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Abstract

We consider the weak solutions to the Euler-Fourier system describing the motion of a
compressible heat conducting gas. Employing the method of convex integration, we show that
the problem admits infinitely many global-in-time weak solutions for any choice of smooth
initial data. We also show that for any initial distribution of the density and temperature, there
exists an initial velocity such that the associated initial-value problem possesses infinitely many
solutions that conserve the total energy.

1 Introduction

The concept of weak solution has been introduced in the mathematical theory of systems of (non-
linear) hyperbolic conservation laws to incorporate the inevitable singularities in their solutions that
may develop in a finite time no matter how smooth and small the data are. As is well known,
however, many nonlinear problems are not well posed in the weak framework and several classes of
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European Union’s Seventh Framework Programme (FP7/2007-2013)/ ERC Grant Agreement 320078.
tThe work of O.K. is part of the SCIEX project 11.152



admissible weak solutions have been identified to handle this issue. The implications of the Second
law of thermodynamics have been widely used in the form of various entropy conditions in order
to identify the physically relevant solutions. Although this approach has been partially successful
when dealing with systems in the simplified 1D—geometry, see Bianchini and Bressan [4], Bressan
[5], Dafermos [7], Liu [14], among others, the more realistic problems in higher spatial dimensions
seem to be out of reach of the theory mostly because the class of “entropies” is rather poor consisting
typically of a single (physical) entropy. Recently, De Lellis and Székelyhidi [9] developed the method
of conver integration (cf. Miiller and Sverdk [15]) to identify a large class of weak solutions to the
Euler system violating the principle of well-posedness in various directions. Besides the apparently
non-physical solutions producing the kinetic energy (cf. Shnirelman [18]), a large class of data has
been identified admitting infinitely many weak solutions that comply with a major part of the known
admissibility criteria, see De Lellis and Székelyhidi [8].

In this paper, we develop the technique of [8] to examine the well-posedness of the full Euler-
Fourier system:

0o + div,(pu) = 0, (1.1)
Oi(ou) + div,(ou ® u) + V,p(o, ) = 0, (1.2)
¢ (0e(0,1)) + div,(oe(o, ¥)u) + div.q = —p(p, ¥)div,u, (1.3)

where o(t, z) is the mass density, u = u(t, z) the velocity field, and ¥ the (absolute) temperature of
a compressible, heat conducting gas, see Wilcox [19]. For the sake of simplicity, we restrict ourselves
to the case of perfect monoatomic gas, for which the pressure p(p,v) and the specific internal energy
e(o,1) are interrelated through the constitutive equations:

2
p(o, V) = 596(@, V), p(o,V) = agd, a > 0. (1.4)

Although the system (1.1 - 1.3) describes the motion in the absence of viscous forces, we suppose
that the fluid is heat conductive, with the heat flux q determined by the standard Fourier law:

q=—-kV,0, k>0. (1.5)
The problem (1.1 - 1.3) is supplemented with the initial data
0(0,+) = 00, (0u)(0,-) = goug, ¥(0,) = o in L. (1.6)

In addition, to avoid the effect of the kinematic boundary, we consider the periodic boundary condi-
tions, meaning the physical domain 2 will be taken the flat torus

Q=1 = ([0,1}py) -

2



The first part of the paper exploits the constructive aspect of convex integration. We present
a “variable coefficients” variant of a result of De Lellis-Székelyhidi [8] and show the existence of
infinitely many global-in-time! weak solutions to the problem (1.1 - 1.6) for any physically relevant
choice of (smooth) initial data. Here, physically relevant means that the initial distribution of the
density gy and the temperature vy are strictly positive in {2. These solutions satisfy also the associated
entropy equation; whence they comply with the Second law of thermodynamics.

Similarly to their counterparts constructed in [8], these “wild” weak solutions violate the First
law of thermodynamics, specifically, the total energy at any positive time is strictly larger than for
the initial data. In order to eliminate the non-physical solutions, we therefore impose the total energy
conservation in the form:

E(t) = /Q 0 (;]uF + e(o, "ﬁ)) (t,-) de = /Q 00 (;\u0|2 + e(go,ﬁ0)> dz = Ej for (a.a.) t € (0, 7).
(1.7)
Following [12] we show that the system (1.1 - 1.3), augmented with the total energy balance
(1.7), satisfies the principle of weak-strong uniqueness. Specifically, the weak and strong solutions
emanating from the same initial data necessarily coincide as long as the latter exists. In other words,
the strong solutions are unique in the class of weak solutions. This property remains valid even if we
replace the internal energy equation (1.3) by the entropy inequality

Vv
01(os(0. 1))+ diva(ps(o, 0)w) +div, () = —L725,

¥Ds(0,9) = De(o,9)+p(o,9)D (;) , (1.8)
in the spirit of the theory developed in [11].

Although the stipulation of (1.7) obviously eliminates the non-physical energy producing solu-
tions, we will show that for any initial data gy, Yo there exists an initial velocity uy such that the
problem (1.1 - 1.6) admits infinitely many global-in-time weak solutions that satisfy the total energy
balance (1.7).

The paper is organized as follows. After a brief introduction of the concept of weak solutions
in Section 2, we discuss the problem of existence of infinitely many solutions for arbitrary initial
data, see Section 3. In particular, we prove a “variable coefficients” variant of a result of De Lellis
and Székelyhidi [8] and employ the arguments based on Baire’s category. In Section 4, we show the
weak-strong uniqueness principle for the augmented system and then identify the initial data for
which the associated solutions conserve the total energy. The paper is concluded by some remarks
on possible extensions in Section 5.

