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Abstract setting

» V. H Hilbert spaces
» v:V — H linear, continuous, compact

Eigenproblem: Find \; € R, u; € V, u; # 0 such that
(u,-, V)\/ = )\,-(’yu,-,yv)H YveV

Properties:
» \;>0and yu; #0
> (yui,yuj)w =65 Yi,j=1,2,...
> {\j: Aj < M} is finite for all M > 0

> A1 = inf 2 2, is th llest ei |
1 vewv;«éoHVH‘//HVVHH is the smallest eigenvalue

Theorem (abstract inequality):
There exists C, > 0 such that [|yv||y < C)|jv|lv Vv e V.

Moreover, C, = /\1_1/2 is optimal.



Example: Friedrichs’ inequality

Setting
> V=H}(Q), (u,v)y=[qVu-Vvdx
> H=1%(Q), (u,v)n= Jquvdx
> v : HY(Q) — L?(R) is identical (compact by Rellich theorem)

Abstract inequality
=  Exists Ge >0:  [[Vv]2q) < Gellvlliz@) Vv e Hy(Q)

= Moreover, Cgp = \; 1/2 , where A1 is the smallest eigenvalue of

(Vui, Vv) = \i(ui, v) Vv € H3(Q)



Upper bound on A; (Galerkin method)

vhcv

Discrete eigenproblem:
Find A" € R, ul € V", ul # 0 such that

(uf vy = N (yuf vy WP e vh

Theorem: A\ < )\f

Proof: ) )
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oAvev V]2, = opmevs V]2,

AL =




Lower bound on A; (a priori-a posteriori inequalities)

Lemma (Parseval's identity): ||yu |3 = Z |(Yu, yui)u|? Vo, €
i=1
Theorem (Kuttler, Sigillito, 1978):
> u, € V, A\ € R arbitrary
»weV: (w,v)y=(u,Vv)y — (YU, )y YvevVv
Then

AN = A lywll
min <
' Aj lvu| 1
Proof
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Abstract complementarity

Theorem: If
> u, € V, A\, € R arbitrary
»weV: (w,v)y=(u,Vv)v — A(yue,wW)y Yvev

A1 — s Ai — Ay )
> < Vi=1,2....
A _’ )\,‘ ! T
> |lwlly <A+ C,B, B < A|vulln
then
X3 < A,
1 A B
X2:<_a+ a2+4(>\*_ﬁ))7 a = ) ﬁ: .
2 [yull 0 [yullm
Proof:
e — M1 A=A ywllk [wllv 2
\C2—1= Smm’ < < < Cat+Csp
Y 1 i Ai Iyudln = yudls = 7

& 0<CB-M)+Ca+l = G <1/X O



Application to Friedrichs’ inequality

Notation and assumptions
> A [L®(Q)]9%9 symmetric, ¢ € L®(Q), «a¢c L®(Ix)
ETA(X)E> ClE]? VEERY, ae x€Q,

»c>0, a>0 L -
H#D(Q) ={veHYQ):v=0o0nTp}

a(u, v):/(Vu)TAVvdx+/ cuvdx+/ auvds.
Q Q e

IvIZ = a(v,v)
a(-, -) scalar product in H{_(Q)
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Friedrichs’ inequality — application of abstract results

Setting
> V= H%D(Q), (u,v)y = a(u, v)
> H=1L1%(Q), (u,v)y=(u,v)
> v H:rlD (Q) — L2(Q) identity mapping

Conclusions
» 3G >0: |Ivlp@ < Gellvlla Vv € HE (9)

> (g = )\1_1/2, where A1 is the smallest eigenvalue:

N ER, 0#£u € HE(Q):  a(u,v) = N(uj,v) YveHE (Q)



Friedrichs’ inequality — complementarity
> H(div, Q) = {q € [L2(Q)] : divq € L2(Q)}
> |lal% = (Ag,q) a norm in [L?(Q)]9
Theorem: If
> M E€R, wo€ H(Q)

> weH (Q): a(w,v) = a(u,v)—A(u,v) YveHE (Q)
Then

Iwlla < Ve — A~ qlla + CellAvus — cu +divalliz) Va e W,

where W = {q € H(div,Q) : q-n = —au, on 'y}
Proof: qe W, v=w

||W”§ = (.AVU*, VW) + (CU*, W) + (ozu*, W)rN - )\*(U*, W)
—(q,Vw) — (divg,w) + (q - n, w)ry
= (A(Vu. — A1q), Vw) — (\us — cus +divg, w)
< [V — Al [ VWl + Crl[ A, — cu + dival] ey il
———
[wlla

E]



Choice of g € W

» q € W arbitrary
W=q+ W, Wy={qeH(div,Q2):q-n=0o0nTy}
Woh C Wy Raviart-Thomas finite element space
|wlla <A+ CGB < (140 1)A2+ (14 0)CZB2 VYo >0
Minimize

