 () )dos < R forne N, (3.6)
8Bn,,

;From assumptions on F, there are functions G € LI(Bg)3, G®? € L3/?(B%)? such that
Flpg = GM + G®). Thus by Lemma 3.5

3
/gc > 1358 2)l (x0.9) (2DIFL()] + X500 12D (IGE ()] + 6P (2)]) ) dz < o0 (37)
k=1
for a.e. y € ®°. Moreover, by Lemma 3.6 with p = ¢ = 2
/’Dc |E4j(y — 2)| |divu(z)|dz < 0o (3.8)

for a.e. y € ®°. Due to these observations and Theorem 3.10, we see there is a subset N
of ©° with measure zero such that the relations in (3.7), (3.8) hold for y € ®°\ N, and
such that (3.3) with R replaced by R, holds for n € N and y € ®p, \ N. In the case
p > 3/2, Lemma 3.5 yields that (3.7) is valid for any y € D°, and Theorem 3.10 states
that (3.3) with R replaced by R, is true for n € N and for any y € D°. Moreover, since
(u,m) € M, and in view of Theorem 3.9, we obtain div up, € WLP(D7) for T € (0,00)
with ©® C Byp. But supp(divu) C Bg, so divu € WHP(D°). Thus, if p > 3/2, a Sobolev
inequality implies there is s € (3, 00] with divu € L¥(®°), so Lemma 3.6 yields that the
restriction “a. e.” may be dropped in (3.8) as well.

Take y € ©° in the case p > 3/2 and y € ©° \ N otherwise. Let n € N with R, > |y|
(hence y € D, ). Then, by (3.3) with R replaced by R,, and m by ™ — ¢, we get

ui(y) = R (Frp, () + 6;(divag, )u) + Uins(y) + B;(u). (3.9)



with

3 3
Ungt) = [ Y [Z(3jk<y,z><amk<z> -
=1

OBR,, j—1

i (m — €)(2) ~ ouus(2)) — 03 s(y )k (2) ) - — Bagly = 2u(=) - | dos,

where we used the relation Z?Zl(w X z);1z = 0 for z € 0Bg,. Concerning B;(y), we note
that

3
/ ZBjk(y,z)n,(?)(z)doz =0 for yeDp, 1 <5 <35
00 1

see Theorem 3.2 and 3.4. Thus the definition of B;(y) need not be modified even though
we replace m by m — c.
Let n € N with % > |y|. Observe that

3
Uin ()l <€D Buwly),

with

4q—3

3q 3q
[ B2l #5do.) " o, s
R

n

3

5/6
65,k<y>=z( / razlsjk@,z)ﬁ/%oz) loss, o
R

=1 7 9Bm,
5/6
Buati) = ([ o= o172%00.) " o
OB,

for k € {1,2,3}. As in the proof of [2, Theorem 4.6], we get

Bii(k)| < €(ly) R, 2, Bow(w)l < €y Ry, 1Bss(y)| < €y R,
|Box(y)] < €|yl Ry, M2,



Now applying Theorem 3.3, Lemma 2.2 and (3.6), we obtain

49—3

__3a_ 3q
Bsu(y) < e<|y>(faBRn<rz\sT<z>> d) I17110B, 34/ (5—a)

< DR (fopy, I 500, ) R

3—¢q

49—3 _3—gq 296
< Cy)RRT Ry T < e(y)RE

2/3
Burly) < <(ly) <faB (I2ls- (2 >3/2doz> Im2/0 B, s
2/3
< ’y| (fBB |ST | 3/2d0> R;1/3
< (R,

Thus we conclude that U, ;(y) — 0 for n — oo. Turning to R;(F, D, )(y) and
S;(div v, )(y) and applying (3.7), (3.8) and Lebesgue’s theorem, it follows that

R;j(Fo,, )W) = Ri(F)(y), Gjldivyg, )(y) — &;(divu)(y)

for n — oco. Theorem 3.11 now follows with (3.9).