1By global-in-time solutions we mean here solutions defined on [0, T)) for any 7' > 0. For discussion about solutions
defined on [0, c0) see Section 5.



2 Weak solutions

To simplify presentation, we may assume, without loss of generality, that
a=kr=1.

We say that a trio [0, 9, u] is a weak solution of the problem (1.1 - 1.6) in the space-time cylinder
(0,7) x Q if:

e the density p and the temperature ¥ are positive in (0,7") x €;

([ ]
/ / (00vp + ou - Vup) da dt = / 20 (0 (2.1)
for any test function ¢ € C°([0,7) x Q);

/ / ou-dp+ou®u:Vyp+ oddivey) do dt = /gouo (0 (2.2)

for any test function ¢ € C>([0,T) x Q; R3);

/ / ( [090yp + 0vu - V0| — V0 - Ve — Ql?divxmp) dr dt = / 00%0(0,-) dz (2.3)
for any test function ¢ € C°([0,T") x ).

As a matter of fact, the weak solutions we construct in this paper will be rather regular with
the only exception of the velocity field. In particular, the functions p, ¥/, and even div,u will be
continuously differentiable in [0, 7] x €2, and, in addition,

9 € L0, T; W*P(Q)), 99 € LP(0,T; LP(Q)) for any 1 < p < 0.

Thus the equations (1.1), (1.3) will be in fact satisfied pointwise a.a. in (0,7") x 2. As for the velocity
field, we have

U € Cyear ([0, T]; L*(Q; R*) N L¥((0,T) x Q; R?), div,u € C([0,T] x R?).



3 Second law is not enough

Our first objective is to show the existence of infinitely many solutions to the Euler-Fourier system
for arbitrary (smooth) initial data.

Theorem 3.1 Let T > 0. Let the initial data satisfy

00 € C3(Q),9 € C*(Q),ug € C3(Q; R?), o) > 0> 0, Jo(x) >9¥ >0 forany x € Q. (3.1)

Then the initial-value problem (1.1 - 1.6) admits infinitely many weak solutions in (0,T) x €2
belonging to the class:

0€ C*[0,T] x Q), 0,9 € LP(0,T; L*()), V29 € LP(0,T; LP(Q; R**®)) for any 1 < p < o0,

u € Coear([0,T]; L2 (94 R?)) N L°((0,T) x Q; R?), div,u € C*([0,T] x Q).

Remark 3.1 Using the maximal regularity theory for parabolic equations (see Amann [3], Krylov
[13]) we observe that ¥ is a continuous function of the time variable t ranging in the interpolation
space [LP(Q); W*P(Q)], for any 1 < p < oo finite and any « € (0,1). Thus it is possible to show that
the conclusion of Theorem 3.1 remains valid if we assume that

Vo € [LP(Q); W2P(Q)],, for sufficiently large 1 <p < oo and 0 < a < 1, ¥y > 0 in Q,

where |, ], denotes the real interpolation. In particular, the solution U(t,-) will remain in the same
reqularity class for any t € [0,T].

The rest of this section is devoted to the proof of Theorem 3.1.

3.1 Reformulation

Following Chiodaroli [6], we reformulate the problem in the new variables g, 9, and w = pu obtaining,

formally
0o + div,w = 0, (3.2)

) +Va(o¥) =0, (3.3)

W QR W

@W + lex <



V.0
W

Z (009 +w - V,0) = AY — ddiv,w + 0
0

(3.4)
Next, we take the following ansatz for the density:
o(t, x) = oo(z) — h(t)div,(eo(z)ue(z)) = 0(t, 2),
with
h € C?[0,T], h(0) =0, K'(0) =1, go(x) — h(t)div,(o(x)uo(x)) > % for all t € [0,T], z € Q. (3.5)
Accordingly, we write w in the form of its Helmholtz decomposition
w=v+ V¥, div,v =0, AV = h/(t)div,(ooup), /Q\If dz = 0.
Obviously, by virtue of the hypotheses (3.1) imposed on the initial data, we have
6 € C*([0,T] x Q),V,¥ € C*([0,T] x @ R), 2(0,) = 00, Wo = 0oWo.

Moreover, the equation of continuity (3.2) is satisfied pointwise in (0,7") x 2, while the remaining
two equations (3.2), (3.3) read

7/ U
v + div, <(V + V. 0) (}; v+ V. )> Y, (89 4+ 0,0) = 0, div,v =0, (3.6)
v(0,-) = vo = goug — VA" div,(gouo), (3.7)
;(g@tﬁ + (V4 Vo) - Vi) = A — DAT + ﬁVgQ (v + VD), 9(0,-) = Y. (3.8)

3.2 Internal energy and entropy equations

For a given vector field v € L*((0,T) x Q; R®), the internal energy equation (3.8) is linear with
respect to ¥ and as such admits a unique solution ¥ = J[v] satisfying the initial condition 9(0, ) = J,.
Moreover, the standard LP—theory for parabolic equations (see e.g. Krylov [13]) yields

¥(t,x) >0 forall t € [0,T], z € Q,
o) € LP(0,T; LF(Q)), V29 € LF(0,T; LP(2; R**?) for any 1 < p < 00, (3.9)
where the bounds depend only on the data and ||V|| zoe((0,1)x0;R3)-

Dividing (3.8) by ¢ we deduce the entropy equation
3/2 3/2

00; log (@) +(v+V,U)-V,log (%) = Alog(¥) + |V, log(d)]?, (3.10)

where we have used the identity —AW = 0,0. We note that, given the regularity of the solutions in
Theorem 3.1, the entropy equation (3.10) and the internal energy equation (3.8) are equivalent. In
particular, the weak solutions we construct are compatible with the Second law of thermodynamics.

