127 (2002) MATHEMATICA BOHEMICA No. 2, 243–250 Proceedings of EQUADIFF 10, Prague, August 27–31, 2001

PROBLEMS INVOLVING p-LAPLACIAN TYPE EQUATIONS AND MEASURES

Tero Kilpeläinen, Jyväskylä

Abstract. In this paper I discuss two questions on p-Laplacian type operators: I characterize sets that are removable for Hölder continuous solutions and then discuss the problem of existence and uniqueness of solutions to − div(|∇u|^{p−2}∇u) = μ with zero boundary values; here μ is a Radon measure. The joining link between the problems is the use of equations involving measures.

Keywords: p-Laplacian, removable sets MSC 2000 : 35J60, 35J70

1. Removable sets

Throughout this paper let Ω be an open set in R^n and 1 < p < ∞ a fixed number. Continuous solutions u ∈ W^{1,p}_{loc} (Ω) of the equation

(1.1) − div A(x, ∇u) = 0

are called A-harmonic in Ω; here A: R^n ×R^n → R^n is assumed to verify Leray-Lions type conditions, that is, for some constants 0 < λ ⩽ Λ < ∞:

(1.2) the function x → A(x, ξ) is measurable for all ξ ∈ R^n , and the function ξ → A(x, ξ) is continuous for a.e. x ∈ R^n ;

for all ξ ∈ R^n and a.e. x ∈ R^n

A(x, ξ) · ξ ⩾ λ|ξ|^p,

(1.3) |A(x, ξ)| ⩽ Λ|ξ|^{p−1},

(1.4) (A(x, ξ) − A(x, ζ)) · (ξ − ζ) > 0

(1.5) whenever ξ ≠ ζ. A prime example of the operators is the p-Laplacian

−Δ_pu = − div(|∇u|^{p−2}∇u).

Here we understand the divergence in the sense of distributions, i.e.

− div A(·, ∇u)(φ) = ∫ A(x, ∇u) · ∇φ dx, φ ∈ C^∞_0 (Ω).

Definition. We say that a closed set E ⊂ Ω is removable for A-harmonic functions in F, if every u ∈ F that is A-harmonic in Ω \ E is A-harmonic in the whole of Ω.

Examples. The following results are well known and can be found e.g. in [11] or [17].

A set E is removable for A-harmonic functions in W^{1,p}_{loc} (Ω) if and only if cap_p(E) = 0; here the p-capacity of the set E is defined as

cap_p (E) = inf_φ ∫ R^n

|∇φ|^p + |φ|^p dx,

where the infimum is taken over all φ that are ⩾ 1 on an open neighborhood of E. Observe that cap_p E = 0 roughly means that the Hausdorff dimension of E does not exceed n − p.

Similarly, E is removable for A-harmonic functions in L^∞(Ω) if and only if cap_p(E) = 0.

Further, E is removable for A-harmonic functions in L^s(Ω) if and only if cap_q (E) = 0, where p < q = ps s − p

⩽ n.

Next, I consider the case where F = C^{0,α}(Ω), 0 < α ⩽ 1. The following theorem was proved in [14]:

1.6. Theorem. A closed set E is removable for A-harmonic functions in C^{0,α}(Ω) if and only if E is of n − p + α(p − 1) Hausdorff measure zero. For the only if part we assume that 0 < α < –, where – is the best local Hölder continuity exponent for the A-harmonic functions.

For the p-Laplacian we have – = 1. In the case when α = – the necessity part does not hold. Then the problem is a way more difficult. For instance, in the case of the classical Laplacian the question which sets are removable for Lipschitz continuous p-harmonic functions was treated by David and Mattila [7] in the case n = p = 2:

a compact set E of finite 1-Hausdorff measure is removable for Lipschitz continuous harmonic functions if and only if E is purely unrectifiable. The other cases have remained open.

Carleson [5] proved Theorem 1.6 for the Laplacian (p = 2). As to the quasilinear case, Heinonen and Kilpeläinen [10, 4.5] proved the sufficiency part for α = 1. Trudinger and Wang [19] had a version of sufficiency under the assumption that u has an A-superharmonic extension to Ω, which assumption can be dispensed with for small α.