Now it is obvious that the theory in [1] — [4] remains valid when we drop the condition
requiring that the pressure belongs to LZ(BE) for some S > 0 with ® C Bg. This does
not mean that the theory in question now extends to Leray solutions, because in the linear
case, we have to keep the assumption (u,m) € M, and in the nonlinear case, we impose
an analogous restriction. The next three theorems and Theorem 4.1 give the details. We
begin by considering the decay of the velocity and its gradient in the linear case.

Theorem 3.12. Let p € (1,00), (u,m) € M,. Put F := L(u) + V7. Suppose there are
numbers S1,S,v € (0,00), A € [2,00), B € R such that S; < S,

D Usupp(divu) C Bsg;, up; € L%(BS)3, Vu g € L*(B%)?,
A+min{l, B} >3, |F(2)| <A~lz| s:(2)78 for z € B, .
Leti,j€{1,2,3}, y € BS. Then
lu;(y)| <€(S1,S1, A, B)(y+ Hﬂ@sl l1 + ||divul)y (3.10)
F gl + IVupll + 7o)
(lyls+(¥) ™ a5 ()
105w (y)| <€(S, 51, 4, B)(v + | Fip g [1n (3.11)
gl + Idivals + [V gl + I7gp )

(lyls. () > 257 ()" OT2=A=B, p(y),
where L4 g(y) := 1 if A4min{l, B} > 3, and l p(y) := max(1,In |y|) if A+min{l, B} = 3.



Proof Theorem 3.12 may be deduced from Theorem 3.11 in exactly same way as [[4],
Theorem 6] from [2, Theorem 4.6].

Next we turn to the decay of derivatives of the velocity up to order 2.

Theorem 3.13. Let p € (1,00), (u,m) € My,. Put F := L(u) + V7. Suppose there are
numbers S1, S € (0,00), with S1 < S,

D U supp(F) Usupp(divu) C Bg,, upg € L%(BE)3, Vupe € L*(BS)°.
Let &, : W2=H/PP(9D) s W2P(D) be an extension operator with ||Ey(v)]2,p < Cpllvlla—1/2,p

for v e W2=V/pP(9D), for some C, > 0.
Let j € {1,2,3}, ye BS, a € N3 with |a| < 2. Then

0% (y)] < €S, 81) - ([1Fp, [l + lldivulls + [[Vupm i + (3.12)
—1—|a|/2

ool + Co g llo-1/pp ) - (Jul - s-(w)) 7712

Proof Theorem 3.13 follows from Theorem 3.11 in exactly the same way as [[3], Theo-

rem 1.2] follows from [2, Theorem 4.6].

Another result from [1] — [4] we extend here concerns an asymptotic profile of the
velocity and its gradient in the linear case:

Theorem 3.14. Let p € (1,00), (u,m) € Mp, S,51 € (0,00) with Sy < S. Put F :=
L(u) + V. Suppose that

D Usupp (F) Usupp (divu) C Bg,, ulpg € L°(BS)3, Vu g € L*(BS)°.

Then there are coefficients (1, B2, 83 € R and functions §1,82,83 € C’l(Biglc) such that
for j € {1,2,3}, a € N} with |a| < 1,

3
0%u;i(y) = > Brds 3y, 0) + </ u-n®do, +/
k=1 XY

fory € Bglc,and

10985 ()] <€(S, S1)([[Fllx + lldivully + [[Vug
—3/2—|a|/2

divu dz) 0“Ey4i(y) + 0°F,(y)

S1

+lmaplln + llwgp 1) (yls-(y)) for y € Bg.
Proof Theorem 3.14 may be deduced from Theorem 3.11 in the same way as [[3], The-
orem 1.1] from [2, Theorem 4.6].

Remark: An explicit formula for 3;, §;, i = 1,..,3 is given in [3], page 473.

We may use Theorem 3.12 and 3.13 in order to derive a decay estimate as in (1.5)
for Leray solutions of the linear problem (1.3). This may be done by considering the
restriction of such a solution to Bg , for some Sy > 0 sufficiently large. The idea is to
apply Theorem 3.12 and 3.13 with ® replaced by Bg,. In this way, the behaviour of the
solution in question near the boundary of its domain, and the regularity of that boundary
do not matter at all. A crucial technical result in this respect is the ensuing observation
on interior regularity of generalized solutions to (1.3).