6



3.2.1 Uniform bounds

Introducing a new variable

3/2
0

8 2 4 2 4
007 + (V + V.U — §Vx log(@)) V.7 = §AZ + §\VxZ]2 + gAlog(é) + §|Vx log(9)]*.  (3.11)

we may rewrite (3.10) as

Applying the standard parabolic comparison principle to (3.11) we conclude that |Z| is bounded only
in terms of the initial data and the time 7. Consequently, the constants ¥, ¥ can be taken in such a
way that

0 <9 <IV](t,z) < foralltel0,T], xe (3.12)

We emphasize that the constants ¥, ¥ are independent of v - a crucial fact that will be used in the
future analysis.

3.3 Reduction to a modified Euler system

Summing up the previous discussion, our task reduces to finding (infinitely many) solutions to the
problem

\\ g
ov + div, <(V + Vo) Q? v+ V. )> +V, (@ﬂ[v] + O — ;X) =0, div,v =0,v(0,-) = vy,

0
(3.13)

with a suitable spatially homogeneous function x = x(t).
Following the strategy (and notation) of De Lellis and Székelyhidi [8], we introduce the linear
system
Ov +div,U =0, div,v =0, v(0,:) = vq, v(T,:) = vr, (3.14)

together with the function €,

_ 3. 3
elvl=x— igﬁ[v] - 5(%\1/, (3.15)

with a positive function y € C[0,7] determined below.
Furthermore, we introduce the space R>*3

symo Of symmetric traceless matrices, with the operator
norm
3x3

Amax|[U] — the maximal eigenvalue of U € R .



Finally, we define the set of subsolutions
X, = {v \ v € L=((0,T) x & R*) N CH(0,T) x 4 R*) N Cyear ([0, T); L*(Q; R?)), (3.16)
v satisfies (3.14) with some U € C*((0,T) x Q; R>*3 ),

sym,0
vV + VAR X (Vv + VU
{[ ] 3)\ . l( T ) ( T ) U

inf
te(e,T),xeQ

%
Note that X is different from its analogue introduced by Chiodaroli [6] and De Lellis and Székelyhidi
[8], in particular, the function €[v]| depends on the field v.

As shown by De Lellis and Székelyhidi [8], we have the (pointwise) inequality

1 ., 3
- < =
Wl =3

}>Oforany0<€<T}.

Amax (W@ W — U], we€ R®, Ue R

sym,0?

where the identity holds only if
1
U=wWQRW— §|W|2]I.

Consequently, by virtue of (3.12), there exists a constant ¢ depending only on the initial data
[00, Yo, ug] such that
sup || v(t, )| Lo (o;re) < ¢ for all v € Xj,. (3.17)
te[0,T]

Next, we choose the function x € C[0,7] in (3.15) so large that

v v
gx\max (Vo + Vo ¥) G? (vo + V. 0) <X — §@19[V0] - gﬁt\lf = e[vy] for all (t,z) € [0,T] x Q,

0 2

in particular, the function vo = vo(z), together with the associated tensor U = 0, belongs to the set
Xo, where vo = vr.

We define a topological space X as a completion of X in Cyeax([0, T]; L?(92; R?)) with respect to
the metric d induced by the weak topology of the Hilbert space L?(; R?). As we have just observed,
the space Xy is non-empty as v = vy is in Xj.

Finally, we consider a family of functionals

T 1 e
V= [ /(2W—6M> dedtforve X, 0<c<T. (3.18)
€ Q %

As a direct consequence of the parabolic regularity estimates (3.9), we observe that

e[v] — e[w| in C([0,7] x ) whenever v — w in X; (3.19)

8



therefore each I, is a compact perturbation of a convex functional; whence lower semi-continuous in
X.

In order to proceed, we need the following crucial result that may be viewed as a “variable
coefficients” counterpart of [8, Proposition 3].

Proposition 3.1 Let v € X such that
Lvl]<—a<0, 0<e<T/2.
There there is § = f(a) > 0 and a sequence {v,}22, C X, such that
v, — v in Cyear ([0, T]; L*(Q; R?)), lim inf I [v,] > L[v] + .

We point out that the quantity 8 = ((«) is independent of € and v.

Postponing the proof of Proposition 3.1 to the next section, we complete the proof of Theorem
3.1 following the line of arguments of [8]. To begin, we observe that cardinality of the space X is
infinite. Secondly, since each I. is a bounded lower semi-continuous functional on a complete metric
space, the points of continuity of /. form a residual set in X. The set

C=1) {v € X | Ii/m[Vv] is continuous },
m>1

being an intersection of a countable family of residual sets, is residual, in particular of infinite
cardinality, see De Lellis and Székelyhidi [8] for a more detailed explanation of these arguments.
Finally, we claim that for each v € C we have

I/ [v] = 0 for all m > 1;
whence

1lv+V, U2 3. 3

(V+V¥) @ (v+ V0 1|v+ VU
0 3 0

in other words, the function v is a weak solution to the problem (3.13). Indeed, assuming I, [v] <

—2a < 0, we first find a sequence {u,, }>2; C Xy such that

u, — v in Cyeax([0, T]; L*(%; R?)), I u,) < —a

I for a.a. (t,z) € (0,T) x €,

Then for each u,, we use Proposition 3.1 and together with standard diagonal argument we obtain a
sequence {v,}2°, C X such that

vV, — Vv in Cyeax ([0, T7; LQ(Q; Rg)), liminf Iy, [v,] > Ly [V] + 3, 8 >0,

n—oo

in contrast with the fact that v is a point of continuity of I /.