Our method of proof combines some ideas from [12], [15], and [19]. We use solutions of equations − div A(x, ∇u) = μ, where μ is a nonnegative Radon measure from W^{−1,p′}_{loc} (Ω).

Sketch of the proof of Theorem 1.6^1. Suppose first that

H^{n−p+α(p−1)}(E) = 0

and let u ∈ C^{0,α}(Ω) be A-harmonic in Ω \ E. Let v be the smallest A-superharmonic function not smaller than u, i.e. v is the pointwise infimum of all functions ṽ ∈ W^{1,p}_{loc} (Ω) such that − div A(x, ∇ṽ) ⩾ 0 and ṽ ⩾ u in Ω. Then v is A-superharmonic [11] and there is a nonnegative Radon measure μ such that μ = − div A(x, ∇v).

Claim: μ(B(x, r)) ⩽ cr^{n−p+α(p−1)} if B(x, 8r) ⊂ Ω. We consider two separate cases:

Case (i): u(x) = v(x). Then one can show by using the weak Harnack inequality that osc(v, B(x, r)) ⩽ c osc(u, B(x, 2r)) ⩽ c r^α, whence for a usual cut-off function η ∈ C^∞_0 (B(x, 2r))

μ(B(x, r)) ⩽ ∫ B(x,2r)

η^p dμ = ∫ B(x,2r)

A(y, ∇v) · ∇η^p dy

⩽ cr^{(n−p)/p} ( ∫ B(x,2r)

|∇v|^pη^p dy

)_{(p−1)/p}

⩽ c r^{n−p} osc(v, B(x, 2r))^{p−1} ⩽ c r^{n−p+α(p−1)},

which shows the claim in the case (i).

1 A detailed proof can be found in [14].

Case (ii): u(x) < v(x). Now either B(x, r) ∩ {u = v} = ∅, whence μ = 0 in B(x, r), or there is a point y ∈ B(x, r) such that u(y) = v(y). Next we have by case (i) that μ(B(x, r)) ⩽ μ(B(y, 2r)) ⩽ c r^{n−p+α(p−1)}, as desired.

Using the above estimate we can easily conclude the proof for the “if” part: Let K ⊂ E be compact and ε > 0. Choose balls B(x_j , r_j ), x_j ∈ K so that ∑ j r^{n−p+α(p−1)} j < ε.

Then by the above claim

μ(K) ⩽ ∑ j μ(B(x_j , r_j )) ⩽ ∑ j r^{n−p+α(p−1)} j < ε,

whence μ(E) = 0. It follows that v is A-harmonic in Ω.

Next, we make the same construction from below: let w be such that −w is the smallest A-superharmonic function not smaller than −u. Arguing as above, we find that w is also A-harmonic. Because w and v coincide on the boundary of Ω with u, the uniqueness yields that v = w. It follows that u = v is A-harmonic in Ω.

To prove the “only if” part we need the following regularity theorem which is of independent interest.

1.7. Theorem. Suppose that u ∈ W^{1,p}_{loc} (Ω) and μ = − div A(x, ∇u) is a nonnegative Radon measure. Then u ∈ C^{0,α}(Ω) if and only if there is a constant M > 0 such that μ(B(x, r)) ⩽ Mr^{n−p+α(p−1)} whenever B(x, 3r) ⊂ Ω. For the if part we assume that 0 < α < –, where – is the best local Hölder continuity exponent for the A-harmonic functions.

If H^{n−p+α(p−1)}(K) > 0 for some compact K ⊂ E, then by Frostman’s lemma ([1], 5.1.12, [5]) there is a nonnegative Radon measure μ on K with μ(K) > 0 and

μ(B(x, r) ⩽ r^{n−p+α(p−1)}.

Any solution u ∈ W^{1,p}_{loc} (Ω) to

− div A(x, ∇u) = μ

is A-harmonic in Ω \ E [16, 3.19] and u ∈ C^{0,α}(Ω) by Theorem 1.7, but u fails to have an A-harmonic extension to E, since μ(E) > 0.

