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IMATH, EA 2134, Université du Sud Toulon-Var BP 20132, 83957 La Garde, France

Abstract

We consider the barotropic Navier-Stokes system describing the motion of a compressible
viscous fluid confined to a cavity shaped as a thin rod Ωε = εQ× (0, 1), Q ⊂ R2. We show that
the weak solutions in the 3D domain converge to (strong) solutions of the limit 1D Navier-Stokes
system as ε → 0.
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1 Introduction

Although all fluid flows are in general three-dimensional, in many cases the specific shape of the
physical domain enforces major changes in the density and velocity only in two directions or even
only in one. A typical example is the fluid flow confined to a thin tube that can be effectively
described by using only one spatial variable, while the influence of the cross section profile can be
ignored. We consider a family of shrinking domains

Ωε = Qε × (0, 1), Qε ⊂ R2, Qε = εQ, ε → 0,

∗Eduard Feireisl acknowledges the support of the GAČR (Czech Science Foundation) project P201-13-00522S in
the framework of RVO: 67985840.
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where Q ⊂ R2 is a regular planar domain. We assume that the initial distribution of the fluid mass
density %0,ε and the velocity field u0,ε are defined on Ωε, where the integral averages

1

|Qε|

∫
Qε

%0,ε(xh, y) dxh,
1

|Qε|

∫
Qε

%0,εu0,ε(xh, y) dxh, xh = (x1, x2), y = x3,

converge weakly (with respect to the x3-variable) to some limit, specifically,

1

|Qε|

∫
Qε

%0,ε(xh, ·) dxh → %0,
1

|Qε|

∫
Qε

%0,εu0,ε(xh, ·) dxh → (%u)0 weakly in L1(0, 1) (1.1)

as ε → 0. We suppose that the time evolution of %ε = %ε(t, x) and uε = uε(t, x) is governed by the
standard barotropic Navier-Stokes system:

∂t%ε + divx(%εuε) = 0, (1.2)

∂t(%εuε) + divx(%εuε ⊗ uε) +∇xp(%ε) = divxS(∇xuε), (1.3)

where p is the pressure, and S is the viscous stress tensor given by Newton’s law

S(∇xuε) = µ
(
∇xuε +∇t

xuε −
2

3
divxuεI

)
+ ηdivxuεI, (1.4)

with the shear viscosity coefficient µ > 0 and the bulk viscosity coefficient η > 0.
As the limit data depend only on the “vertical” variable y, a natural candidate for the limit

problem is the 1D compressible Navier-Stokes system:

∂t% + ∂y(%v) = 0, (1.5)

∂t(%v) + ∂y(%v2) + ∂yp(%) = ν∂2
y,yv, ν =

4

3
µ + η, (1.6)

where % = %(t, y), v = v(t, y).
Our goal is to justify the above (formal) limit in the framework of weak solutions of the primitive

system (1.2), (1.3), supplemented by the complete slip boundary conditions

uε · n|∂Ωε = 0, [S(∇xuε) · n]× n|∂Ωε = 0, (1.7)

where the symbol n denotes the outer normal vector. We remark that the use of the slip instead of
the more conventional no-slip condition uε|∂Ωε is quite natural in the present context as the latter
would completely stop the fluid motion in the asymptotic limit ε → 0.

Although a rigorous justification of the limit passage from the 3D-fluid motion to a linear one
seems of obvious practical importance, there are only a few results available in the literature, at least
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in the context of compressible fluids. There are numerous studies of the incompressible fluid flows
on thin domains, where the limit motion becomes planar and even regular, see Iftimie, Raugel and
Sell [7], Raugel and Sell [17], [15], [16], and the references therein. Obviously, the 3D to 1D limit
does not make too much sense in the incompressible setting. To the best of our knowledge, the first
and so far the only attempt to address the 3D − 1D limit in the compressible context is the paper
of Vodák [19], containing several interesting ideas but quite unsatisfactory results.