(Lo Ve —A al %+ (1+0)(AD) AT uf —cu+divalf2q)

vvyVvyy

over g + W with a fixed o > 0.
» Equivalent to

ag € Wy :  B(ag, wg) = F(wg) — B(a,wg) vwg € Wy
where
)\h
B(q,w) = (divg,divw) + j(A’lq,W),

)\h
F(w) = Q(Vul,) (Alul cuf,divw)



Friedrichs’ inequality — numerical example

> Q= (-1,1)°
» Iy ={(x1,%0) €ER? : xy=1and —1<x <1}
>FD:GQ\TN
»c=0, a=0

. 1 forx1x2§0
>’A(Xl’)Q)_{A* for x;xo > 0

> u1 e Vh={vhe HL (Q): vk € P1(K), VK € Ty}
> q' € W = {w;, € Wo:wy, € [PA(K)]?, VK € Tp}
> g =1+ o)V —A"% «
+(1+ o) (M)~ 1”>\1U1 — cuf +diva"||2;
» Adaptive algorithm driven by ng
CF Clow

< EtoL
avg
Cp

> StOp if ERgr, =



Friedrichs’ inequality — numerical results

A | Glow G’ Erer.  Npor
0.001 | 9.0086 9.0939 0.94% 4832
0.01 | 2.8697 2.8971 0.95% 5003
0.1 | 1.0035 1.0124 0.88% 7866
11]0.5693 05743 0.86% 4802

10 | 0.3173 0.3201 0.88% 7866
100 | 0.2870 0.2897 0.95% 5003
1000 | 0.2849 0.2876 0.94% 4832

Note: Cp = 4/(7V/5) ~ 0.5694 for A* = 1.



Application to Poincaré inequality
Setting
> C:O, OzZO, rD:®
V=H(Q)={ve H(Q): [ovdx =0}
(u,v)vy = a(u,v) = (AVu, Vv)
H=1%Q), (u,v)y=(u,v)
v H:rlD (Q) — L2(Q) identity mapping

vV v.v Y

Conclusions
» 3G >0:  |viizq) < Colvlla Vv e HY(Q)

» Cp = )\271/2, where \; is the smallest positive eigenvalue:
NER, 0#£u; € H(Q) . a(uj,v) = N(ui,v) Vv e HY(Q)
Complementarity

Iwlla < Vi — A7 qlla + ColAvus + dival 2y Vg € W,



Poincaré inequality — numerical results

A | cbv G’ Erer.  Npor
0.001 | 14.2390 14.3690 0.91% 3400
0.01 | 45199 45623 093% 3510
0.1 | 1.4849 14989 094% 4382

1| 0.6365 0.6424 0.92% 3009

10 | 0.4696 0.4740 0.94% 4382
100 | 0.4520 0.4562 0.93% 3510
1000 | 0.4503 0.4544 0.91% 3400

Note: Cp =2/m ~ 0.6366 for A* =1




Application to trace inequality
Setting
> measg_1In >0
» V= H}D(Q), (u,v)y = a(u, v)
» H=12(Tn), (u,v)H = (u,V)ry
> v H#D (Q) — L?(I'y) trace operator, compact [Biegert, 2009]

Conclusions
> 3Cr >0: vl < Crlivila Vv e HE(Q)

» Cr = /\1_1/2, where A1 is the smallest eigenvalue:
N €R,0# u € HE () a(ui,v) = Ni(uj, v)ry Vv € HE(Q)
Complementarity
Iwlla < [|[Vu—A""ql 4+ Crllcu.—div ql| 2(0)+ Cr ot — A ttq-n|| 2,
Vq € H(div, Q)



Trace inequality — numerical results

A* | Clow (o Erer.  Npor
0.001 | 17.8110 17.9760 0.92% 5523
0.01 | 5.6490 5.7047 0.98% 5418
0.1 | 1.8433 1.85903 0.86% 7775

1| 0.7963 0.8033 0.88% 5499

10 | 0.5829 05880 0.86% 7775
100 | 0.5649 0.5705 0.98% 5421
1000 | 0.5632 0.5685 0.92% 5523

Note: Cp = /2/(mcothr) ~ 0.7964 for A* =1




Conclusions

v

General method for two-sided bounds of principal eigenvalues

v

Straightforward applications
Guaranteed bounds if

v

» no round-off errors

» all integrals evaluated exactly

domain € represented exactly

Galerkin method requires exact solution of matrix eigenproblem

but complementarity does not.

A1 — A Ai — A
A Ai

Generalizations to nonlinear and nonsymmetric problems?

v

v

<

v

Vi=12,....

Crucial assumption:

v



Thank you for your attention

Tom3as Vejchodsky lvana Sebestova
Institute of Mathematics Faculty of Mathematics and Physics
Academy of Sciences Charles University in Prague

Czech Republic

Current Problems in Numerical Analysis, Prague, January 25, 2013