9



3.4 Proof of Proposition 3.1

The proof of Proposition 3.1 is based on a localization argument, where variable coefficients are
replaced by constants. The fundamental building block is the following result proved by De Lellis
and Székelyhidi [8, Proposition 3], Chiodaroli [6, Section 6, formula (6.9)]:

Lemma 3.1 Let [T}, Ty], Ty < Ty, be a time interval and B C R* a domain. Let 7 € (0,00), V € R®
be constant fields such that . -
O<r<r<7|V|<V.

Suppose that
v € Cyear([T1, To]; L*(B, R*)) N CY((T1, Ty) x B; R?)

satisfies the linear system
Oyv + div,U =0, div,v =0 in (T1,T3) X B
with the associated field U € C((Ty,Ty) x B; R2%S ) such that

sym,0

—U

5)\max <ein (Tl,T2> x B

3 l(v+\7)®(v+\7)

for a certain function e € C([Ty;Ty] x B).
Then there exist sequences {w,}52, C C°((Th, Ty) x B; R?), {v,};2, C C=((Th, 1) x B; RE5 )
such that v,, = v+ w,, U, = U-+Y, satisfy

Gtvn + diVx[Un = O, diVan =01 (Tl, TQ) x B
3 l(vn+\~7)®(vn+\~/)

= Amax —U,| <ein (Tl,TQ) X B,

7

Vp —V E Cweak([T1,T2];L2(B§ R3))7

and

h,?l,io{}f/ / v, — v|* dz dt > A (7” 7,V llell (i )% By / / ( ! ‘V+V|2> dz dt.
(3.20)

Remark 3.2 Note that V is constant in Lemma 3.1; whence

v =0,(v+ V).

Remark 3.3 [t is important that the constant A depends only on the quantities indicated explicitly
in (3.20), in particular A is independent of v, of the length of the time interval, and of the domain
B.

10



3.4.1 Localization principle

The scale invariance encoded in (3.20) can be used for showing a “variable coefficients” variant of
Lemma 3.1, specifically when both 7 and V are sufficiently smooth functions of ¢ and .

Lemma 3.2 Let g € CY([T1,Ty] x Q), V € CY([T1,Tz) x Q; R?), Ty < Ty be functions satisfying
0<r<o(t,z) <7, |V(t,z)| <V forall t,z.
Suppose that
v € Cyeax([T1, To]; L* (2, R?)) N C'((T1, Tz) x % R?)

solves the linear system
3tv -+ lex[U = O, lexV =01n (Tl, Tg) x

with the associated field U € C((Ty,Ty) x B; R2%S ) such that

sym,0

3 l(v+V)®(v—|—V)

—U|<e—90in (Tl,Tg) x (321)

a )\max
2

0

for some e € C([Ty; Ty] x B) and § > 0.
Then there exist sequences {w,}o; C CZ((T1,Ty) x Q; R?), {Y,}o2, C C=((T1, Tz) x Q; R )
such that v,, = v+ w,, U, = U~+Y, satisfy

Oy, +div,U, =0, div,v, =0 in (T1,T3) x Q (3.22)
2)\max [(V” V) ? VMt V) ul < ein o) x ), (3.23)
Vi — V € Cyear([T1, To]; L* (% R?)), (3.24)
and
nggolf/T / Va = VI de dt > A (2,7, lell e e / / ( 1|v+V\2> dz dt. (3.25)
1

Remark 3.4 The role of the positive parameter ¢ in (3.21) is only to say that the inequality (3.21)
1s strict, otherwise the conclusion of the lemma is independent of the specific value of 6.

Remark 3.5 In view of (3.24), the convergence formula (3.25) may be equivalently replaced by

1 2
lim inf LVva VI G (3.26)
n—oo Jr Jo 2 0
1 Vv 1 V|2
/ |V—i-~ | dx dt+A(7"7“VH | oo ((11,/1)x ) / /( ‘Vt_)|> dz dt.

11



Proof:
We start with an easy observation that there exists ¢ = ¢ (4, |e|) such that

v+V)®(v+V v+V)Q(v+V 5
3 e [EVIEOV) ] [0 >_U”<47
(3.27)
1|v+V|? 1 [v+V|? 5
3 5 2 7 |1
whenever
3 V Vv -
QAmaxl(” JOWAY) gl ce gl <e, [V-V] <<
0

For 0 appearing in (3.21), we fix e = ¢ ((5, HeHLOO(ThTZ)XQ)) as in (3.27) and find a (finite) decom-
position of the set (T7,T5) x 2 such that

[T1, 1) x @ =UN,Q;, Q= (T{,T3) x B, Q:NQ; =0 for i # j,

1
supo —infpo <e, sup|V — / V dz dt
Qi Qi Qi ‘Q1| Qi

where the number N depends on e and the Lipschitz constants of g, V in [T}, T3] x Q.
Now, we apply Lemma 3.1 on each set (); with the choice of parameters