Analysis of similar dimension reduction problems in the elasticity theory leans on variants of the
celebrated Korn’s inequality that provides estimates on the gradient of a vector function v in terms
of its symmetric part, specifically,

‖∇xv‖L2(Ωε;R3×3) ≤ c(ε)
∥∥∥∇xv +∇t

xv
∥∥∥

L2(Ωε;R3×3)
, v · n|∂Ωε = 0. (1.8)

Clearly, the validity of (1.8) requires the kernel of the linear operator v 7→ ∇xv +∇t
xv, v · n|∂Ωε to

be empty, in particular, the “bottom” set Q must not be rotationally symmetric. Still, even if (1.8)
holds for any fixed ε > 0, the constant c(ε) blows up for ε → 0 unless some necessary restrictions
are imposed on the field v, and this is true even if the set Q is not rotationally symmetric, cf. the
interesting paper by Lewicka and Müller [9].

It is not difficult to see that the problems arising in the context of compressible fluids would need
a stronger analogue of (1.8), namely

‖∇xv‖L2(Ωε;R3×3) ≤ c(ε)
∥∥∥∥∇xv +∇t

xv −
2

3
divxvI

∥∥∥∥
L2(Ωε;R3×3)

, v · n|∂Ωε = 0, (1.9)

obviously related to the shear viscosity component of the viscous stress tensor (1.4), see Dain [2],
Reshetnyak [18]. In view of the above mentioned difficulties related to the validity of (1.8) or (1.9), our
approach relies on the structural stability of the family of solutions of the barotropic Navier-Stokes
system encoded in the relative entropy inequality introduced in [4], [5]. This method is basically
independent of the specific form of the viscous stress and of possible “dissipative” bounds for the
Navier-Stokes system.

The paper is organized in the following manner. In Section 2 we summarize the necessary pre-
liminary material including a proper definition of finite energy weak solutions to the Navier-Stokes
system (1.2 - 1.4). We also introduce the relative entropy inequality and formulate our main result.
In Section 3, we establish convergence towards the target system (1.5), (1.6).

2 Preliminaries, main result

We say that [%ε,uε] is a finite energy weak solution to the barotropic Navier-Stokes (1.2 - 1.4), (1.7)
in the space time cylinder (0, T )× Ωε if the following holds:
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• the functions [%ε,uε] belong to the regularity class

%ε ∈ Cweak([0, T ]; Lγ(Ωε)), %ε ≥ 0 a.a. in (0, T )× Ωε, γ > 3
2
,

uε ∈ L2(0, T ; W 1,2(Ωε; R
3)), uε · n|∂Ωε = 0, %εuε ∈ Cweak([0, T ]; L2γ/(γ+1)(Ωε)),

p(%ε) ∈ L∞(0, T ; L1(Ωε));


(2.1)

• the continuity equation (1.2) is replaced by the family of integral identities∫ T

0

∫
Ωε

%ε

(
∂tϕ + uε · ∇xϕ

)
dx dt = −

∫
Ωε

%0,εϕ(0, ·) dx (2.2)

for any test function ϕ ∈ C∞
c ([0, T )× Ωε);

• the momentum equation (1.3) holds in the sense that∫ T

0

∫
Ωε

(
%εuε · ∂tϕ + %εuε ⊗ uε : ∇xϕ + p(%ε)divxϕ

)
dx dt (2.3)

=
∫ T

0

∫
Ωε

S(∇xuε) : ∇xϕ dx dt−
∫
Ωε

%0,εu0,ε · ϕ(0, ·) dx

for any ϕ ∈ C∞
c ([0, T )× Ωε; R

3), ϕ · n|∂Ωε = 0;

• the energy inequality∫
Ωε

[
1

2
%ε|uε|2 + H(%ε)

]
(τ, ·) dx +

∫ τ

0

∫
Ωε

S(∇xuε) : ∇xuε dx dt (2.4)

≤
∫
Ωε

[
1

2
%0,ε|u0,ε|2 + H(%0,ε)

]
dx, H(%) ≡ %

∫ %

1

p(z)

z2
dz

holds for a.a. τ ∈ (0, T ).