2. Uniqueness

A question that is under intensive research is the unique solvability of the Dirichlet problem

(P) { − div A(x, ∇u) = μ on Ω, u = 0 on ∂Ω.

Choosing μ = δ, the Dirac measure, one easily sees that |∇u|^{p−1} cannot in general be in L^{n/(n−1)} loc . Thus the best regularity one can hope for is not W^{1,p}(Ω), but W^{1,n(p−1)/(n−1)}

0 (Ω). We reformulate the problem:

(P^′)

− div A(x, ∇u) = μ on Ω, u ∈ ⋂ q<^{n(p−1)} n−1 W^{1,q}_0 (Ω).

The existence of solutions to problem (P^′) is well known, cf. [3]: If μ is in the dual of W^{1,p}(Ω), this is the classical Leray-Lions result. If not, then approximate μ by smooth nonnegative functions μ_j with uniformly bounded masses such that

μ_j → μ weakly in the sense of measures.

Then solve the problem { − div A(x, ∇u_j ) = μ_j on Ω, u_j = 0 ∈ W^{1,p}_0 (Ω)

and prove the estimate

‖u_j ‖_{1,q} ⩽ c for all q < n(p − 1) n − 1 . Then infer that there is u ∈ ⋂ q<^{n(p−1)} n−1 W^{1,q}_0 (Ω)

such that u_j → u and ∇u_j → ∇u a.e. so that − div A(x, ∇u) = μ.

What about the uniqueness?

Example (Serrin [18]). Given q < 2 = p, there is a linear operator

Lu = − div a(x, ∇u)

and u ∈ W^{1,q}_0 (Ω) such that u ≢ 0, but Lu = 0. This example shows that the uniqueness of solutions to (P^′) fails in general (at least if n ⩾ 3) and one needs an extra condition to get both the existence and uniqueness.

One would like to prove uniqueness for (P^′) by using the difference of two solutions as the test function. This is, however, not legitimate. There are different attempts to treat uniqueness by changing the concept of solution to one that allows testing by (truncations of) solutions: For example, – entropy solution [2], i.e. ∫ A(x, ∇u) · ∇T_k(u − φ) dx ⩽ ∫ T_k(u − φ) dμ

for all φ ∈ C^∞_0 (Ω) and k > 0; here T_k(t) = min(max(t, −k), k) is the truncation at level k;

– renormalized solution [6], i.e. ∫ A(x, ∇u) · ∇(h(u)φ) dx = ∫ h(u)φ dμ

for all φ ∈ C^∞_0 (Ω) and h ∈ W^{1,∞}(R) with h(u)φ ∈ W^{1,p}(Ω).

The following result has been proved by several authors, see [4], [13], [6].

2.1. Theorem. If μ is absolutely continuous with respect to the p-capacity, then there is a unique entropy/renormalized solution of (P^′) with

T_ku ∈ W^{1,p}(Ω) for all k > 0.

Trudinger and Wang [20] have recently proved the following very interesting result which does not employ any artificial concept of solutions:

2.2. Theorem. If Ω is Lipschitz and μ is absolutely continuous with respect the p-capacity, then there is a unique solution of (P^′) with

T_ku ∈ W^{1,p}(Ω) for all k > 0.

In the borderline case p = n there are a couple of good uniqueness results; usually they apply for operators satisfying a strong monotonicity assumption. Therefore we formulate them only for the n-Laplacian: Suppose that p = n, Ω is smooth and

A(x, ξ) = |ξ|^{n−2}ξ.

Then [9] there is a unique solution u of (P^′) in W^{1,n)}(Ω), i.e. u ∈ ⋂ q<n W^{1,q}_0 (Ω) and sup_{ε>0} ε ∫ |∇u|^{n−ε} < ∞;

[8] there is a unique solution u of (P^′) such that u ∈ ⋂ q<n W^{1,q}_0 (Ω) and ∇u ∈ weak L^n(Ω),

i.e.

sup_{t>0} t^n|{∇u > t}| < ∞.