<e,

~ 1
r=supg, V= V dx dt.
Qi ’Qz| Qi
In accordance with (3.21), (3.27), we have
\4 \4 5
2Amax[(v+ )?(V_{— )_U <€—§1HQ1
7

7

Under these circumstances, Lemma 3.1 yields a sequence of smooth functions v¢, U | with v — v,

U — U compactly supported in Q;, such that

oVt + div,U! =0, div,v’ =0in Q;,

)

_Uil

3
*)\max ~
2 r

[(vﬁl +V)® (vi +V)

vi — v in Cyear ([T}, T3], L*(B;)),

12



and

~ 2
Llv+ V] §
im i _vrYeE_ ¢ (3.2
lim inf 0. 5 R 2) dr dt. (3.29)

. 2 —
V; — V’ d:v dt Z A (ﬂ, F, V, H€||Loo((Tl7T2)><Q)) /Q (6
In view of (3.27), we replace 7 by ¢ and V by V in (3.28) to obtain

<ein Q;.

_UTL

3 l(v;+V)®(v;+V)
0

a )\max
2

As v,, U, are compactly supported perturbations of v, U in @);, we may define
va(t,r) = v (t,z), U, = U’ for any (t,z) € Q;, i =1,...,N.

In accordance with the previous discussion, v,,, U, satisfy (3.22 - 3.24). In order to see (3.25),
use (3.27) to observe that

Ilv+ VP ¢ N Llv+V]? 36 S 0in O
— - e— pr——— — — i
T 2 2 5 4

whence, making use of the hypothesis (3.21), specifically of the fact that

v+ V]2
e— ——— >0,
2 0
we may infer that
1 V|? 1 1 V|?
o LVAVE 30N L LIVHVEN L o)
2 0 4 4 2 0

Thus, summing up the integrals in (3.29) we get (3.25).
Q.E.D.

3.4.2 Application to functionals I,

Fixing € € (0,7/2) we complete the proof of Proposition 3.1. Given e € C([0,7] x §2), we introduce
the spaces

Xoe = {v \ v e CY(0,T) x Q; R*) N Cyear ([0, T); L*(2; R?)) (3.30)
v satisfies (3.14) with some U € C*((0,7T) x €; R¥3 ),

sym,0

13



v v
Z)\max[(v—i_vx )?(V+VI )—U <ef0rt€(O,T),x€Q},
0
along with the associated functionals
T 1 V. ¥|?
Z/ /<2|V+~|—e) dedtforve X, 0<e<T/2 (3.31)
e JQ 1Y

The following assertion is a direct consequence of Lemma 3.2.
Lemma 3.3 Let v € X, e € C([0,7] x 2), 0 <e <T/2 be such that
I..[v] < —a<0.

There there is = ((a, |le]|e(0,1)x0)) > 0, independent of €, and a sequence {Vy}nso C Xoe
such that
v, = v in [0,¢] x Q,

Vi — v in Cyear ([0, T); L*(Q; R?)), liminf I c[vy] > Lc[v] + 0.

Remark 3.6 We have used Lemma 3.2 with (3.26), where, by virtue of Jensen’s inequality,

2

[R5 ooz g (- 357) o) =

Finally, we show how Lemma 3.3 implies Proposition 3.1. Under the hypotheses of Proposition 3.1
and in accordance with the definition of the space Xy, we find § > 0 and a function e € C([0,7] x Q)
such that

e <elv], e=e[v] — § whenever t € [, T],

and
Vv E XO,e-

Thus, we have
T (1 U2
v=/"[ (2’”?' —ev]+ 5) dr dt = LIv] + (T — £)|Q)d < —a/2 < 0

as soon as 0 > 0 was chosen small enough.
Consequently, by virtue of Lemma 3.3, there is a sequence of functions {v,}>°; and § = f(«a) > 0
such that
Vi, € Xoe, Vp =V in [0,¢] x £,
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and
v, — v in Cyear ([0, T); L*(Q; R?)), lminf L. c[vy] > Lo[v] + 8 = L[v] + 8+ (T — €)[Q[0.
Moreover, in accordance with (3.19),
T
I [vn] — L[v,] = / / e[v,] —e[v]+ 0 de — (T —¢)|Q0 as n — oc;
€ Q

whence we may infer that
liminf I.[v,] > L[v] + (.

n—oo
Finally, it remains to observe that v,, € X, for all n large enough. To this end, note that

3 (Vi + V.0) ® (v, + V, 1) 3 [(V + V. ¥) @ (v + V, )

*)\max p~ —U| = 7)\max
2 [ 0

—U| <e<e[v] =¢e[v,]

0

for all ¢ € [0, ¢], while

0

<e=celv|]-d<elv,]—0d/2forallte[eT]

for all n large enough. We have proved Proposition 3.1.

4 Dissipative solutions

The solutions of the Euler-Fourier system constructed in Section 3 suffer an essential deficiency,
namely they do not comply with the First law of thermodynamics, meaning, they violate the total
energy conservation (1.7). On the other hand, the initial data in (3.1) are smooth enough for the
problem to possess a standard classical solution existing on a possibly short time interval (0, Tiyax),
see e.g. Alazard [1], [2]. Note that the Euler-Fourier system fits also in the general framework and
the corresponding existence theory developed by Serre [16], [17]. As the classical solutions are unique
(in their regularity class) and obviously satisfy the total energy balance (1.7), the latter can be added
to (2.1 - 2.3) as an admissibility condition. The weak solutions of (1.1 - 1.6) satisfying (1.7) will be
called dissipative solutions.