The reader may consult the monograph [11] by P.-L.Lions and/or [3] for the mathematical theory
of compressible viscous fluids in the framework of weak solutions. In particular, the weak solutions
are known to exist globally in time for any finite energy initial data as soon as the pressure p satisfies

p ∈ C[0,∞) ∩ C2(0,∞), p′(%) > 0 for all % > 0, lim
%→∞

p′(%)

%γ−1
= p∞ > 0, γ >

3

2
. (2.5)
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2.1 Relative entropy inequality

Motivated by [5] (see also Dafermos [1], Germain [6], Mellet, Vasseur [13]) we introduce the (scaled)
relative entropy functional

Eε

(
[%,u]

∣∣∣[r,U]
)

=
1

|Qε|

∫ 1

0

∫
Qε

[
1

2
%|u−U|2 + H(%)−H ′(r)(%− r)−H(r)

]
dxh dx3, (2.6)

along with the relative entropy inequality

Eε

(
[%,u]

∣∣∣[r,U]
)

(τ) +
1

|Qε|

∫ τ

0

∫
Ωε

(
S(∇xu)− S(∇xU)

)
:
(
∇xu−∇xU

)
dx dt (2.7)

≤ Eε

(
[%,u]

∣∣∣[r,U]
)

(0) +
∫ τ

0
Rε(%,u, r,U) dt,

with the remainder term

Rε (%,u, r,U) ≡ 1

|Qε|

∫
Ωε

%
(
∂tU + u∇xU

)
· (U− u) dx (2.8)

+
1

|Qε|

∫
Ωε

S(∇xU) : ∇x(U− u) dx

+
1

|Qε|

∫
Ωε

((r − %)∂tH
′(r) +∇xH

′(r) · (rU− %u)) dx− 1

|Qε|

∫
Ωε

divxU
(
p(%)− p(r)

)
dx.

Following the terminology of DiPerna and Lions [10] we say that [%ε,uε] is a dissipative solution
to the barotropic Navier-Stokes system if [%ε,uε] enjoy the regularity specified in (2.1), and if the
relative entropy inequality (2.8) is satisfies for % = %ε, u = uε and any pair of test functions

r ∈ C∞([0, T ]× Ωε), r > 0, U ∈ C∞([0, T ]× Ωε; R
3), U · n|∂Ω = 0.

We remark that the class of test functions can be extended to less regular [r,U] by means of density
arguments. Now, the crucial observation is that any finite energy weak solution defined through (2.1
- 2.4) is a dissipative solution satisfying the relative entropy inequality, see [4, Section 3.2.1].

2.2 Solutions of the target system

Since the velocity fields uε satisfy the slip boundary conditions (1.7), it is natural to expect that the
limit v will satisfy the no-slip boundary condition

v(·, 0) = v(·, 1) = 0, (2.9)
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together with the initial conditions

%(0, ·) = %0, %(0, ·)v(0, ·) = (%u)3
0 in (0, 1). (2.10)

The initial-boundary value problem (2.9), (2.10) for the 1D Navier-Stokes system (1.5), (1.6) is
nowadays well understood. The problem is well-posed, meaning admits global in time solutions, for
any initial data satisfying

%0 ∈ W 1,2(0, 1), inf
y∈(0,1)

%0(y) ≥ % > 0, v ∈ W 1,2
0 (0, 1). (2.11)

The corresponding (weak) solution [%, v] is unique in the class

% ∈ L∞(0, T ; W 1,2(0, 1)), v ∈ L∞(0, T ; W 1,2
0 (0, 1)) ∩ L2(0, T ; W 2,2(0, 1)), (2.12)

and satisfies
0 < %(t) ≤ %(t, x) ≤ %(t) < ∞, t ≥ 0, (2.13)

see Kazhikhov [8].
For future use, however, we will need more regular solutions. Supposing, in addition to (2.11),

that 
%0 ∈ C1+β[0, 1], v0 =

(%u)30
%0

∈ C2+β[0, 1], β > 0,

with the compatibility conditions v0|y=0,1 = ∂2
y,yv0|y=0,1 = ∂y%0|0,1 = 0,

 (2.14)

one can show that the solution [%, v] is classical, see Kazhikhov [8].