Finally, Zhong proved in his thesis [21] that for p = n and Ω “smooth” there is a unique solution u of (P^′).

There are other partial results concerning uniqueness, but for p < n the problem seems not to be well understood yet.

References

[1] Adams, D. R., Hedberg, L. I.: Function Spaces and Potential Theory. Springer, Berlin, 1995.

[2] Bénilan, P., Boccardo, L., Gallouët, T., Gariepy, R., Pierre, M., Vázquez, J. L.: An L^1-theory of existence and uniqueness of solutions of nonlinear elliptic equations. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 22 (1995), 241–273.

[3] Boccardo, L., Gallouët, T.: Nonlinear elliptic equations with right-hand side measures.

Comm. Partial Diff. Eq. 17 (1992), 641–655.

[4] Boccardo, L., Gallouët, T., Orsina, L.: Existence and uniqueness of entropy solutions for nonlinear elliptic equations with measure data. Ann. Inst. H. Poincaré Anal. Non Linéaire 13 (1996), 539–551.

[5] Carleson, L.: Selected Problems on Exceptional Sets. Van Nostrand, Princeton, N.Y., 1967.

[6] Dal Maso, G., Murat, F., Orsina, L., Prignet, A.: Renormalized solutions of elliptic equations with general measure data. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 28 (1999), 741–808.

[7] David, G., Mattila, P.: Removable sets for Lipschitz harmonic functions in the plane.

Rev. Mat. Iberoam. 16 (2000), 137–215.

[8] Dolzmann, G., Hungerbühler, N., Müller, S.: Uniqueness and maximal regularity for nonlinear elliptic systems of n-Laplace type with measure valued right hand side. J. Reine Angew. Math. 520 (2000), 1–35.

[9] Greco, L., Iwaniec, T., Sbordone, C.: Inverting the p-harmonic operator. Manuscripta Math. 92 (1997), 249–258.

[10] Heinonen, J., Kilpeläinen, T.: A-superharmonic functions and supersolutions of degenerate elliptic equations. Ark. Mat. 26 (1988), 87–105.

[11] Heinonen, J., Kilpeläinen, T., Martio, O.: Nonlinear Potential Theory of Degenerate Elliptic Equations. Oxford University Press, Oxford, 1993.

[12] Kilpeläinen, T.: Hölder continuity of solutions to quasilinear elliptic equations involving measures. Potential Analysis 3 (1994), 265–272.

[13] Kilpeläinen, T., Xu, X.: On the uniqueness problem for quasilinear elliptic equations involving measures. Rev. Mat. Iberoam. 12 (1996), 461–475.

[14] Kilpeläinen, T., Zhong, X.: Removable sets for continuous solutions of quasilinear elliptic equations. To appear in Proc. Amer. Math. Soc.

[15] Lieberman, G.M.: Regularity of solutions to some degenerate double obstacle problems.

Indiana Univ. Math. J. 40 (1991), 1009–1028.

[16] Mikkonen, P.: On the Wolff potential and quasilinear elliptic equations involving measures. Ann. Acad. Sci. Fenn. Ser. A I. Math. Dissertationes 104 (1996), 1–71.

[17] Serrin, J.: Local behavior of solutions to quasi-linear equations. Acta Math. 111 (1964), 247–302.

[18] Serrin, J.: Pathological solutions of elliptic differential equations. Ann. Scuola Norm.

Sup. Pisa 18 (1964), 385–387.

[19] Trudinger, N., Wang, X. J.: On the weak continuity of elliptic operators and applications to potential theory. To appear in Amer. J. Math.

[20] Trudinger, N. S., Wang, X. J.: Dirichlet problems for quasilinear elliptic equations with measure data. Preprint.

[21] Zhong, X.: On nonhomogeneous quasilinear elliptic equations. Ann. Acad. Sci. Fenn.

Math. Diss. 117 (1998).

Author’s address: Tero Kilpeläinen, University of Jyväskylä, Department of Mathematics, P. O. Box 35, 40351 Jyväskylä, Finland, e-mail: terok@math.jyu.fi.