4.1 Relative entropy (energy) and weak-strong uniqueness
Following [12] we introduce the relative entropy functional

& (g,z?,u T, @,U) (4.1)
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= [, (et~ 0P+ Ho(e0) -
where Hg is the ballistic free energy,
193/2
Ho(o,v) = Q( (0,79) — @5(@,79)) ( ¥ — Olog ( . )) :

Repeating step by step the arguments of [12] we can show that any dissipative solution of the problem
(1.1 - 1.6) satisfies the relative entropy inequality:

£ (o r@ym;f[ﬂ’%ﬁyu@ (12)
< / / (o(U ~u)-8,U + o(U — ) @ u: V,U — p(o, 0)div,U) da dt
—/ / (g — s(r, @))Gt@ + Q(S(Q, ) — s(r, @))u : VIG) dz dt

+/0 /Q ((1 - 7") Op(r,©) — gu - Vap(r, 9))

for any trio of smooth “test” functions

r, ©, U, r>0 6>0.
We report the following result [10, Theorem 6.1].

Theorem 4.1 [Weak-strong uniqueness]

Let [p, 0, u] be a dissipative (weak) solution of the problem (1.1 - 1.6), emanating from the initial
data [po, Do, uo| satisfying (3.1), such that

0<o<o(t,r) <o, 0<V <V z)<d, [u(t,z)] < for a.a. (t,z) € (0,T) x Q.

Suppose that the same problem (with the same initial data) admits a classical solution [p,V, 0] in
(0,T) x S

Then



Remark 4.1 Here, “classical” means that all the necessary derivatives appearing in the equations
are continuous functions in [0,T] x €.

Remark 4.2 The proof of Theorem 4.1 is based on taking r = ¢, © = U, U =1 as test functions
in the relative entropy inequality (4.2) and making use of a Gronwall type argument. This has been
done in detail in [10, Section 6] in the case of a viscous fluid satisfying the Navier-Stokes-Fourier
system. However, the same arguments can be used to handle the inviscid case provided the solutions
are uniformly bounded on the existence interval.

Remark 4.3 As the proof of Theorem 4.1 is based on the relative entropy inequality (4.2), the
conclusion remains valid if we replace the internal energy equation (1.3) by the entropy inequality
(1.8) as long as we require (1.7).

4.2 Infinitely many dissipative solutions

Apparently, the stipulation of the total energy balance (1.7) eliminates the non-physical solutions
obtained in Theorem 3.1, at least in the case of reqular initial data. As we will see, the situation
changes if we consider non-smooth initial data, in particular the initial velocity field ug belonging
only to L>®(Q; R?). Our final goal is the following result.

Theorem 4.2 Let T > 0 be given. Let the initial data oo, ¥¢ be given, satisfying

00,9 € C*(Q), 0o(z) > 0> 0, Jo(z) >V >0 for any z € Q. (4.3)

Then there exists a velocity field ug,
Uy € LOO(Q’ R3>7

such that the problem (1.1 - 1.6) admits infinitely many dissipative (weak) solutions in (0,T") x 2,
with the initial data [go, Yo, ug).

Remark 4.4 As we shall see below, the solutions obtained in the proof of Theorem 4.2 enjoy the
same reqularity as those in Theorem 3.1, in particular, the equation of continuity (1.1) as well as the
internal energy balance (1.3) are satisfied pointwise (a.a.) in (0,T) x €.

17



Remark 4.5 In general, the initial velocity ug depends on the length of the existence interval T'. See
Section 5 for more discussion concerning possible extension of the solutions to [0,00).

The remaining part of this section is devoted to the proof of Theorem 4.2 that may be viewed
as an extension of the results of Chiodaroli [6] and De Lellis-Székelyhidi [8] to the case of a heat
conducting fluid.

4.2.1 Suitable initial data

Following the strategy of [8] our goal is to identify suitable initial data uy for which the associated
(weak) solutions of the momentum equation dissipate the kinetic energy. In contrast with [8], how-
ever, we have to find the initial data for which the kinetic energy decays sufficiently fast in order to
compensate the associated production of heat.
The velocity field v = pu we look for will be solenoidal, in particular, we focus on the initial data
satisfying
div,(goug) = 0.

This assumption simplifies considerably the ansatz introduced in Section 3.1, specifically,
0=0=o(x), v=ou, div,v =0,V = 0;
whence the problem reduces to solving

2
Ov + div, (VQEV) +V, (@ﬁ[v] - 3x> =0, div,v =0, v(0,-) = v, div,vy =0, (4.4)

for a suitable spatially homogeneous function x = x(t).
Mimicking the steps of Section 3.3 we introduce the quantity

3.
efv] =x — 5 oulvl. (4.5)
As the anticipated solutions satisfy
M ey
2o b
the energy of the system reads
B0 = [ (254300 ) de = x012 = 10 (4.6)
=~ Jo 2 29 ) =X = X)) .
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Consequently, in accordance with the construction procedure used in Section 3.3, it is enough to find
a suitable constant y and the initial velocity field vy such that

. |V0|2 3 ~
div,vo =0, Ey = / — + - 00 | dx =¥,
Q 2@0 2

and the associated space of subsolutions X defined in (3.16) (with V,¥ = 0) is non-empty. This is
the objective of the remaining part of this section.
4.2.2 Dissipative data for the Euler system

Similarly to (3.30), we introduce the set of subsolutions
XO,e[Tla TQ] = {V ‘ Vv E Cl((Tl, TQ) X Q, RS) N Cweak([Tla TQ], LZ(Q, RS)) (47)

v satisfies (3.14) with some U € C'((Ty, Ty) x ; R2X3 ),

sym,0

§)\max [w —U
2 0

<eforte (N,Ts), er},

where e € C([T1,Ts] x Q).
The following result may be seen as an extension of [8, Proposition 5:

Lemma 4.1 Suppose that v = vo(x), together with the associated field Uy, = 0, belong to the set of
subsolutions Xo [0, T.