2.3 Main result

We are ready to state our main result.

Theorem 2.1 Let Q ⊂ R2 be a Lipshitz domain. Suppose that the pressure p = p(%) satisfies the
hypothesis (2.5), and that the viscous stress tensor S is given by (1.4), with the viscosity coefficients

µ > 0, η > 0. (2.15)

Let

1

|Qε|

∫
Qε

%0,ε(xh, ·) dxh → %0,
1

|Qε|

∫
Qε

%0,εu0,ε(xh, ·) dxh → (%u)0 weakly in L1(0, 1), (2.16)
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where %0 > %, (%u)3
0 = v0 belong to the regularity class (2.14), and let

1

|Qε|

∫
Ωε

[
1

2
%0,ε|u0,ε|2 + H(%0,ε)

]
dx →

∫ 1

0

[
1

2%0

|(%u)3
0|2 + H(%0)

]
dy (2.17)

Finally, let [%ε,uε] be a dissipative solution of the barotropic Navier-Stokes system (1.2 - 1.4) in
(0, T )× Ωε, emanating from the initial data

%ε(0, ·) = %0,ε, (%εuε)(0, ·) = %0,εu0,ε.

Then

ess sup
t∈(0,T )

1

|Qε|

∫ 1

0

∫
Qε

|%ε(t, xh, y)− %(t, y)|γ dxh dy → 0, (2.18)

and

ess sup
t∈(0,T )

1

|Qε|

∫ 1

0

∫
Qε

|%εuε(t, xh, y)− [0, 0, %v](t, y)|2γ/(γ+1) dxh dy → 0 (2.19)

as ε → 0, where [%, v] is the unique solution of the 1D Navier-Stokes system (1.5), (1.6), with the
initial data [%0, v0] and the no-slip boundary condition (2.9).

Remark 2.1 The hypothesis (2.17) is the same as in the paper by Vodák [19]. The meaning is that
the averages of the initial energy of the barotropic Navier-Stokes system converge to the initial energy
of the target system.

Remark 2.2 The hypothesis (2.15) is crucial in the analysis. In particular, we suppose that the bulk
viscosity coefficient η is strictly positive. The physical relevance of such a stipulation was thoroughly
discussed in a recent paper by Rajagopal [14].

The rest of the paper is devoted to the proof of Theorem 2.1.

3 Convergence

Let % > 0, % > 0 be two positive constants such that

0 < % ≤ %(t, y) ≤ % for all t ∈ [0, T ], y ∈ (0, 1).

For each measurable function h, we define

hess(t, x) = h 1{%/2<%ε(t,x)≤2%}, hres = h− hess.

7



From now on, we shall identify all functions depending only on the vertical variable y with
functions defined on Ωε, extended to be constant in the xh variable. Similarly, we shall write v for
the vector-valued function [0, 0, v]. In particular, we have

Eε

(
[%ε,uε]

∣∣∣[%, v]
)

(3.1)

≥ c

|Qε|

(∫
Ωε

|[uε − v]ess|
2 + | [%ε − %]ess|

2
)

dx +
c

|Qε|

(∫
Ωε

%ε |[uε − v]res|
2 + | [%ε − %]res|

γ
)

dx.