10



Theorem 3.15. Let U C R3 be open and bounded, p € (1,00), f € LfOC(UC)3, u €
Wie (U°)?, 7 € L, (U°),

loc

/ (Vu-Vo+ (10u — (w X 2) - Vu+w X u)p —mdive — fe)dr =0 (3.13)
UC

for o € C(U")3,  divu = 0.

Then u € W2’min{2’p}

loc

T3, m € WG and L(u) + Vi = f.
Proof This theorem follows from interior regularity of Stokes flows, as stated in [[18],
Theorem IV.4.1]. Details of the argument may be found in the proof of [[2], Theorem 5.5].

Now we may establish (1.5) for Leray solutions of (1.3).

Corollary 3.16. Let U C R? be open and bounded. Letp € (1,00), f € LfOC(UC)S, ~v,81 €
(0,00) withU C Bs,, A € [2,00), B € R with A+min{1, B} > 3, |f(2)| < v-|2|"4s,(2)" B
for z € BS, .

Let u € VVli’Cl(UC)?’ with u € LS(U°)? and Vu € L*({U)?. Let m € L3 (U, and
suppose that (3.13) holds.

Choose some Sy € (0,51) with U C Bg,, and let S € (S1,00). Then, for z € Bg, 1 <1,
J <3, inequalities (3.10) and (3.11) are valid, but with ® replaced by Bg,.

Now suppose that supp(f) C Bg,, put s := s(p) := min{2,p}, and let &s
W2=1/55(9Bg,) — W?*(Bs,) be a continuous extension operator. Let C, > 0 be a con-
stant with

I€5(0)ll2,s < Cp - [[vll2-1/s,6 for v € W?T**(8Bs,).

Then, for 1 < j <3, a € N} with |a| <2, z € BE, inequality (5.12) holds with D replaced
by Bs,, and with the norm || |lo—1/s s in the place of || |la—1/pp-

Proof Theorem 3.15 yields that u € VVli’flin{lp} (U3, 7 e Wli’émn{zp} (U), and L(u) +

Vm = f. We may conclude in particular that the pair (U\Bg s T|Bg ) belongs to Mipninga p1,
o 0 0

with BSOc in the place of @ as the domain of reference in the definition of Ming2,p}-

Therefore the corollary follows from Theorem 3.12 and 3.13.

4 Nonlinear case

In this section, we show that the representation formula from [2, Theorem 5.5] pertaining
to the velocity part of solutions to the nonlinear problem 7(1.2) remains valid even if the
pressure does not belong to L?(Bg) for some S > 0 with © C Bsg.

Theorem 4.1. Let u € W,oH(®°)? N LY(®D°)? with Vu € L*(D°)°.

Letp e (1,00), g € (1,2), f:D° — R® a function with fo, € LP(D7)? for T € (0,00)
with ® C Br, and fiBg € LY(BE)3 for some S € (0,00) with ® C Bg.

Further assume that u,g € W2=1/rp(9D)3 and that 7 : ®° — R is a function with

9, € LP(D7) for T as above. Suppose that the pair (u,m) is a generalized solution of

11



(1.2), that is,
/Qc ((Vu Vo) + (t(u-V)u+71ou — (wx 2) - Vu+w x u) - g0+7rdivg0)dz
= ¢ f-pdz, for p e C(D)3,
divu = 0.

Then
uj(y) = R (f —7(u-V)u)(y) + B;(u, 7)(y) (4.1)
for j € {1,2,3} and for a.e. y € D°, where B(u, ) was defined in (3.4).
Note that in [2, Theorem 5.5], the assumption U € W2=1/PP(9D)3 is missing.

Proof of Theorem 4.1 Since u € L9(D)? and Vu € L*(®)?, we have (u- V)u €
L3/2(D%)3, hence f=Tu-Vug, € Lindp3/2H (D)3 for T as in the theorem. By Theorem

3.15 we thus get u € I/Vliflin{p’gﬂ}(ﬁc)?), T e VVli’:lin{p’g/Q}(ﬁc), so we may conclude that

(u, ™) € Minin{p,3/2y- Moreover f—7-u-Vup; € LI(BS)3 + L3?(Bg)3. Thus (4.1) follows
from Theorem 3.11.
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