Then for any 7 € (0,T) and any € > 0, there exist 7 € (0,T), |1 —7| < € and w € Xo [T, T],
such that L w2
2|W(;7 )| = 6(?7 ')7 (48)
w =v, Uy =0 in a (left) neighborhood of T.
Remark 4.6 Note that, thanks to (4.8),
w(t,-) — w(7,-) (strongly) in L*(Q; R*) ast — 7 +.

Remark 4.7 The result is probably not optimal; one should be able, with greater effort, to show the
same conclusion with T = 7.
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Proof:
We construct the function w as a limit of a sequence {wy}32, C Xo.[0, 7],

wi, — W in Cyear ([0, T); L*(2; R?)),
where w;, will be obtained recursively, with the starting point

Wop =V =Vg, To =T, & = &.

More specifically, we construct the functions wy, together with 75, e, K = 1, ... satisfying:
[
wi € Xo.[0, T, supp[wy — Wy_1] C (Th—1 — €k, Tk—1 + €k), Where 0 < g; < %; (4.9)
o

1 1
/Qj(wk—wk_l)-wmdx <?forallm:0,...,k:—1, (4.10)

1
d(Wi, Wi—1) < S5k Sup 5

te(0,T)

recalling that d is the metric induced by the weak topology of the Hilbert space L*(€); R?).

e there exists 7y,
Tk € (Th—1 — €k, Th—1 + Ek)

such that 1 w2 1 2 A
Wi W1 2
- 7_d>/, ) de+ 2 411
h g Az oy At g e
1 wy_q]? A
> /Q 5 |Wk§ 1’ (kah ) dz + 2781%04% for all t € (Tk,1 — €k Thk—1 T 516)7
where

Tk—11€ 1 . 2
o= [ [ (e 5 ) ararso,
Tk—1—€k Q 2 Q

and A > 0 is constant independent of k.

Supposing we have already constructed wy, ..., w,_; we find wy, enjoying the properties (4.9 -
4.11). To this end, we first compute

Tk—11€k 1 |wp_1|? Sk—
= /<6_2| kf’ ) d$dtforacertain0<€k<%
Q

Th—1—€k 0
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and observe that

1 [reite 1 2 1 _40?
%:7/“ / e LWl dxdt—>/ e 2wl Ly e s 0 for e — 0
2€k 26k Tk—1—€k Q 2 Q Q 2 Q

as Wy_1 is smooth in (0, 7).
Consequently, by the same token, we can choose £, > 0 so small that

1 /Tk_1+gk/ Lweal g 4 Al lelionxa) o (4.12)
2er, Jr_1—ex JQ é 48% ) |
1|wy_4|? Ao o0
Z/'Wk~1| (t,) da + (@ llellz 2(O,T)Xfl))oéz
Q2 0 8k
1wy |? Ao 0
> [ 5 o MO 0D o e (- s )
k

where A(9, ||e]|z(0,1)xq)) > 0 is the universal constant from Lemma 3.2.
Applying Lemma 3.2 in the form specified in Remark 3.5 we obtain a function wy € X, such
that
supp[wy — Wi_1] C (k-1 — &k, To1 + €x),

1 1 1
d(Wg, Wg_1) < 57, sup / (Wi — Wg_1) - W, dz| < m=0,....,k—1 (4.13)
Q

te(0,T) 0 277
and
Th—17T€ 1 2 Th—1F€ 1 1]? Ao o
/“ SRR g s (P LWl gy MG el o) o (4.14)
Te_1—ck JQ2 0 Te_1—€r JQ2 0 2e;

where we have applied Jensen’s inequality to the last integral in (3.26).
Finally, the relations (4.12), (4.14) yield (4.11) with some 74, € (T4—1 — €k, T—1 + €x), A = A/16.
Now, by virtue of (4.10), there is w such that

wi, — W in Cyear ([0, T]; L*(2; R?)). (4.15)

Moreover, (4.9) implies (i)
—T€(0,T), |T—7]<¢

(ii) for any ¢ > 0 there is k = ko(0) such that

w(t, ) = wi(t,:) = Wy, (t,-) for all t € (0,7 =) U (T +0,T),k > k. (4.16)

21



In particular, (4.16) yields
w € Xo.[7,T], and w = v, Uy =0 in a (left) neighborhood of T..