3.1 Application of the relative entropy inequality

The main idea of the proof of Theorem 2.1 is to take % = %ε, u = uε, r = %, U = [0, 0, v] as test
functions in the relative entropy inequality (2.7). To begin, observe that the hypotheses (2.16), (2.17)
guarantee that

Eε

(
[%0,ε,u0,ε]

∣∣∣[%0, v]
)
→ 0 as ε → 0, (3.2)

and, by virtue of (2.15),∫
Ωε

S(∇xuε)− S(∇xv) : (∇xuε −∇xv) dx ≥ c
∫
Ωε

|∂yu
3
ε − ∂yv|2 dx,

with c independent of ε. Since

u3
ε(·, y) = v(·, y) = 0 for y = 0, 1,

we may infer that ∫
Ωε

S(∇xuε)− S(∇xv) : (∇xuε −∇xv) dx ≥ c
∫
Ωε

|u3
ε − v|2 dx. (3.3)

Summing up the previous estimates, the relative entropy inequality takes the form

Eε

(
[%ε,uε]

∣∣∣[%, v]
)

(τ) +
c

|Qε|

∫ τ

0

∫
Ωε

|u3
ε − v|2 dx dt (3.4)

≤ δ1(ε) +
∫ τ

0
Rε(%ε,uε, %, v) dt, δ1(ε) → 0 as ε → 0.

Our ultimate goal is to show that all terms appearing in the remainder Rε can be “absorbed” by
the right-hand side of (3.4) by means of a Gronwall type argument.

Step 1:
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We have
1

|Qε|

∫
Ωε

%ε

(
∂tv + u3

ε∂yv
)
(v − u3

ε) dx

=
1

|Qε|

∫
Ωε

%ε

(
∂tv + v∂yv

)
(v − u3

ε) dx +
1

|Qε|

∫
Ωε

%ε(u
3
ε − v)2∂yv dx

=
1

|Qε|

∫
Ωε

%ε

%

(
ν∂2

y,yv − ∂yp(%)
)
(v − u3

ε) dx +
1

|Qε|

∫
Ωε

%ε(u
3
ε − v)2∂yv dx.

Consequently, relation (3.4) takes the form

Eε

(
[%ε,uε]

∣∣∣[%, v]
)

(τ) +
c

|Qε|

∫ τ

0

∫
Ωε

|u3
ε − v|2 dx dt (3.5)

≤ δ1(ε) +
∫ τ

0
h1(t)Eε

(
[%ε,uε]

∣∣∣[%, v]
)

(t) dt +
∫ τ

0

1

|Qε|

∫
Ωε

ν

%
∂2

y,yv(%ε − %)(v − u3
ε) dx dt

+
∫ τ

0

1

|Qε|

∫
Ωε

(
(%− %ε)

p′(%)

%
(∂t% + v∂y%)

)
dx dt−

∫ τ

0

1

|Qε|

∫
Ωε

∂yv
(
p(%ε)− p(%)

)
dx dt,

where
h1(t) = ‖∂yv(t, ·)‖L∞(0,1).

Step 2:

Putting the last two integrals in (3.5) together and making use of the continuity equation (1.5)
we obtain∫ τ

0

1

|Qε|

∫
Ωε

(
(%− %ε)

p′(%)

%
(∂t% + v∂y%)

)
dx dt−

∫ τ

0

1

|Qε|

∫
Ωε

∂yv
(
p(%ε)− p(%)

)
dx dt

= −
∫ τ

0

1

|Qε|

∫
Ωε

∂yv
(
p(%ε)− p′(%)(%ε − %)− p(%)

)
dx dt,

where the resulting expression is controllable by means of the relative entropy. Thus (3.5) reduces
to

Eε

(
[%ε,uε]

∣∣∣[%, v]
)

(τ) +
c

|Qε|

∫ τ

0

∫
Ωε

|u3
ε − v|2 dx dt (3.6)

≤ δ1(ε) +
∫ τ

0

(
h1(t) + h2(t)

)
Eε

(
[%ε,uε]

∣∣∣[%, v]
)

(t) dt +
∫ τ

0

1

|Qε|

∫
Ωε

ν

%
∂2

y,yv(%ε − %)(v − u3
ε) dx dt

where
h2(t) ≤ c ‖∂yv(t, ·)‖L∞(0,1) .
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Step 3:

We write
1

|Qε|

∫
Ωε

1

%
∂2

y,yv(%ε − %)(v − u3
ε) dx

=
1

|Qε|

∫
Ωε

[
1

%
∂2

y,yv

]
ess

(%ε − %)(v − u3
ε) dx +

1

|Qε|

∫
Ωε

[
1

%
∂2

y,yv

]
res

(%ε − %)(v − u3
ε) dx,

where∣∣∣∣∣ 1

|Qε|

∫
Ωε

[
1

%
∂2

y,yv

]
ess

(%ε − %)(v − u3
ε) dx

∣∣∣∣∣ ≤ 1

|Qε|

∫
Ωε

h3(t)
(
|%ε − %|2 + %ε|v − uε|2

)
dx, (3.7)

h3 ≤ c

∥∥∥∥∥1%∂2
y,yv

∥∥∥∥∥
L∞(0,1)

.

Next, we write
1

|Qε|

∫
Ωε

[
1

%
∂2

y,yv

]
res

(%ε − %)(v − u3
ε) dx

=
1

|Qε|

∫
{%ε<%/2}

(
1

%
∂2

y,yv

)
(%ε − %)(v − u3

ε) dx +
1

|Qε|

∫
{%ε>2%}

(
1

%
∂2

y,yv

)
(%ε − %)(v − u3

ε) dx,

where ∣∣∣∣∣ 1

|Qε|

∫
{%ε<%/2}

(
1

%
∂2

y,yv

)
(%ε − %)(v − u3

ε) dx

∣∣∣∣∣ (3.8)

≤ δ

|Qε|

∫
Ωε

(v − u3
ε)

2 dx +
c1(δ)

|Qε|

∫
{%ε<%/2}

h2
3|%ε − %|2 dx

≤ δ

|Qε|

∫
Ωε

(v − u3
ε)

2 dx +
c2(δ)

|Qε|

∫
{%ε<%/2}

h2
3|%ε − %|γ dx for any δ > 0.

The parameter δ will be fixed so small that the integral is “absorbed” by its counterpart on the left
hand side of (3.6).

Finally,
1

|Qε|

∫
{%ε>2%}

(
1

%
∂2

y,yv

)
(%ε − %)(v − u3

ε) dx (3.9)

≤ 1

|Qε|

∫
Ωε

h3%ε(v − u3
ε)

2 dx +
1

|Qε|

∫
{%ε>2%}

h3
(%ε − %)2

%ε

dx

≤ 1

|Qε|

∫
Ωε

h3%ε(v − u3
ε)

2 dx +
c

|Qε|

∫
{%ε>2%}

h3|%ε − %|γ dx

10



as γ > 3/2.
Combining the relations (3.7 - 3.9), we obtain the desired conclusion

Eε

(
[%ε,uε]

∣∣∣[%, v]
)

(τ) (3.10)

≤ δ1(ε) +
∫ τ

0

(
h1(t) + h2(t) + νh3(t)

)
Eε

(
[%ε,uε]

∣∣∣[%, v]
)

(t) dt.

Thus a straightforward application of Gronwall’s lemma completes the proof of Theorem 2.1.

4 Concluding remarks

The hypothesis (2.5) concerning the pressure p is necessary for the weak solutions of the 3D barotropic
Navier-Stokes system to exist. Taking the existence of weak solutions for granted, we may replace
(2.5) in Theorem 2.1 by the hypothesis

p ∈ C[0,∞) ∩ C2(0,∞),

p′(%) > 0, for all % > 0,
∫ %
1

p(z)
z2 dz ≥ c1

p(%)
%
≥ c2 > 0 for all % > 2.

 (4.1)

Under these new assumptions all steps of the proof of Theorem 2.1 can be performed in the same
spirit. We also note that the behavior of the pressure for large values of % is irrelevant for the 1D
problem as % admits the bounds (2.13) independent of the specific form of p as soon as the pressure
is non-negative, see Lovicar, Straškraba, and Valli [12].
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