Next, in view of (4.11),

1 _ 2
5 |Wk~ 1 (t,-) dz Y uniformly for t € (71 — €k, Th—1 + €k), (4.17)
Q 0
therefore ,
1 [e—1te 1 _
G _ 2" k/<6—|wk~1’> dz dt — 0; (4.18)
€k Ek JTh_1—er JQ 2 %
whence, finally,
1 |Wl»c|2
) d / 419
|3 v/ (4.19)

Combining (4.19) with (4.10), (4.15) we get
wi(7, 1) = w(7,) in L*(Q; RY)

which implies (4.8). Indeed we have

1 2
- n m 77'd
/Q§|w Wol2(7, ) dz

1 1
- / 2 w27, ) de —/ SWnl2(7 ) d — 2 [ S (Wi — W) - Wi (T, -) da for all n > m,
Qo QQ
where, by virtue of (4.10),
1 _ n—m—1 1
/j(wn—wm)-wm(T,-) de = ) /j(wkﬂ—wk) Wi (T,-) de — 0 for m — oo.
Qo k=0 ‘90

Q.E.D.
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4.2.3 Construction of suitable initial data for the Euler-Fourier system

Fixing 0y, ¥y satisfying (4.3) and o = § = gy we can use (3.12) to deduce that there is a constant
depending only on [gg, 9] such that

[9[v]| <4, whence ;p(é,ﬁ[v]) < P on the whole interval [0, 77, (4.20)

with P independent of v.
Next, we estimate the difference 9 — 9 satisfying the equation

2 2 2 V.0
809 = Do) + v - Vo0 = Do) = SAW = 0) = —v - Voo + S ATy + S0V @Q.
Consequently, using (4.20) and the comparison principle, we deduce that
|19[V] (t, ) — 790‘ <c (1 + HV||L0<>((07T)><Q;R3)) t for all t € [0, T] (421)
We take vy € C1(Q), div,vy = 0, and a constant Y in such a way that
3 Vo & Vg 3

*)\max ~ - 5 19 . 4.22
5 ( 5 ) < Xo 5 00v0 ( )

Moreover, for any Y > 2yq, K > 0 given, it is easy to construct a function y € C|0,7T] such that

x(0) = x(T) = xo0, x(t) > xo for all t € (0,T), tg(lg%x(t) =X;

e there is 7 € (0,7") and € > 0 such that

X(7) = X0 > g X(t) < X(7) — K(t —7) for all t € (7, T) whenever |7 — 7| <e.  (4.23)

Consequently, we have
v =vg € Xo.[0,7] (with U= 0)
provided
3
eft, ) = x(t) = ot

Applying Lemma 4.1, we find a function w € X, .[7,T], with the corresponding field Uy, such

that 1|W(7 )‘2 3 3
5 " — X
- =x(T) — =00 > = + X0 — =00V
9 ~ X( ) 2@0 0 2 Xo 290 0

23



w = v, Uy = 0 in a (left) neighborhood of T

1w/ W R W 3
< )\max — — Uy t) — = ooV
3 < h (M 0] <100 - S

and

3
< X<?) - 5@0190 - K(t _?)a S <?>T]‘

Denoting wg = w(7, -) and shifting everything to the origin ¢ = 0, we infer that there is a function
w € X.(0,7), with the following properties:

[ ]
1 |wgl? 3
w(0, ) = wy, 2| g| =x(7) — §g0190, w(T,-) = vo, (4.24)

X(T) — 30000 — K1, t € [0, 7X@(_XO]
e(t,r) = (4.25)
X0 — 5@0’[90 for t € [M T} .

Similarly to (3.16), we introduce the set Xy, together with the function

3

elv] = x(7) - 5@079["]-

Our ultimate goal is to show that the function w, introduced in (4.24), belongs to X, as long as
we conveniently fix the parameters y, K. To this end, it is enough to show that e, defined through
(4.25), satisfies

3
e(t,x) <ew]=x(T) — —goﬂ[w] for all ¢t € (0, 7. (4.26)
For t € (0 X(T) } this amounts to showing

3 T) —
9 (00V[W] — 0009) < Kt, t € (()’ X(T)KXO] ’

which follows from (4.21) provided K = K(¥) is taken large enough.
Next, for t € [M T}, we have to check that
3 X(7)

B (00V[W] — 00?g) < 5 te

X(T) = Xxo
=T
K ) ‘| Y
which follows from (4.20), (4.23) provided we fix X = X(00, o) large enough.
Having found a suitable subsolution we can finish the proof of Theorem 4.2 exactly as in Section

3.3.
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5 Concluding remarks

e In this paper, we focused exclusively on the physically relevant 3D— setting. The reader will
have noticed that exactly the same results may be obtained also in the 2D —case. Note, however,
that the method does not apply to the 1D —system as the conclusion of Lemma 3.1 is no longer
available.

e Theorem 4.2 obviously applies to the larger class of dissipative solutions for which the internal
energy balance is replaced by the entropy inequality

3/2 3/2 2
O | olog v +div, [ olog v u | —div, Vet > V9] . (5.1)
0 0 v 92

Moreover, we could even construct dissipative solutions with an “artificial” entropy production
satisfying (5.1) with strict inequality and, at the same time, conserving the total energy. On
the other hand, a criterion based on maximality of the entropy production could be possibly
used to identify a class of physically relevant solutions.

e The conclusion of Theorem 4.1 can be extended to the time interval [0, c0) by means of con-
tinuation. Indeed we can take the function h in (3.5) such that h(7") = 0; whence

@(T7 ) = Oo-
Moreover, as pointed out in Remark 3.1
I(t,-) € [LP(Q), W*P(Q)], for all t € [0,T],

therefore we can apply Theorem 4.1 recursively on the time intervals [nT, (n + 1)T], n=1,. ..

A similar extension of Theorem 4.2 seems possible but technically more complicated.
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